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Consider  a  time-harmonic  electromagnetic  plane  wave  incident  on  a  periodic  sur¬ 
face.  The  diffraction  problem  is  to  predict  energy  distributions  of  the  propagat¬ 
ing  waves  away  from  the  structure.  The  process  is  governed  by  time-harmonic 
Maxwell’s  equations.  In  this  paper,  direct,  inverse,  and  optimal  design  problems 
in  the  mathematical  modeling  of  diffractive  optics  are  studied.  Particular  atten¬ 
tions  are  paid  to  a  variational  approach.  For  the  direct  problem,  a  variational 
formulation  and  the  well-posedness  of  the  model  problem  are  introduced.  For  the 
inverse  problem,  results  on  uniqueness  and  stability  are  presented.  Related  topics 
will  also  be  briefly  discussed. 


1  Introduction 

Consider  scattering  of  electromagnetic  waves  by  a  biperiodic  structure.  The 
structure  separates  the  whole  space  into  three  regions:  Above  and  below  the 
structure  the  medium  is  assumed  to  be  homogeneous.  However,  inside  the 
structure,  the  medium  can  be  very  general.  In  fact,  the  dielectric  coefficient 
only  needs  to  be  bounded  measurable.  The  medium  is  assumed  to  be  nonmag¬ 
netic  with  a  constant  magnetic  permeability  throughout.  Given  the  structure 
and  a  time-harmonic  electromagnetic  plane  wave  incident  on  the  structure,  the 
scattering  (diffraction)  problem  is  to  predict  the  field  distributions  away  from 
the  structure.  Scattering  of  electromagnetic  waves  in  a  biperiodic  structure 
has  recently  received  considerable  attention.  We  refer  to  19,  20,  1, 17,  7,  12,  13 
for  results  and  additional  references  on  existence,  uniqueness,  and  numerical 
approximations  of  solutions. 

The  scattering  theory  in  periodic  structures  has  many  applications  in  mi¬ 
cro  diffractive  optics,  where  doubly  periodic  structures  are  often  called  crossed 
diffraction  gratings 24 .  Micro  diffractive  optics  is  a  fundamental  and  vigorously 
growing  technology  with  many  applications.  Significant  recent  technology  de¬ 
velopments  of  high  precision  micromachining  techniques  have  permitted  the 
creation  of  gratings  (periodic  structures)  and  other  diffractive  structures  with 
tiny  features.  The  practical  applications  of  diffractive  optics  technology  have 
driven  the  need  for  mathematical  models  and  numerical  algorithms. 
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2  Direct  modeling 

The  electromagnetic  fields  are  governed  by  the  time  harmonic  Maxwell  equa¬ 
tions  (time  dependence  e~lu}t ): 

V  x  E  —  iojfiH  —  0  ,  (1) 

V  x  H  4-  iweE  =  0  ,  (2) 

where  E  and  H  denote  the  electric  and  magnetic  fields  in  R3,  respectively. 

The  magnetic  permeability  p  is  assumed  to  be  one  everywhere.  There  are  two 
constants  Ai  and  A2,  such  that  the  dielectric  coefficient  e  satisfies,  for  any  711, 
n2  £  Z  =  {0,  ±1,  ±2, . . .}, 

e(xi  +niAi,x2  +n2A2,rE3)  =  e(xi,  a2,x3) 

Further,  it  is  assumed  that,  for  some  fixed  positive  constant  b  and  sufficiently 
small  S  >  0,  e(xi)X2}xs)  =  £1,  for  x3  >  b-6 ,  £(xi,x2,x3)  =  e2,  for  x3  <  - b+5 , 
where  e(x)  6  T°°,  Re{s{x))  >  Eg,  Im{s(x))  >  0,  £o>  £1  and  e2  are  constants, 

£o,  £1  are  real  and  positive,  and  Re  e2  >  0,  Im  e2  >  0.  The  case  Im  e2  >  0 
accounts  for  materials  which  absorb  energy.  *  » 

Let  =  {x  €  R3  :  ~b  <  x3  <  &},  ffy  =  {x  G  R3  :  x3  >  &},  ft2  =  {x  E 
R3  :  x3  <  -b}. 

Consider  a  plane  wave  in  =  (seiqx ,peiqx),  incident  on  SlQ. 

Here  q  =  (oi,o2,—  (5)  —  u)y/£[(cosQicosQ2, cos0isin02y  —  sinOi)  is  the  incident  * 

wave  vector  whose  direction  is  specified  by  61  and  02,  with  0  <  <  7r  and 

0  <  #2  <  2tt.  The  vectors  s  and  p  satisfy  s  =  — x  q),  q-  q  —  w2si,  P'  q  —  0. 

We  are  interested  in  quasiperiodic  solutions,  i.e.,  solutions  E  and  H  such 
that  the  fields  Ea,  Ha  defined  by, -for  a  =  (an,  a2, 0),  Ea  =  e~ia‘xE’(xi,x2,x3), 

—  e_t°!'a:JT(a:1,x2,x3),  are  periodic  in  the  xi  direction  of  period  Ai  and  in 
the  x2  direction  of  period  A2. 

Denote 

Va  =  V  +  ia  =  V  +  i(ai,a2,0)  . 

It  is  easy  to  see  from  (2.2)  and  (2)  that  Ea  and  Ha  satisfy 


VQ  x  Ea-  iu)Ha  -  0  ,  (3) 

Va  x  Ha  4*  iweEa  =  0  .  (4) 

Due  to  a  consideration  for  coercivity,  it  turns  out  to  be  natural  to  solve 
the  following  problem: 

va  x  (ivQ  X  Ha)  -  VQ(— Va  •  Ha)  -  U2Ha  =  0  , 
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where  ec  is  a  fixed  positive  constant  which  satisfies  infX£n0Re 

We  also  need  boundary  conditions  in  the  x%  direction.  These  conditions 
may  be  derived  by  the  radiation  condition,  the  periodicity  of  the  structure, 
and  the  Green  functions. 

Denote 

3?i  =  {x  €  R3  :  xs  =  b}  and  r2  —  {^3  =  -b}. 

Define  for  j  —  1,2  the  coefficients 

Pjn\a)  =  e^/2\w2£j  -  | an  +  a|2|1/2,  n  €  Z, 

where  7J1  =  arg(uj2Sj  —  \an  +  a|2),  0  <  7]*  <  2k.  We  assume  that  uj2£j  ^ 
\an-F  a\2  for  all  n  6  Z,  j  =  1, 2.  This  condition  excludes  “resonance”. 

For  functions  /  €  define  the  operator  by 

(Tff)(xltx2)  =  'Ti/3jn)/(n)eio"-IJ 

n£  A 

where  /<n>  =  ^  /QAl  f*2  f{x)e~ia--x. 

Denote  the  operator  Bj  by 

Bjf  =  -iV  _i_{(/j(-))2(/(n))/(n))  0)  +  ((a  +  an) .  /(n))(a  +  an)}e<“n'!t. 

n€Z2  Pj 

Therefore,  the  scattering  problem  can  be  formulated  as  follows12: 

Va  x  (-Va  x  Ha)  -  VQ(— Va  *  Ha)  -  o;2iJa  =  0  in  Flo  ,  (5) 

£  £C 

*1  X  (Va  x  (JTa  -  JJJf0))  =  Bl(P(fla  ~  ff/,a))  On  T{Q) 

'  ^2  X  (Va  X  ffa)  -  B2(P(fla))  On  T2  ,  (7) 

"(I?  -  £-)Hai3  =  2iplP3e-^b  ,  onTi,  (8) 

3  =  0,  onr2l  (9) 

where  i/j  is  the  outward  normal  to  the  surface  Fj  and  P  is  the  projection  onto 
the  plane  orthogonal  to  v\. 

Theorem  1  ^2)  For  all  but  possibly  a  discrete  set  of  w,  the  above  scattering 
problem  attains  a  unique  weak  solution  H  G  ^(fto)3. 

In  fact,  one  can  further  establish  an  equivalence  of  the  current  variational 
formulation  and  the  original  scattering  problem. 
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3  Inverse  problems 

An  inverse  diffraction  problem  is  to  determine  the  periodic  structure  or  the 
shape  of  the  interface  from  the  measured  scattered  fields. 

Let  the  scattering  profile  be  described  by  the  periodic  surface  S  =  {(xi,  x2,  £3)  : 
£3  -  f(x1,x2)}  of  period  A  =  (Ai,A2),  that  is,  f(x  1  +  niAi,x2  +  n2A2)  = 
f(xi,x2)  for  integers  nlt  n2,  and  some  positive  constants  Ai,  A2.  The  func¬ 
tion  /  is  supposed  to  be  sufficiently  smooth,  for  example  of  C 2 .  The  space 
below  S  is  filled  with  some  perfectly  reflecting  material  (a  conductor).  Let 
H  =  {(x  G  R3  :  X3  >  f(x i,x2)}  be  filled  with  a  material  whose  dielectric 
coefficient  is  a  fixed  constant  e  =  £q  >  0.  Consider  a  plane  wave  in  Cl  of  the 
same  form  as  in  Section  1,  Ej  =  seiq  x  ,  Hj  =  peiq‘x  ,  incident  on  S. 

From  the  Maxwell  equations,  it  is  easily  seen  that 

(A  4-  u>2eo)E  =  0  in  Cl.  (10) 

Since  the  region  below  S  is  a  perfect  conductor,  only  reflected  waves  exist: 

i^xE  —  O  on  S,  (11) 

where  v  is  the  outward  normal  to  the  surface.  The  following  boundary  condi¬ 
tion  may  be  derived  from  the  radiation  condition: 

e3x(Vx(E-  Ei))  =  B{P(E  -  Ex))  on  T,  (12) 

where  e3  =  (0, 0, 1),  B  is  a  pseudo-differential  operator,  and  P  is  the  projection 
onto  the  plane  orthogonal  to  e3 . 

Therefore,  the  direct  scattering  problem  can  be  formulated  as  follows:  To 
find  a  quasiperiodic  solution  that  solves  the  problem  (2.4),  (3.2),  and  (3.8). 

The  inverse  problem  can  be  stated  as  follows:  For  a  given  incident  plane  wave 
Ej,  determine  /(x i,x2)  from  the  knowledge  of  e3  x  jE7[r- 

Suppose  that  Ef.  (x)  (j  —  1 , 2)  are  A-quasiperiodic  and  solve  the  scattering 
problem  (2.4),  (3.2),  and  (3.8)  with  respect  to  the  profiles  fj{x i,x2),  where 
the  functions  fj  are  A-periodic.  Let  b  >  max{fi(x i,x2),  f2{xi,x2)}  be  a  fixed 
constant.  Denote  Dj  —  {fj  <  X3  <  6}. 

Two  profiles  Fi  and  T2  are  said  to  satisfy  Property  (A)  if  there  is  a  sim¬ 
ply  connected  bounded  domain  U  such  that  the  following  two  conditions  are 
satisfied:  U  is  convex;  dU  -  dlli  U  dU2  ,  dUi  C  Ti  and  dll2  C  T2;  and  dll  is 
of  C2. 

Theorem  2  f6)  Assume  that  fi,  f2  are  A-periodic  C2  function  and  that  the 
profiles  Si  —  { x 3  =  fi{xi,x2)}  and  S2  —  {X3  =  /2(xi,x2)}  satisfy  Property 
(A),  Then  there  is  a  constant  6 (k)  >  0  such  that  if  the  radius  ofU  <  6(k)  then 
e3  x  Efl  \X3^b  =  e3  x  Eh\X3=b  implies  /i(xi,x2)  =  /2(xi,x2). 
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The  result  extends  earlier  2-D  uniqueness  results  in22,6.  In  applications,  it 
is  impossible  to  make  exact  measurements.  Thus  stability  results  are  crucial  in 
the  reconstruction  of  profiles.  Regarding  the  stability  of  the  inverse  diffraction 
problem,  only  partial  stability  results  are  available  in  14  (2-D)  and  16  (3-D). 
Another  direction  is  to  study  the  inverse  transmission  problem  or  the  non¬ 
conductor  problem.  In  this  case,  one  determines  the  structure  from  information 
on  reflected  and  on  transmitted  waves.  The  problem  becomes  much  more 
difficult.  The  only  available  results  are  some  stability  results  proved  in14  for 
singly  periodic  structures.' 


4  Related  topics 

In  this  section,  we  briefly  describe  some  related  on-going  research  projects. 
Additional  information  may  be  found  in  the  references. 

Computation.  We  have  recently  developed  interface  least-squares  finite 
element  methods  for  solving  the  diffraction  problem9, 15 .  The  idea  is  to  for¬ 
mulate  the  problem  as  an  interface  problem  with  the  grating  surface  as  the 
interface.  The  model  problem  can  then  be  solved  by  a  new  least-squares  finite 
element  method  that  incorporates  the  jump  conditions  at  interfaces  into  the 
objective  functional.  The  method  allows  the  use  of  different  finite  element 
spaces  on  either  side  of  the  interface  and  the  jump  conditions  are  enforced 
through  the  least-squares  functional.  As  with  general  least-squares  finite  el¬ 
ement  methods,  the  resulting  discrete  system  is  symmetric,  positive  definite, 
and  so  is  easily  treated  by  various  existing  preconditioning  techniques,  e.g., 
multigrid  methods.  Both  electric  and  magnetic  fields  can  be  determined  simul¬ 
taneously,  which  avoids  the  unstable  numerical  differentiation  process.  With 
sufficiently  smooth  interfaces,  significantly  better  estimates  than  that  for  the 
standard  finite  element  methods  can  be  expected. 

Chiral  gratings.  Chiral  gratings  provide  an  exciting  combination  of  the 
medium  and  structure,  which  gives  rise  to  new  features  and  applications.  For 
instance,  chiral  gratings  are  capable  of  converting  a  linearly  polarized  incident 
field  into  two  nearly  circularly  polarized  diffracted  modes  in  different  directions. 
Other  potential  applications  include  antennas,  microwave  devices,  waveguides, 
and  many  other  fields.  Mathematically,  in  chiral  media,  the  electric  and  mag¬ 
netic  fields  are  no  longer  decoupled  in  the  constitution  equations  unlike  in  the 
standard  Maxwell’s  system.  Therefore,  the  model  system  is  always  in  vector 
form.  Recently,  a  variational  approach  has  been  developed  in3,4.  Results  on 
the  well-posedness  of  the  model  problem  and  finite  element  methods  have  been 
established. 
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Surface  enhanced  nonlinear  optical  effects.  A  remarkable  appli¬ 
cation  of  nonlinear  diffractive  optics  is  to  generate  coherent  radiation  at  a 
frequency  that  is  twice  that  of  available  lasers,  so  called  second  harmonic  gen¬ 
eration  (SHG).  Recently,  it  has  been  found  experimentally  that  diffraction 
gratings  can  greatly  enhance  nonlinear  optical  effects.  The  model  for  SHG  is 
the  system  of  nonlinear  Maxwell’s  equations  with  quadratic  nonlinear  terms. 
Little  is  known  mathematically  on  nonlinear  optics  in  periodic  structures.  The 
model  problem  in  the  2-D  setting  has  been  solved  in 10 , 11 .  Currently,  we  are 
investigating  the  model  problem  in  3-D.  The  problem  is  difficult  since  it  in¬ 
volves  a  complicated  nonlinear  P.D.E.  in  vector  form.  We  plan  to  conduct  a 
perturbation  analysis  of  the  solutions  by  initially  examing  the  first  order  term. 
A  crucial  step  will  be  to  obtain  refined  regularity  results  on  the  solutions.  We 
plan  to  do  this  by  using  the  Lp  theory  together  with  a  version  of  Gehring’s 
lemma  (the  reversed  Holder  inequality) .  A  related  optimal  design  problem  for 
nonlinear  coatings  is  also  of  interest5. 

Design  and  homogenization.  Numerical  computation  of  the  inverse 
and  design  problems  in  biperiodic  structures  is  completely  open.  The  prob¬ 
lem  can  be  posed  a is  a  nonlinear  least-squares  problem.  Difficulties  arise  since 
the  scattering  pattern  depends  on  the  interface  in  a  very  implicit  fashion  and 
in  general  the  set  over  which  the  function  is  minimized  is  neither  convex  nor 
closed.  The  formulation  of  the  design  problem  is  very  close  to  similar  prob¬ 
lems  in  elasticity,  for  which  fast  and  efficient  algorithms  have  recently  been 
developed.  Initial  progress  on  the  design  problem  has  been  made  via  weak 
convergence  analysis  methods2, 18 ,  21  and  the  homogenization  theory8  along 
with  “relaxation”  technique23.  The  main  idea  is  to  allow  the  grating  profiles  to 
be  highly  oscillating  and  to  use  relaxed  formulation  of  the  optimization  prob¬ 
lem.  The  critical  step  is  to  determine  the  relaxed  formulation  which  involves 
materials  and  the  effective  dielectric  properties8. 
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ON  THE  OSCILLATION  OF  DELAY  DIFFERENTIAL 
EQUATION  WITH  DISTRIBUTED  DELAY 
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In  this  paper,  the  oscillatory  behaviour  of  a  class  of  nonlinear  differential  equa¬ 
tions  with  distributed  delay  has  been  discussed  and  a  sharp  condition  has"  been 
established. 


1  Introduction 

The  oscillatory  behaviour  of  first  order  differential  equations  has  been  broadly 
investigated.  Of  particular  importance  has  been  the  investigation  of  oscillations 
which  caused  by  delay  effects  (see  [2]  and  [3]). 

Our  purpose  in  this  paper  is  to  establish  the  oscillatory  conditions  for  a 
certain  class  of  first  order  nonlinear  differential  equations  with  ditributed  delay 

r(t) 

x(t)  4-  ^  f{x(r  -  0))da(t,  6)  =  0,  t  >  t0  >  0,  (1) 

o 

where  a(t,6)  is  continuous  function  in  £  for  every  fixed  0  G  [0,r(t)],  and  non¬ 
decreasing  function  in  0  for  every  fixed  t  G  [t0,  +oo ),r(£)  G  C([t0 ,  oo),  (0,  oo)), 
t  >  r(t)  and 

toaft  “  r(*))  =  (2) 

/  G  C( R,  R),u/(u)  >  0  for  u  7^  0,  and  increasing  in  [— A ,  A]  for  large  enough 
A>  0. 
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Denote  V(t) 

S(S(t))  <  6(t)  <  t 
Suppose  that 


and 

In  recent  papers  [1]  and  [4],  Bingtuan  Li  and  Yang  Kuang  studied  the  equation 

x(t)  +  p(t)x(t  —  r)  =  0 

•  and 

x(t)  +  p(t)f(x(t  -  r(t)))  =0, 

and  obtained  an  infinite  integral  condition  in  [l]  and  a  sharp  condition  in  [4]. 
In  this  paper,  we  will  extend  the  results  in  [4]  to  the  more  generalized  equation 
(1).  One  can  see  that  the  results  in  this  paper  are  more  generalized  and  the 
results  that  we  obtained  include  the  results  in  [4]. 

2  Main  Results 

Lemma  1  Suppose  that  (4)  holds  for  any  a  >  0.  Then  the  nonos dilatory 
solution  of  Eq.(l)  tends  to  zero  monotonically  as  t  — »  +oo. 

Lemma  2  Suppose  that  (4)  and 

|  f(u)  —  u\  <  M\u\1+r  for  u  6  (— e,  e),  r  >  0,  M  >  0  (5) 

hold  for  some  0  <  e  <  A.  Then  nonos  dilatory  solution  x(t)  of  Eq.(l)  satisfies 
that 

t 

\x{t)\  <  B  exp(-^-  ^V(s)ds),  t>T 

T 

for  some  B  >  0  and  T  >  0. 

Lemma  3  Suppose  that  (4), (5)  hold.  If  Eq.(l)  has  nonosdllatory  solution, 
then 

t 

f  V(s)ds  <2,  t  >  T0 

m 


r(t) 


f  da(t,6)  and  S(t)  -  Q  t  [«  ~  r(s))y  hence  we  have 


t 

r 

m 


V(s)ds  >  for  t>to 
e 


(3) 


r 


V(s)ds  =  oo,  a  >  0. 


(4) 
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for  sufficiently  large  To. 

Lemma  4  Assume  that  (3)  and  (5)  hold.If  x(t)  is  a  nonoscillatory  solution  of 
Eq.(l),  then  i s  bounded  for  large  enough  t. 

Lemma  5  Assume  that  (3), (5)  and 

oo  t 

'V(t)[exp(  f  V(s)ds-  -)  —  \}dt  =  oo  (6) 

to  i(t) 

hold .  If  x(t)  is  a  nonoscillatory  solution  of  Eq.(l)}  then  there  exists  /if(t)  and 
T  such  that 

oo  t 

fv(t)[W(t)  -  e  r  V(s)W(s)ds]dt  =  oo 

T  1>{t) 

where  W(t )  = 

Theorem  Assume  that  (3),  (5)  and  (6)  hold.  Then  every  solution  of  Eq.(l) 
oscillates. 
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A  NUMERICAL  SCHEME  FOR  THE  MULLINS-SEKERKA 
EVOLUTION  IN  THREE  SPACE  DIMENSIONS 
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Department  of  Mathematics,  Brigham  Young  University , 

Provo  UT  84602 ,  USA 

We  give  a  semi-implicit  numerical  scheme  for  solving  a  free  boundary  value  problem 
in  three  space  dimensions/  The  algorithm  is  implemented  and  some  computational 
experiments  are  performed 


1  Introduction 

Consider  a  binary  material  at  a  temperature  such  that  two  different  concentra¬ 
tion  phases  are  stable.  Away  from  equilibrium  one  may  find  several  different 
regimes  or  stages  of  evolution.  For  instance,  an  initially  nearly  homogeneous 
state  may  separate  into  a  two  phase  state  through  nucleation,  where  small  is¬ 
lands  of  one  phase  appear  at  several  random  locations  and  times,  or  through 
spinodal  decomposition,  in  which  a  fine-grained  mixture  is  found  throughout 
the  sample.  Following  either  of  these  routes  of  initial  phase  separation,  one 
observes  a  coarsening  process  in  which  small  particles  dissolve  or  coalesce, 
while  larger  particles  grow,  all  the  time  preserving  the  total  amount  of  each 
species.  The  final  or  equilibrium  state  has  a  rather  simple  structure  with  very 
few,  typically  only  two,  regions  of  different  concentration. 

Here,  we  are  interested  in  the  coarsening  stage  of  the  evolution,  where 
some  particles  dissolve  while  others  grow.  We  are  especially  interested  in  the 
evolution  of  the  shapes  of  particles. 

There  is  some  choice  as  to  how  one  might  model  this  evolution  but  all 
models  fall  into  one  of  two  general  categories;  diffuse  interfaces  or  sharp  in¬ 
terfaces.  The  foremost  diffuse-interface  model  was  introduced  many  years  ago 
by  J.  Cahn  and  J.  Hilliard  (see  [3]  and  [4]). 

Among  the  possible  sharp-interface  descriptions,  the  Mullins-Sekerka 
model  [8]  takes  the  quasi-static  approach.  In  this  case,  material  diffuses 
quickly  to  equilibrium  in  each  of  the  two  phases  but  material  is  lost  or  gained 
at  the  interface  according  to  its  mean  curvature  and  the  harmonic  fields  in 
the  two  phases.  This  occurs  in  such  a  way  that,  as  the  interface  evolves,  the 
enclosed  volume  remains  constant,  consistent  with  conservation  of  species. 

Formal  asymptotics  [9],  involving  matched  inner  and  outer  expansions, 

'SUPPORTED  IN  PART  BY  NSF  GRANTS  DMS  9974340  AND  DMS  9970894. 
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show  that  intermediate  level  sets  of  solutions  to  the  Cahn-Hilliard  equation 
evolve,  asymptotically  as  interaction  length  tends  to  zero,  according  to  the 
Mullins- Sekerka  flow.  This  can  also  be  proved  rigorously  (see  [1])  and  there¬ 
fore  morphology  described  by  one  model  may  be  duplicated  by  the  other. 
On  the  other  hand,  the  Mullins-Sekerka  model  is  a  free  boundary  problem 
and  stable  numerical  methods  for  solutions  to  free  boundary  problems  are 
notoriously  hard  to  find.  In  [2]  an  algorithm  for  the  two-dimensional  Mullins- 
Sekerka  problem  was  introduced  and  several  computational  experiments  were 
performed  (see  also  [5]).  That  algorithm,  like  an  earlier  treatment  (see  [7]) 
was  based  on  a  boundary  integral  formulation  but  involved  a  semi-implicit 
time-stepping,  greatly  improving  stability. 

In  this  paper  we  present  some  initial  steps  to  numerically  treat  the 
Mullins-Sekerka  problem  in  three  space  dimensions  by  extending  the  ideas 
in  [2].  Our  results  are  far  from  optimal  but  the  approach  shows  promise. 

Implementation  of  the  scheme  involves  discretizing  the  surfaces  and  esti¬ 
mating  the  mean  curvature  and  outward  normal  at  each- point  on  the  surface. 
We  then  discretize  the  boundary  integrals  to  form  a  system  of  linear  equations 
whose  solution  gives  the  normal  velocity  at  each  point.  Because  the  explicit 
scheme  must  use  an  unpractically  small  time  step  to  remain  stable,  we  use  a 
semi-implicit  scheme  based  on  a  linearization  of  the  map  which  evolves  the 
surface  according  to  the  normal  velocity.  With  the  resulting  modified  normal 
velocities  and  previously  calculated  outward  normals,  we  advance  each  point 
of  the  surface. 


2  Mathematical  Formulation 

Let  H  denote  a  bounded  and  simply  connected  domain  in  three-dimensional 
space.  Let  I\>  denote  a  finite  collection  of  smooth  simple  closed  surfaces  in  the 
domain.  We  want  to  find  a  function  u(x,t)  and  a  free  boundary  T(t)  which 
for  all  x  £  fl  and  t  >  0  satisfies 


i)  A «(.,*)  =  0  in  n\r(t) 

ii)  f^=0  on  an 

iii )  u  =  K  on  T(<) 

H  [fell*)"*'  on  T(t) 

v)  r(o)  =  r0l 


where  n  is  the  outward  unit  normal  to  either  0Q  or  to  F(t),  is  the 

jump  in  the  normal  derivative  of  u  across  T(£),  K  is  the  mean  curvature,  with 
the  convention  that  convex  bodies  have  positive  mean  curvature,  and  V  is  the 
outward  normal  velocity  of  T(t).  In  this  article  we  consider  only  fl  =  R3 ,  and 
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therefore  replace  ii)  with 


Vt»(stt)  =  0(Jjy) 


as  a;  — *  oo. 


We  label  this  system  as  (2.1). 

We  now  show  that  there  exists  an  integral  representation  of  the  solution 
to  system  (2.1). 

Lemma  2.1  Let  T  be  the  union  of  finitely  many  disjoint  simple  closed  sur¬ 
faces  such  that  r  separates  IK3  into  finitely  many  bounded  regions  and  one 
unbounded  region.  Let  n  denote  the  outward  unit  normal  to  T.  For  each 
g  €  L2(T)  define 


’(I)  =  i H 


-,9{y)dsy 


x  6  l3^. 


Then  the  following  hold: 
1.  AWg  =  0  in  R»\r. 


a  \SWA  _  dW?M  dWf  „ 

“P^Jr  - 5 i-=gonT. 

S.  If  we  also  assume  that  fr  g(y)dSv  =  0,  then  |VWff|  =  O  (-pp-)  an d 
wg-°  (]Tf)  as  |x|  ->  oo. 

Proof.  Statement  1  holds  since  Ax  =  0  for  x  ^  y.  Statement  2 

is  proved  in  detail  in  [6]  section  3D,  while  statement  3  may  be  verified  by 
straightforward  computation. 

We  have  just  found  a  function  which  is  harmonic  on  R3\I\  This  function 
plus  any  constant  is  also  harmonic  on  R3^.  We  now  show  that  if  a  harmonic 
function  on  R3\r  has  sufficiently  regular  trace  on  T,  then  this  trace  is  real- 
ized  by  the  harmonic  function  found  previously  from  the  jump  in  the  normal 
derivative,  up  to  a  constant. 

Lemma  2.2  Let  T  be  as  in  the  previous  lemma.  Suppose  u  defined  on  R3 , 
/  €  Hl( r),  and  g  e  L2(F)  satisfy 

i)  Au  =  0  mtf\r 

ii)  |Vu|  =  O  (j^p)  as  |s|-»oo. 

Hi)  u  —  f  on  T 

*°)  -[^]r  =  5  onT. 
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Then  there  exists  a  constant  c  such  that 

a)  f{%)  =  Jr  9{y)dSy  +  c  forxeT. 

Furthermore, 

b)  Jr9(y)dSy  =  0. 

The  proof  is  straightforward.  We  leave  it  to  the  reader. 

We  now  combine  Lemmas  2.1  and  2.2  with  f  ~  K  and  g  =  V,  the  mean 
curvature  and  normal  velocity  of  T,  respectively.  Thus,  we  have 

Theorem  2.1  If  (^J  r(t)  is  a  continuous  family  of  C3  surfaces  which  sat - 
r>t>o 
isfy 

i)  K(x ,  t)  =  Jr(i)  j~^V (x,  t)dSy  +  c(t)  for  x  €  T. 

ii)  Ir(t)  t)dSy  =  0. 

where  T  is  some  finite  time ,  V(x,t)  is  the  normal  velocity  ofT(t)  and  K(x,i) 
is  the  mean  curvature  ofT(t),  then  T(t)  is  the  interface  associated  with  the 
solution  of  (2.1). 

Conversely,  if  (u,T(t))  is  a  solution  to  (2.1),  then  i)  and  ii)  hold. 

We  now  solve  an  inverse  problem. 

Lemma  2.3  Given  f  G  H1^),  with  T  as  in  Lemma  2.1,  there  exists  a  unique 
g  €  L2(T)  and  constant  c  such  that  a)  and  b)  of  Lemma  2.2  hold . 

Again,  we  leave  the  proof  to  the  reader. 

We  can  now  solve  (2.1)  in  the  following  way:  Given  T(t)  we  calculate 
K(x ,  £)  on  T(t).  We  solve  the  system 

(K{xtt)  =  /r(t)  j^V(y,t)dSv  4-  c(t) 

\  /r(t)  V{tht)dSy  =  0 

for  V(-,  t)  and  c(t),  We  can  then  advance  the  surface  by 

x(t  +  h)  «  x(t)  +  Vnh 

where  h  is  the  time  step  and  n  is  the  outward  unit  normal.  However,  this 
explicit  scheme  is  unstable  unless  we  use  an  extremely  small  time  step.  Instead 
we  use  a  semi-implicit  scheme.  We  solve  the  system 

/*<*.  0  - 1*6-^ = ~k  sm  T^vti,t)ds, + cm 

\/r(t)  V(y>t)dS y  o 

for  V(-,t)  and  c{t)  and  advance  the  surface  as  before. 
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3  Numerical  Scheme 
3.1  Discretization  of  Surfaces 

Our  purpose  is  to  discretize  any  number  of  simple,  smooth  closed  surfaces. 
Here  we  demonstrate  the  algorithm  by  discretizing  the  torus  and  the  sphere 
and  then  adding  distortions  to  produce  an  initial  surface.  Our  grid  corre¬ 
sponds  to  an  N  x  M  array  Surface  [iV] [M]. 

For  the  sphere,  the  discretization  is  based  on  the  parameterization  of  the 
surface  using  spherical  coordinates,  namely 

x  =  Rcos6cos(/)y  y  =  i2sin0cos<£,  z  =  J?sin0, 

where  R  is  the  radius. 

Letting  n  go  from  0  to  N  -  1  and  m  go  from  0  to  M  -  1  we  let 

e  =  —  6=  -  i 

TV  ’  v  2  M 

In  effect  we  are  wrapping  the  grid  into  a  cylinder  and  then  pinching  the  top 
and  bottom  to  form  a  sphere. 

Note  that  6  =  0  when  n  =  0  and  6  is  almost  2n  when  n  =  TV  —  1. 
Similarly,  when  m  =  0,  <j>  is  just  slightly  larger  than  -f  and  when  m  =  M  —  l, 
<f>  is  slightly  smaller  than  ^ .  The  top  view  and  side  view  of  appropriate 
hemispheres  are  shown  below  for  TV  =  20  and  M  =  20. 


Top  View  Side  View 

Note  that  longitudinally  the  points  are  equally  spaced  but  that  latitudinally 
they  are  not.  This  is  a  weakness  of  this  discretization. 
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For  the  torus,  let  JR  denote  the  large  radius  of  the  torus  and  r  the  small 
radius.  Then 

x  =  r  cos  <f>)  cos  y  =  (R  +  rcos<£)sin0,  z=rsin<£, 

where  9  is  the  angle  between  the  positive  x  axis  and  the  projection  of  the  line 
segment  Z,  from  the  origin  to  the  point  P  on  the  surface,  onto  the  xy  plane. 
Also,  <f>  is  found  by  intersecting  the  torus  with  the  half- plane  H  containing  l 
and  with  edge  the  z-axis,  to  get  a  circle.  Then  <t>  is  the  angle  between  the  ray 
from  the  origin  through  the  center  of  the  circle  and  the  radius  of  the  circle 
through  F. 

Again  letting  n  go  from  0  to  N  -  1  and  m  go  from  0  to  M  -  1  we  let 

a  2  ?rn  27rm 

N  ’  T‘ 

This,  in  effect,  wraps  the  grid  into  a  cylinder  and  then  bends  the  cylinder 
around  to  join  the  ends.  Pictures  of  the  torus  with  large  radius  5,  small 
■/  radius  1,  N  =  30,  and  M  =  20  are  shown  below. 


Entire  Torus 


Cross  Section 


3.2  Approximation  of  Curvature 

Once  we  have  discretized  a  surface,  we  must  approximate  the  mean  curvature 
of  the  surface  at  each  point  P.  We  do  this  by  choosing  four  nearby  points, 
the  nearest  neighbors,”  and  changing  to  a  coordinate  system  centered  at  P 
in  which  those  neighbors  satisfy  w  =  au2  +  buv -f  cv2  for  some  a,  b  and  c.  This 
latter  quadratic  surface  is  desirable  since  the  mean  curvature  is  simply  ( a  4*  c) 

and  the  normal  to  the  surface  at  the  origin  is  the  unit  vector  -  k . 
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Choosing  the  nearest  neighbors  is  the  first  step.  For  the  torus,  the  neigh¬ 
bors  axe  the  points  on  the  grid  directly  to  the  right,  left,  top,  and  bottom 
of  the  point  P,  allowing  for  the  wrap-around  on  the  edges  of  the  grid.  How¬ 
ever,  the  sphere  must  use  a  different  neighbor  scheme  on  the  top  and  bottom 
edges  of  the  grid,  which  correspond  to  the  points  surrounding  the  poles  of 
the  sphere.  We  therefore  choose  the  point  directly  across  from  P  to  be  the 
neighbor  in  question.  In  terms  of  the  grid,  for  most  points  of  the  sphere,  the 
neighbors  of  Surface [n][m]  are 

Surface [n  -f  l][m],  Surface[n][m  + 1],  Surface  [n  -  l][m],  Surfacef  n][m  —  1]. 

If  n  =  0,  we  exchange  Surface[n  -  l][m]  for  Surface^  -  l][m].  If  n  =  N  —  1, 
we  exchange  Surface[n  +  l][m]  for  Surface[0][m],  If  m  =  0  or  m  =  M  -  1, 
we  exchange  the  appropriate  neighbor  for  Surface if  n  <  ^  or 
Surface [n  —  *y,m]  if  n  >  For  this  reason,  N  must  be  even.  We  label  the 
point  P  as  X[0]  and  its  neighbors  X [1]  through  X[4],  going  counter-clockwise. 

We  now  must  choose  a  new  coordinate  system  in  which  the  points  will 
satisfy  w  =  au2  +  buv  +  cv.  We  first  translate  the  points  so  that  X[0]  becomes 
the  origin,  and  label  the  new  points  as  transX[0]  through  transX[4],  Next 
we  choose  as  the  uw  plane  the  one  passing  through  the  origin,  transX[l],  and 
transX[3].  These  three  points  must  lie  on  a  parabola  in  that  plane,  in  fact, 
it  will  be  w  =  au2.  Solving  for  a  and  the  vectors  to  be  the  u  and  w  axis 
involves  rotating  the  uw  plane  so  that  transXfl]  is  on  an  axis  in  a  temporary 
coordinate  system,  solving  for  the  tangent  of  the  angle  the  plane  needs  to 
rotate  for  the  three  points  to  lie  on  a  parabola,  and  rotating  the  plane  by  that 
angle.  Then  a  and  the  u  and  w  axis  can  be  determined.  Taking  the  cross 
product  of  the  u  and  w  vectors  gives  us  the  v  axis.  To  find  b  and  c  we  plug  in 
the  points  transJ^f  [2]  and  trans^C  [4]  in  their  new  coordinate  system  and  solve 
the  resulting  system  of  equations.  If  these  points  both  lie  on  the  vw  pane, 
we  let  b  =  0  and  choose  the  least  squares  fit  for  c.  Hence,  we  find  the  mean 

curvature,  (a+c),  and  the  normal  to  the  surface,  the  unit  vector  —  k . 

3.3  Approximation  of  Partial  Derivatives 

For  each  point  we  must  calculate  that  is,  the  linearization  of  the  map 
which  takes  the  curvature  of  the  surface  at  time  t  to  the  curvature  of  the 
surface  at  time  t  -f  h.  This  is  a  lengthy  process  which  is  facilitated  greatly  by 
Maple.  First  note  that  K  is  a  function  of  a  and  c.  In  turn,  a  and  c  depend 
on  other  variables,  and  the  chain  descends  eventually  to  the  initial  point  and 
its  four  neighbors. 
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3-4  Discretization  of  Integrals 

We  have  the  following  system  of  equations  to  discretize: 


W  K{x)  -  - ±  Jr  pl-j  V(y)dSy  +  c. 


(ii)  0  =  JrV(y)dSy. 


We  first  divide  the  surface  into  “patches”  where  each  patch  is  centered  at 
a  point  on  the  surface.  This  is  done  by  taking  the  nearest  neighbors  and 
connecting  their  “midpoints”  with  each  other  and  the  center  point  as  shown 
below. 


Patch  is  bounded  by  the  dotted  lines 

The  “midpoints,”  y[0]  through  y[3],  are  found  by  taking  the  average  of 
the  u  and  v  coordinates  and  then  calculating  w  from  the  equation  w  =  au2  + 
buv  +  v  .  If  the  center  point  is  Surface[n][m],  we  label  the  four  triangular 
patches  as  Patch[n][ro][fc]  where  k  goes  from  0  to  3,  0  corresponding  to  the 
patch  nearest  -X’fl]  and  then  proceed  counter-clockwise.  We  denote  their  sum 
as  Patch[n]  [m]. 

We  want  the  total  area  of  the  patches  to  be  close  to  the  actual  surface 
area  of  the  surface.  The  following  table  shows  this  is  achieved  with  a  large 
number  of  subdivisions  for  the  torus,  but  not  for  the  sphere  due  to  the  ill- 
fitting  discretization.  In  the  table,  the  torus  has  R  =  5,r  =  1;  the  sphere  has 
radius  1. 
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Comparing  Area  Estimates  of  Surfaces  with  Actual  Area 


Surface 

N 

M 

Estimated  Area 

Actual  Area 

Torus 

20 

10 

185.237 

197.392 

Torus 

40 

20 

194.188 

197.392 

Torus 

80 

60 

197.060 

197.392 

Sphere 

10 

10 

13.515 

12.566 

Sphere 

20 

20 

14.119 

12.566 

Sphere 

20 

40 

13.438 

12.566 

We  now  discretize  the  integrals.  We  have  for  x  =  Surface[n][m]  two 
integrals  to  estimate.  For  a  patch  on  the  surface  centered  at  y  ^  x,  we  have 


F^i  n‘)ds-  “  g  |p‘Kh  (pr 


V I 


+  • 


\x-Vi fe-i 


4* 


•  Vk\ 


yv(y). 


The  summand  uses  the  average  value  of  the  kernel  at  vertices  of  the  fcth 
triangular  patch.  If  y  =  x,  we  derive  an  integral  for  each  triangular  patch  in 
the  following  way:  Translate  the  triangle  so  that  we  have  the  following: 


where  cos  a  =  -#4-  and  sin  a  =  %/l  -  cos2  a.  Then 
l^iisi 


L 


1 


dSz 


=  [*  m<te 

Jo 


/ Patch [n] [m] [k]  I3*  z\ 

where  f(Q)  describes  the  line  opposite  a. 

If  the  line  is  vertical,  its  equation  is  x  =  |A|,  which  in  polar  coordinates 
is  r  -  Then 


f  f(0)d0  —  \A\  f  secOdO  =  \A\ In  |  sec  a  +  tana| 
Jo  J  o 


a 
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If  the  line  is^not  vertical,  its  equation  in  polar  coordinates  is  r  — 
~  m  cos  i-Lin  &  »  w^ere  m  =  ^8in®  is  the  slope.  The  integral 

(J?j  cos ct— J  A] 

m\A\ So  m  cos  &—ain$  ^  ^  f°und  by  rationalizing  the  denominator  as  follows: 


/ _ i _ 

J  m  cos  6  —  sin  9 
We  get 

m\A\  f  — > 

J0  mcostf-si 


_  =  7n  1  _  ^05(7 _  /  _ Slny _ 

sin  8  J  m 2  —  (m2  +  1)  sin2  8  J  (m2  +  1)  cos2  8—1 


_ ^  _  \A\m  j  (Vm2  +  1cosq  +  l)2  (Vm2  +  1  - 1) 

2\/m2  +  1  (Vm2  +  lsina  -  m )2  (\/m2  +  1  +  l) 


We  denote  the  value  of  dSy  with  x  =  Surface[n]  [m]  over  the 

Patch  [i][j]  as  In,m,i,j •  Then  we  get  equation  (i)  in  the  following  discretized 
form 


N  7  i=0  j=0 

where  VJi<7-  is  the  velocity  of  Surface[i)[j], 

For  (ii)  we  get 

N-l  Af-1 

°«EE  Vi>3  ■  I  Patch[i][j]|. 

i= 0  j-0 

Since  we  have  N  •  M  choices  of  x  =  Surface  [n][m],  we  have  jV  •  M  +  1  linear 
equations  with  each  Vij  and  c  as  unknowns, 

3.5  Advancing  the  Surface 

Once  we  have  solved  for  V  we  advanced  the  surface.  For  each  point  on  the 
surface,  we  add  the  normal  at  that  point  multiplied  by  the  time  step  and 
velocity. 


JV-l  M-l 


4  Results 

The  following  pages  contain  graphics  and  data  pertaining  to  a  sphere,  dis¬ 
torted  spheres,  and  a  torus.  While  the  scheme  is  still  quite  unstable,  results 
are  promising.  Most  of  the  surfaces  exhibited  a  decrease  in  surface  area  and 
we  believe  that  a  dynamic  redistribution  of  surface  data  points  to  prevent 
bunching  would  help  stabilize  the  scheme. 
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Each  surface  is  pictured  using  Maple  graphics.  Also  included  is  a  table 
listing  surface  areas  at  certain  iterations.  As  the  surface  breaks  down,  the 
surface  areas  increase.  Noticeably  high  mean  curvatures  are  marked  by  an 
asterisk.  Usually  high  mean  curvatures  correspond  to  large  surface  areas,  but 
not  always.  Again,  we  believe  that  bunching  of  surface  data  points  is  at  the 
root  of  the  breakdown.  This  could  be  alleviated  by  including  a  component  of 
the  velocity  tangential  to  the  surface  in  such  a  way  that 


0;5 

-•1-0. 5  0 

0.5  -  1 

Wo;.  5 

*  ;-  i' 

'  0.5 

A 

-1-0.5  0 

Wo ;  5 

0.5  ■  1 

t  =  0  13th  iteration 


...-ft 

//'  o;5 

-1-0.5° 

Wo  ;.5 

*— i? 

0.5-1 

/’■■■  0/5 

V  '  ■ :  . 

"^ir675“° 

Woi.5 

v-i 

p.5.:l 

14t/l  iteration  16t/l  iteration 

Sphere  with  radius  1,  N  =  10;  M  =  30;  Time  step  =  0.0001 

A  sphere  should  ideally  have  no  diffusion  of  particles.  This  indeed  was 
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the  case  until  the  surface  became  unstable.  As  shown  in  the  table  below, 
the  surface  areas  generated  in  the  first  12  iterations  are  within  0.0001  of  their 
previous  values.  However,  after  the  13th  iteration,  mean  curvatures  of  over  50 
started  appearing.  Surface  area  also  increased.  As  seen  in  the  figures  above, 
bunching  and  then  eruptions  occurred  at  the  poles. 


SPHERE 


Iteration 

Surface  Area 

0 

13.959657 

1 

13.959610 

3 

13.959571 

5 

13.959553 

7 

13.959543 

9 

ni3. 959535 

11 

13.959530 

12 

13.959686 

13* 

13.988053 

14 

15.452335 

Mean  curvatures  of  over  50  after  this  iteration. 


wt  i 

.rfp/s 

-2^-1:° 

'^0:5 

j  :!•/  2 

*  ®  8th  iteration 

Sphere  widened  at  equator,  N  -  20,  M  =  30,  time  step  =  0.001 


This  surface  was  quite  unstable  at  the  poles.  However,  surface  area  did 
decrease  until  the  7th  iteration. 
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SPHERE  WIDENED  AT  EQUATOR 


Iteration 

Surface  Area 

0 

23.929643 

1 

23.924496 

3 

23.912062 

5 

r~23.900737 

6 

23.892807 

7* 

26.023065 

8 

87.655583  ~1 

- -  ou  alter  unis  iter  at 

The  next  experiment  starts  with  an  elongated  sphere. 


t  =  u 


„  ,  ,  ,  o  iteration 

Sphere  lengthened  at  poles,  N  =  10,  M  =  30,  time  step  =  0.001 

.  s,irface  behaved  very  unusually.  After  a  jump  in  mean  curvature 

m  the  5th  iteration,  the  surface  area  tripled.  Yet  the  surface,  although  rather 
oddly  shaped,  was  stable  and  decreased  in  area  for  the  next  8  iterations 
SPHERE  LENGTHENED  AT  POLES 


Iteration 

Surface  Area 

0 

16.271194 

1 

16.271876 

2 

16.259973 

3 

16.304395 

4 

^16.210148 

5* 

16.237525 

6 

48.538159 

*Mean  curvatures  of  56  reached  in  this  iteration. 
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We  now  take  our  initial  surface  to  be  a  torus.  The  evolution  here  is  more 
stable,  probably  because  the  gridding  is  more  uniform. 


3 

•  *  ‘  .  2 

1 

-8  1-6  -4  .-2  “ 

4  £  8 

-2 

-3J 

t  =  0 


> 

3- 

2 

‘  1 

-8  -6  -4  -2  £ 

2  4  6  8 

’  1  •  •  '  -2- 

-3J 

668t/l  iteration 


3 

•  '  ’  ‘  ■  2 

1 

-¥  -6  -4  -2  ® 

2-4  -6  8 

**  •  '  -2 

-3j 

'  t  669£/l  iteration 

Torus  with  large  radius  4.5  and  small  radius  2,  N  =  20;  M  =  20;  Time  step  =  0.01 

unriMh  t^6  mo^Lstable  surface  tested;  problems  did  not  occur 

until  the  668th  iteration.  The  torus  should  eventually  evolve  to  a  sphere, 
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However,  we  have  not  yxwJcowthlwM^hZTto “’*  T®”' 

_ TORUS 

Iteration  |  Surface  Area 
u  |  347,85 

*00  343.56 

300  j  332.89 

500  321.43 

000  I  315.07 

”6S0  firm 

JH:  31Q~67  - 

"668  314.18  “ 


*ffigh  m®an  curvatures  after  this  iteration. 
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APPROXIMATE  NORMALLY  HYPERBOLIC  INVARIANT 
MANIFOLDS  FOR  SEMIFLOW 


Peter  W.  Bates  aand  Kening  Lu  6 
Department  of  Mathematics,  Brigham  Young  University 
Provo ,  Utah  84602 

Chongchun  Zeng 

Courant  Institute  of  Mathematical  Sciences,  New  York  University 
New  York,  NY  10012 

In  this  paper,  we  establish  the  existence  of  normally  hyperbolic  invariant  manifolds 
for  semi  flows. 


We  consider  a  C 1  semiflow  defined  on  a  Banach  space  X,  that  is,  it  is 
continuous  on  [0,  oo)  x  X,  and  for  each  t  >  0,1*  :  X  — *  X  is  C1,  and 

Tl  oT‘(x)  =  Tt+s(x) 

>  for  all  t,s  >  0  and  x  €  X.  A  typical  example  is  the  solution  operator  for  a 
differential  equation. 

In  5  we  proved  that  a  compact  normally  hyperbolic  invariant  manifold  M 
persists  under  small  C 1  perturbations  in  the  semiflow.  We  also  showed  that 
in  a  neighborhood  of  M ,  there  exist  a  center-stable  manifold  and  a  center- 
unstable  manifold  which  intersect  in  the  manifold  M.  In5,  the  compactness 
and  invariance  of  the  manifold  M  were  important  assumptions. 

In  the  present  paper,  we  establish  the  existence  of  normally  hyperbolic  in¬ 
variant  manifolds  for  semiflows.  We  prove  that  if  T*  has  a  “good”  approximate 
normally  hyperbolic  “invariant”  manifold  M  for  the  semifiow  Tf,  then  Tt  has 
a  normally  hyperbolic  invariant  manifold  M  near  M. 

In  many  singular  perturbation  problems  for  evolutionary  partial  differ¬ 
ential  equations,  one  is  interested  in  stationary  solutions  which  have  certain 
qualitative  features,  such  as  interior  or  boundary  layers  or  localized  spikes. 
The  stability  of  these  states  is  also  important.  The  canonical  shape  of  such 
solutions,  in  a  neighborhood  of  the  abrupt  spatial  disturbance,  can  usually 
be  determined  by  a  rescaling  or  blow-up  procedure.  Thus,  a  reasonable  ap¬ 
proximation  to  the  shape  of  a  solution  is  found  quite  easily.  A  strategy  to 
find  a  true  solution,  or  at  least  to  prove  existence  of  a  solution  of  the  type  of 
interest,  is  to  first  create,  in  function  space,  a  manifold  M  made  up  of  these 

a Supported  in  port  by  NSF  grants  DMS  9974340  and  DMS  9970894. 

^Supported  in  part  by  NSF  grants  DMS  9970894. 
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approximate  solutions  parameterized  by  the  spatial  locations  of  the  singulari¬ 
ties.  The  PDE  is  then  written  as  a  (semi)flow  in  function  space  decomposed 
into  directions  tangential  and  normal  to  M.  These  components  are  then  esti¬ 
mated  in  sufficient  detail  to  show  the  existence  of  stationary  points  in  a  small 
neighborhood  of  M.  This  approach  was  pioneered  in  the  early  papers  of  G. 
Fusco  and  J.  Hale  in9  and  by  J.  Carr  and  R.  Pego  in8,  who  were  interested  in 
the  Allen-Cahn  equation,  a  bistable  reaction-diffusion  equation  with  very  small 
diffusion  coefficient,  e2  .  In  fact,  the  authors  were  more  interested  in  the  flow 
in  a  neighborhood  of  the  manifold  than  in  the  stationary  solutions  and  used 
the  technique  to  show  that  solutions  with  interior  layers  evolved  exponentially 
slowly,  the  layers  moving  with  speed  of  the  order  e~c/€  where  c  is  a  constant 
depending  upon  distance  between  layers. 

The  approach  was  also  taken  to  obtain  similar  results  for  the  one- dimensional 
Cahn- Hilliard  equation  in  1  and  7.  In  that  case,  since  the  equation  is  fourth 
order,  the  analysis  is  somewhat  harder  but  the  geometric  picture  is  the  same. 

More  recently,  N.  Alikakos  and  G.  Fusco  have  used  the  method  to  show  the 
exponentially  slow  motion  of  “bubble” -like  solutions  to  the  Cahn-Hilliard  equa¬ 
tion  in  higher  space  dimensions2.  6  M.  Kowalczyk  uses  the  approximate  invari¬ 
ant  manifold  approach  to  find  spiked  solutions  to  the  shadow  Gierer-Meinhardt 
system  of  biological  pattern  formation  in  multi- dimensional  domains  and4  has 
similar  results  for  the  Cahn-Hilliard  equation. 

Stationary  spiked  solutions  to  many  nonlinear  elliptic  equations  have  been 
found  using  essentially  the  same  approach  but  viewing  it  as  a  Liapunov- 
Schmidt  reduction  idea,  rather  than  dynamically.  Some  representative  works 
along  these  lines  include  3,  12 ,  and  the  references  therein.  A  good  survey  of 
spike  solutions  may  be  found  in11. 

What  has  been  lacking  is  a  way  to  deduce  the  existence  of  a  true  invariant 
manifold  in  a  small  neighborhood  of  the  approximately  invariant  manifold 
constructed  by  hand.  Here  we  hope  to  give  a  general  result  along  those  lines, 
perhaps  simplifying  much  of  the  analysis  needed  in  the  applications  mentioned 
above,  and  at  the  same  time  giving  stronger  conclusions. 

We  first  consider  maps  on  a  Banach  space  X.  Consider  M  C  X  a  C1 
connected  submanifold  of  X  and  T  €  Clil(B(M,  r),  X)  for  some  r  >  0,  where 
B(M,r)  —  {x  €  X  :  dist(z,M)  <  r}. 

Definition  1  M  is  said  to  be  an  approximate  normally  hyperbolic  invariant 
manifold  if  the  following  conditions  hold  for  some  6  >  0 

(HI)  M  is  approximately  invariant,  i.e.,  T{M)  C  B(M,S). 
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(HI)  For  each  m  E  M  there  is  a  decomposition 

x  =  xcm®x^®xsm 

of  closed  sub  spaces  with  being  transversal  to  TmM,  the  tangent 

space  of  M  at  m.  There  is  an  e  >  0  such  that  Xu(e)  ©  X5(e)  =  {m  + 
xu  4-  xs  :  xa  E  X £  and  |x|  <  e  for  a  =  it,  s}  is  a  tubular  neighborhood  of 
M  and  B(M}  S )  C  Xu(e)  ©  Xs(e).  For  each  m  E  M,  T(M)  fi  (Xu(e)  0 
X*(e))  ?  0. 

(H3)  For  each  m0  E  M 

namiDT(mo):X“0^X^ 

are  isomorphisms  for  a  =  c,  it,  where  m\  E  M  is  determined  by  using 
the  tubular  neighborhood,  by  writing  T(mo)  =  mi  -f  xu  +  xs ,  and  11^  is 
the  projection  onto  X £  with  kernel  being  the  sum  of  the  other  subspaces. 

Also  there  exists  A  E  (0, 1)  such  that 

||n^Z}T(mo)|^J|<Amin{l1inf{|n^I>T(mo):Cc|  :  xc  e  X^0,\xc\  =  1}}, 
A  inf  { |II^i DT(mo)xu \  :  x“  €  |*“|  =  1}  >  max{l,  ||H umiDT(rn0)\x^  ||}. 


Since  we  do  not  assume  that  M  is  compact  or  finite  dimensional,  for  tech-  * 

nical  reasons,  we  need  to  assume  that  T,  11^,  nj^,  and  11^  have  some  uniform 
properties: 

(H4)  (1)  There  is  an  r\  >  0  and  L\  >  0  such  that  for  any  mo  €  M,  mi, m2  € 

B(mo ,  r),  and  a  —  c,  it,  s, 

IfHm,  -n“J|  <  L1\m1-m2\. 


(2)  There  is  a  constant  B  >  0  such  that  ||II“  ||  <  B  for  all  m  €  M,  and 
a  —  c,  it,  s; 

(3)  There  exists  po  >  0  such  that  for  any  m  E  M  and  a  —  it,  s, 

IIAmll  <  Mo, 

where  E  L^X^X^f)  and  E  L^^X^)  are  determined  by 

TmM  =  (/  +  A^AK; 
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(4)  There  is  an  7*2  >  0  and  L2  >  0  such  that  for  any  mo  €  M,  and 
mi,m2  €  £?(mo,r), 

||DT(mi)  -  JDT(m2)||  <  Z^l^i  -  m2|. 

(5)  There  are  constants  a  >  0,  B\  >  0,  and  bi  >  0  such  that 

inf { I n^j DT (mo)xc |  :  zc  €  |zc|  =  1}  >  a, 
\\DT\B{M,r)\\  <  Bu 
||II^1I>r(mo)U.0||<i1> 

for  a  =  c,  s,  and 

||n“1pr(mo)U^0l|<f>i, 

for  a  —  c,u. 

Condition  (2)  implies  that  the  space  X ^  is  an  approximation  of  the  tangent 
space  of  M  at  m  with  an  error  bounded  by  /xq.  Condition  (3)  automatically 
holds  when  M  is  contained  in  a  compact  set.  The  reason  for  this  assumption 
is  that  the  graph  transform  is  a  global  transform  and  some  uniform  estimates 
are  needed. 

Theorem  1.  Assume  that  (HI)  — (HA)  hold.  Then,  there  exist  5*  >  0 ,  /Xq  >  0, 
and  b\  >  0  such  that  if  S  <  6*,  /x0  <  flo>  h  <  Kj  ^en  T  h as  a  unique  C 1 
connected  normally  hyperbolic  invariant  manifold  M  near  M. 

We  now  consider  the  manifolds  for  semiflows.  Let  T  €  C([0,  +oo)  x 
B(M,r),X)  be  a  semiflow,  i.e., 

T°  =  I ,  Tt+s  =  TtoTs,  for  t,s>  0. 

We  assume  that  for  all  t  >  0,  T4  €  C1(B(M,r),X).  Suppose  there  exists 
t0  >  0  such  that  Tto  satisfies  (H1)-(H4).  From  Theorem  A,  there  exists  a  C 1 
normally  hyperbolic  invariant  manifold  M  for  Tto . 

Furthermore,  if  we  assume 

(H6)  For  any  rj  >  0,  there  exists  C  >  0,  such  that  for  any  x  e  B(M,r ), 
t  6  [0,C],  we  have 

| Tl(x)  —  x\  <  Tj. 

Then  we  have  Theorem  2.  The  normally  hyperbolic  invariant  manifold 
M  for  Tto  is  the  normally  hyperbolic  invariant  manifold  for  the  semiflow  Tl. 

The  basic  ideas  of  the  proof  of  Theorem  1  are  the  same  as  those  we  used 
in  5.  However,  here  we  have  to  overcome  the  difficulties  caused  by  the  non¬ 
compactness  of  the  manifold.  The  complete  proof  of  these  results  will  appear 
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SUFFICIENT  CONDITIONS  FOR  OSCILLATION  OF  SECOND 
ORDER  NONLINEAR  DIFFERENTIAL  EQUATIONS 
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In  this  paper, some  sufficient  conditions  are  established  for  oscillation  of  second  or¬ 
der  nonlinear  differential  equations  and  nonhomogeneous  linear  differential  equa¬ 
tions 

1  INTRODUCTION 

Consider  the  second  order  nonlinear  differential  equation 

(p(t)v'Y  +  Q Wv  =  H(t,  y,  y')  (1) 

where p{t),p\t),  q(t)  €  C(R+ ,  R+),  H  €  C(R+  xR2,  R)  guarantee  that  Eq.  (1) 
with  initial  conditions  has  uniquely  solution,  R+  —  (0,  -foo).  When  H(i,  y,  yl)  = 
h(t)>  Eq.  (1)  becomes  a  nonhomogeneous  linear  differential  equations.  The  ho¬ 
mogeneous  linear  differential  equation  corresponding  to  (1)  is 

(p(t)y'Y  +  q(t)y  =  0  (2) 

As  it  is  customary,  a  nontrivial  solution  is  called  to  be  oscillatory  if  it  has 
arbitrarily  large  zeros.  Otherwise, the  solution  is  called  non-oscillatory.  Eq. 

(1)  or  (2)  is  called  to  be  oscillatory  if  all  solutions  of  (1)  or  (2)  are  oscillatory. 
It  is  much  more  difficult  to  deal  with  the  oscillation  of  Eq.  (1)  than  Eq. 

(2)  1>2>3.  This  paper  will  give  some  sufficient  conditions  for  the  oscillation  of 
Eq.  (1)  by  discussing  the  relation  between  Eq.  (1)  and  Eq.  (2). 

Let  x(t)  and  y(t)  are  nontrivial  solutions  of  Eq.  (1)  and  Eq.  (2),  respec¬ 
tively.  Multiplying  both  members  of  Eq.  (1)  by  x(t)  subtracts  multiplying 
both  members  of  Eq.  (2)  by  y(t)  to  get 

\p(t)(x(t)y'(t)-x'(t)y(t))}' =  Hx(t)  (3) 

Theorem  1.  Let  x(t)  be  a  oscillatory  solution  of  Eq.  (2).  If  there  is  a 
T  >  0  such  that  for  all  t  >  T 

Hx(t)  >0  or  Hx(t)  <  0, 

then  Eq.  (1)  is  oscillatory. 
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Proof  Assume, by  way  of  contradiction,  that  (1)  has  an  eventually  positive 
(or  negative)  solution  x(t).  Let  {tn}  is  the  zero  point  set  of  x(t),  i.e.,  x(tn)  =  0 
and  limn_oo  x(tn)  =  oo.  Prom  the  uniqueness  of  solution  of  Eq.  (1)  with 
initial  data,  xf(tn)  ^  0  for  all  tn  €  {tn}.  If  Hx(t)  >  0,  there  always  exists 
N  £  {£n}  with  N  >  n  such  that 

x'(tn)  <  0  and  x'(t)  <  0. 

By  integrating  (3)  over  the  intervals  [£n,*Ar],  we  get 

-p(t„)x'(tn)y{tn)  +p{tN)x'(tN)y(tN)  =  r  Hx(s)ds  (4) 

tw 

This  leads  to  a  contradiction  since  the  left  side  of  (4)  is  negative  and  the  right 
side  of  (4)  is  nonnegative.  The  proof  for  Hx(t)  <  0  is  the  same  as  the  above 
and  omitted  it. 

Theorem  2.  Let  x(t)  be  a  oscillatory  solution  of  Eq.  (2).  If  there  is  a 
T  >  0  such  that  for  all  t  >  T 

Hx(t )  >  h(t)  and  a  =  ^  Hx(s)ds  >  0  VT  <  t0  t. 

to 

then  Eq.  (1)  is  oscillatory. 

Theorem  3.  Let  x(t)  be  a  oscillatory  solution  of  Eq.  (2).  If  there  is  a 
T  >  0  such  that  for  all  t  >  T 

a  r* 

Hx(t)  >  h(t)  and  a  =  1  Hx(s)ds  <0  VT  <  t0  >  t. 

to 

then  Eq.  (1)  is  oscillatory. 

Theorem  4.  Let  x(t)  be  a  oscillatory  solution  of  Eq.  (2).  If  the  following 
conditions  are  satisfied 

(i)  There  is  a  T  >  0  such  that  for  all  t  >  T 

Hx(t)  >  h(t)  or  Hx(t)  <  h(t). 

(ii)  Let  F(t)  be  an  indefinite  integral  of  h(t),  and  A  and  B  are  the  zero 
point  sets  of  h(t)  and  F(t),  respectively.  We  have  Ac  B. 

Then  Eq.  (1)  is  oscillatory. 

When  H(t,y,  yl)  =  h(t),  Eq.  (1)  becomes  a  nonhomogeneous  linear  differ¬ 
ential  equations: 

(p(t)y')'  +  q(t)y  =  h(t )  (5) 
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Based  on  the  above  theorems,  we  can  easily  get  the  following  corollaries 
Corollary  1.  Let  x(t)  be  a  oscillatory  solution  of  Eq.  (2).  If  there  is  a 
T  >  0  such  that  for  all 

a  =  ^  h(s)x(s)ds  >0  or  (<  0)  VT  <to^>t. 

to 

then  Eq.  (6)  is  oscillatory. 

Corollary  2.  Let  x(t)  be  a  oscillatory  solution  of  Eq.  (2),  F(t)  be  an 
indefinite  integral  of  h{t)x(t),  and  A  and  B  are  the  zero  point  sets  of  h(t)  and 
F(t ),  respectively.  If  A  C  B,  then  Eq.  (6)  is  oscillatory. 

Example.  The  following  nonhomogeneous  linear  differential  equation 

y "  Ay'  ~  - 2  sin  t  A  cos(y2  + 12)  (6) 

is  oscillatory. 

In  fact,  x(t)  =  sint  is  a  solution  of  the  homogeneous  linear  differential 
equation  corresponding  to  (7)  and 

H  sin  t  =  —2  sin2 1  +  sin  t  cos (y2  4*  t2) 

=  1  —  2  sin2 1  A  [sintcos(y2  +  t2)  —  1] 

<  cos2t. 

It  is  obvious  that  |  sin  2 1  is  an  indefinite  integral  of  cos  2 1  and  its  zero  point 
set  involves  the  zero  point  set  of  sini.  From  Theorem  4,  Eq.  (7)  is  oscillatory. 
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We  study  a  system  of  ODE’s  modelling  the  interaction  of  one  predator  and  one  prey 
under  ecologically  natural  regularity  conditions.  Using  the  technique  of  Lie’nard 
equation, the  conditions  for  existence  and  uniqueness  of  limit  cycle  around  the 
positive  equilibrium  point  Eire  obtained,  respectively. 


1  Introduction 

In  the  present  paper,  we  first  consider  two  species  predator-prey  model  with 
general  functional  response  as  following  system: 

f  %  =  xg(x)  -  yp(x ) 

1  (1) 

l.  *  =  y{~9(x)  +  h(x)), 

where  x(t)  and  y(t)  are  the  densities  of  the  prey  and  predator,  respectively. 
g(x)  is  the  growth  rate  of  the  prey  in  the  absence  of  predator,  q(x)  is  the 
density-dependent  death  rate  of  the  prey,  and  p(x),h(x)  represent  respec¬ 
tively, the  functional  and  numerical  response  of  predator. The  specific  standard 
assumptions  on  g(x),p{x)  and  h(x)  are: 

(Ai)  g  :  j R+  — >  R  is  of  class  C1,g( 0)  =  a  >  0,  there  exists 

k  >  0  such  that  g(k)  =  0  and  (a;  —  k)g(x)  <  0  for  x  ^  k. 

(A2)  p\  R+  — >  R+  is  of  class  C1,p(0)  —  0  and  p'(x)  >  0  for  x  €  R+. 

(A3)  q  :  R+  — >  R+  is  of  class  C1,  ^(0)  >  0  and  q'(x)  <  0 

for  all  x  G  and  q(x)  — >  q^  >  0  (x  +00). 

(A4)  h  :  R. j_  — ►  R. |_  is  of  class  C1,  h(0)  =  0  and  h!{ x)  >  0  for  all  x  G  R+. 

Some  special  cases  of  system  (1)  have  been  investigated  by  [1-6],  from  1934  up 
to  now. 

In  this  paper,  using  the  technique  of  Lie’nard  equation, the  conditions  for 
the  existence  and  uniqueness. of  the  system (1)  are  obtained. 
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2  Lemmas 

In  order  to  obtain  our  main  results,  we  need  the  following  lemmas. 

Lemma  1  System  (1)  can  be  transformed  into  the  form  of  Lie’nard’s  equation 


x  +  f{x)x  +  g{x)  =  0 


or  into  the  equivalent  system: 


x  —  u  —  F(x),  u 


rx 

-g{x),  F(x)  =  '  f(x)dx 
0 


by  a  change  of  variable. 

proof  We  first  introduce  the  transformation 

x  =  x,  £  =  xg(x)  -  yp(x) 


(2) 

(3) 


(4) 


_  xg(x)  -  j 
v  p(x) 

Obviously,  the  transformation  (4)  is  regular: 

det  ^  (  v  ,  }  ,  ,,  v  °  /  x  ^  =  — p(s)  7^  0  (a;  >  0) 

p(®)  +  -  «p'(a;)  -  p{x)  y 

and  one  to  one  bicontinuous. 

It  is  not  hard  to  find  that  if  we  substitute  the  regular  transformation  (4) 
into  (1),  it  follows  that 


^  i  =  xg(x)(q(x)  -  h(x))  +  ^p(x)  ( -  q(x)  +.h(a?)^  £  +  ^ 

(  fo(x)  =  -xg(x)(q(x)  -  h(sc)). 

Letting  J  /i(«)  =  -  ^p(®)  (6) 

l  /2(*)  = 

it  follows  that 

X  =  t,  £=  ~fo{x)  -  fi(x)£~  f2(x)Z2.  (7) 

We  introduce  the  transformation  again 

fX  (  [X  \ 

it  =  £exp  '  f^{x)dx)  or  £  =  u  exp  1  —  1  f2(x)dx  ,  (8) 

350  3Jo 


35 


it  follows  that 
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This  completes  the  proof  of  the  lemma  1. 

In  order  to  prove  our  main  results  on  the  existence  and  uniqueness  of  a 
periodic  solution  for  the  system(l),  we  shall  utilize  the  known  results  for  a 
Lie’nard  system  in  [7]  which  we  state  as  the  following  three  lemmas. 

Lemma  2  Consider  the  following  Lie’nard  system: 

x  =  y-F(x),  y  =  —g(x),  F(x)  =  ^  f(x)dx.  (16) 

X0 

Suppose  the  continuous  /,  g  satisfy  assumptions: 

(1)  xg(x)  >0  for  x  ^  0}  G(x)  —  /*  g(x)  — »  +oo  as  |x|  — *  +oo, 

(2)  xF(x)  <  0,  for  |x|  <<  1, 

(3)  there  exist  M  >  0  and  ki  >  h<i  such  that 

F(x)  >  k\  for  x  >  M,  F(x)  <  k 2  for  x  <  -M 

Then  system(16)  has  at  least  one  stable  limit  cycle. 

Lemma  3  consider  the  following  Lie’nard  system: 

x=-y-  F(x),  y  =  g(x),  F(x)  =  ^  f(x)dx  (17) 

20 

Suppose  the  continuous  functions  f}g  satisfy  assumptions: 

(1)  xg(x)  >0  for  x  ^  0,  G(x)  =  g(x)  — ►  +oo  as  \x\  — ►  -foo, 

(2)  /( 0)  <  0,  ( resp .  >0), 

(3)  is  monotone  nondecreasing  (resp. nonincreasing)  for  x  ^  0. 

Then  system  (17)  has  at  most  one  stable(resp.  unstable)  limit  cycle. 

Lemma  4  Consider  the  system 

ft=x(x,y),  f  =  Y(x,y )  (18) 

where  X(x,  y),  Y(x,  y)  EC0  (G  C  R2)  guarantee  that  the  system  (18)  has 
uniqueness  of  the  solution.  If  there  is  a  closed  orbit  L  of  (18), and 

^  div(X,  Y)dt  <  0  (resp.  >  0) 

L 

then  L  is  a  stable  limit  cycle  (resp. unstable). 
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3  Results 

In  this  section,  we  can  state  our  main  results. 

Consider  the  system  (1)  under  the  assumption  (Ax)  -  (A*).  The  above  condi¬ 
tions  (Ai)  —  (A4)  guarantee  that  the  system  (1)  has  only  positive  equilibrium 
point  E(xQ,yo)  inside  the  population  quadrant,  and 


V  0  - 


Xq9(x0) 

p{xo) 


Equilibriums  Eq(0,0)  and  E\(k,  0)  are  saddle(See  Fig.l). 


Fig.l 

By  local  stability  analysis  of  the  equilibrium  point,  we  can  easily  obtain 
that  positive  equilibrium  E(xo,yo)  is  unstable  if  (xg(x)/p(x))' \x=x0  >  0,  it  is 
asymptotically  stable  if  (xg(x)/p{x))f \X=X0  <  0. 

Theorem  1  Consider  system  (1)  and  let  (Ax)  —  (A*)  hold.  Further  assume 
^  [xg{x)/p{x)\  <0  (0  <  x  <  k)  and  boundness  of  every  solution  of  the 

system  (1),  then  the  positive  equilibrium  point  E(xo7yo)  is  globally  stable. 
Proof.  Assuming  on  the  contrary,  the  positive  equilibrium  point  E(xo^yo) 
is  not  globally  stable.  Because  of  local  stability  of  E(xo,yo)  under  condi¬ 
tion  ^  [; xg(x)/p(x )]  |x-x0  <  0  and  boundness  of  every  solution  of  the  sys¬ 
tem^), then  the  unstable  limit  cycle  L(x(t)}  y(t))  with  period  T  exists.  We 
obtain 

A=<f0£t<Tdiv(X,Y)dt 

=  f0T  1  £  [x(t)g(x(t))  -  y(t)p(x(t))}  +  l  [y(t)(-g(x(t)))  +  h(x(t))]\dt 

=  /oT^))^r£®)P1^<0  (19) 
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The  assertion  (19)  implies  immediately  that  the  limit  cycle  L  is  stable  from 
lemma  4.  Obviously,  such  an  assertion  is  absurd  from  local  asymptotically 
stable  E(x o,  yo) .  This  contradiction  leads  to  the  globally  stable  positive  equi¬ 
librium  point  E(xo,yo)- 

Theorem  2  If  (t4i)  —  (A*)  hold,  further  assume 

(4)  2§  (xg(x)/p(x))  |X=X0  >  0  (20) 

(4)  C0  xg(x)  (• -q(x )  +  h(x)) 

exp  ( 2  f2(x)dx^  dx  —>  +oo,  as  |x|  — >  +oo  (21) 

(A7)  there  exist  a,  (3  with  a  <  x0  <  (3  such  that  fi(x)  >  0  for  x  £  [a,/?], 
and  ^~P(X)  ^*$0^  +  d(x)  ~  h(x)^  exp  ( f2(x)dx )  dx  >  0(22), 

then  system  (1)  has  at  least  one  stable  limit  cycle. 

Proof  Obviously,  under  the  assumptions  of  theorem  2,  the  system  (1)  may  be 
transformed  into  Lie’nard  (15),  i.e 

(1)  (x  -  x0)g(x)  =  (x-  x0)(-g(x)  +  h(x))xg{x)£ ^  >0  (0  <  x  <  k) 

G(x)  =  fXo  xg{x){-q(x)  +  h{x)^^dx  -+  +oo  as  |rcf  +oo(24) 

(2)  Since  f(x)  =  A(x)  exp  (  Q  f2(x)dx )  is  continuous  and 

f(x o)  =  fi(xo)  exp  (Q  f2{x)dx\  =  fi(x0) 

=  -p(^o)^l,U=xo<0.  (25) 

then  f(x)  <0,  as  \x  -  x0  |  <  1, 

hence  \x  -  xo|.F(x)  =  (x  -  x0)  f*Q  f(x)dx  <0,  as  |x  -  x0\  <  1. 

(3)  Let  ki  =  j F(/?),  k2  =  F(a ),  we  get 

ki~k2=  ff  [-p(x)  +  q(x)  -  h(x)]  *$dx  >  0.  (26) 

Prom  (26),  it  follows  immediately  that  ki  >  k2.  Since  f(x)  >  0  for  x  i  [«,/?], 
then  F(x)  =  [Xq  f(x)dx  is  monotone  nondecreasing  for  x  >  /?,  and  F(x)  — 

C0  f(x)d%  is  monotone  nonincreasing  for  x  <  a. 

Let  M  =  max{|a:|,/3},  then 

F(x)  >  ki  for  x  >  M, 
jP(x)  <  k2  for  x  <  —  M. 
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From  lemma  2,  we  can  conclude  that  system(15)  has  at  least  one  stable 
limit  cycle.  So,  we  have  proved  the  system(l)  has  at  least  one  stable  limit 
cycle.  This  completes  the  proof  of  theorem  2. 

Theorem  3  If  (Al)  —  (A*)  hold,  further  assume  that 


(^5)  4  (»s(*)/p(*))  |x=*0  >  0 

Ue)  f*  xg{x)  (~q( x)  +  h(x)) 

exp  ^ 2  Q  h(x)dx\  dx  +00  as  ja^| 

(^7)  H'(x )  >  0,  where 

tjm  =  m  = 

V  )  g(x )  xg(x)(q(x)-h(x)) 


— ►  +OO 


X 


P(s) 
p(x0) ’ 


(27) 

(28) 

(29) 


Then  system  (1)  has  at  most  one  stable  limit  cycle  around  the  unstable  equi¬ 
librium  point  E(xo,yo )• 

Proof.  In  according  to  assumptions  of  theorem  3  and  the  preceding  analysis, 
the  proof  completes  immediately  from  an  application  of  lemma  3  . 
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SYMBOLIC  CALCULI  FOR  SEQUENCES 


S.  S.  CHENG 

Department  of  Mathematics 
Tsing  Hua  University 
Hsinchu}  Taiwan  30043 

In  1202,  Leonardo  of  Pisa  proposed  a  mathematical  model  for  the  popula¬ 
tion  growth  of  rabbit  pairs.  Suppose  in  time  period  1,  a  pair  of  young  rabbit 
pair  of  opposite  sex  is  introduced.  Assume  that  it  takes  one  period  of  time  for 
the  young  rabbits  to  grow  up,  and  then  give  birth  to  a  pair  of  young  rabbit 
pairs  (of  opposite  sex).  Assume  further  that  rabbits  never  die.  Let  fk  count 
the  number  of  rabbit  pairs  present  in  the  time  period  k.  Then  it  is  not  difficult 
to  see  that  fo  =  0,  /i  =  1,  and  there  is  a  recurrence  relation  for  /n,  n  >  2, 
namely, 

/n+2  =  /n+l  +  /nJn  =  0,l,--*  (1) 

By  means  of  this  recurrence  relation,  it  is  clear  that  f2  —  1,  fz  =  2,  —  3,  f$  = 

5,  ■  •  *.  The  numbers  0, 1,1, 2, 3, 5,-*  are  known  as  the  Fibonacci  numbers. 
These  numbers  have  remarkable  properties  and  arise  in  a  great  variety  of  places. 
What  we  will  be  interested  in,  however,  is  the  analytic  form  of  these  numbers. 

A  well  known  method  for  finding  the  analytic  form  is  the  method  of  gen¬ 
erating  functions.  The  essence  of  this  method  is  as  follows.  We  first  multiply 
both  sides  of  (1)  by  £n,  and  then  sum  from  n  =  0  to  oo.  The  resulting  equation 
is 

oo  oo  oo 

V  fn+2tn  =  T  fn+ltn  +  V  fntn.  (2) 

n=0  n=0  n= 0 

We  will  say  that  the  power  series  fo  4-  fit  -f  f2t 2  H - is  the  generating  function 

of  the  sequence  /0,  /i,  /2>  ■  *  •  and  denotes  it  by  $(£).  That  is 

oo 

£  ^  /n+ ltn  ~t{fiJtf2t-\ - )  =  (fo  4-  fit  4-  f2t2  H - )  —  fo  —  ^00  —  fo > 

n=0 

and 

oo 

t2  V  fn+2tn  =  t 2  (/2  +  f3t +  ■■■)  =  #(*)  -  fo  -  M 
n=0 

so  from  (2),  we  have 

oo  oo  oo 

t 2  V  fn+2tn  =  t2  Y"  fn+1tn  +  t2T'  fntn, 

n=0  n~  0  n=0 
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*(i)  =  t  (*(i)  -  f0)  +  t2V(t).  (3) 

Prom  (3),  we  may  solve  for  \i/(£),and  obtain 

Since  the  coefficients  of  the  power  series  (t)  are  the  Fibonacci  numbers,  there 
are  at  least  two  ways  to  uncover  them.  First,  recall  from  Calculus  that 


®(0)  =  /o,  *'(0)  =  /!,  ®"(0)-2!/2,...,  ®W(0)  = 

thus 

/n  =  ^(n)(°),  n  =  0, 1,  •  •  • 

In  our  case,  this  method  seems  to  be  tedious.  So  we  turn  to  another  method. 
Note  that  by  the  method  of  partial  fractions, 

z i  i  f  i  i  i 

t2  +  t  —  1  2  £  +  7+  t  —  7_  5 

where 

7±  =  -i±iV5. 

By  expanding  the  rational  functions  l/(t  ±  7±),  we  see  further  that 


-t 

t2+t-  1 


V(-i) 

n=0 


tn . 


By  comparing  coefficients  of  the  power  series  ty(t)  and  —t/(t2  +  t  —  1),  we 
finally  end  up  with 

/»  =  (-l)n+1^7~,  n»0,l,:”  (4) 

The  above  method  seems  to  be  right  except  for  the  convergence  questions 
of  the  power  series.  To  adviod  such  questions,  many  theories  have  been  intro¬ 
duced.  In  this  note,  we  will  present  the  synopsis  of  a  theory,  the  essence  of 
which  is  known  to  a  number  of  authors  (see  for  example  [1,2]).  For  a  system¬ 
atic  presentation,  the  reader  is  referred  to  one  of  the  Chapters  in  the  book  [3] 
by  the  author. 


*■ 
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Let  N  be  the  set  of  nonnegative  integers,  and  let  lN  be  the  set  of  com¬ 
plex  sequences  of  the  form  /  =  {/0,  /i,  /2,  •  •  •},  where  each  term  fn  is  a  com¬ 
plex  number.  For  the  sake  of  convenience,  the  sequence  {/o,/i,  •  •  *}  will  be 
denoted  by  {fn}n€N  or  by  {/n}.  There  are  a  number  of  special  sequences 
that  deserve  special  notations.  First  of  all,  the  sequence  {a,  0, 0,  •  •  •}  will  be 
denoted  by  a.  The  sequence  {1,  ■  •  • ,  1}  will  be  denoted  by  a.  The  sequences 
{1,0, 0,  •  •  •},  (0, 1,0,--  •},  {0,0, 1, 0,  •’•},•** ,  will  be  denoted  by  ft0,  ft1,  ft2,  •  •  • 
respectively.  The  sequence  {/i,  h,  h,  *  •  •}  obtained  by  shifting  the  sequence 
/  =‘{/oj/ij/2,***}  to  the  left  by  “one  unit”  will  be  denoted  by  Ef.  Thus 
E2f ,  which  is  defined  by  E(Ef ),  will  be  the  sequence  {/2,  /3,  *  •  •}.  In  general, 
Emf  —  {/n+m}n€iV- 

As  is  customary,  the  sum  of  two  sequences  /  =  {/n}  and  g  —  {gn}  is 
defined  to  be  the  sequence  f+g  =  {/n+Pn}.  We  will  also  define  the  convolution 
product  of  /  and  g  by 

f  n  ) 

/  *  9  =  fogo,  fi9o  +  fo9ir  ^  fk9n-k ,  •  ■  •  • 

k~0 

As  examples,  we  have 

f  n  1 

&*f—  fk  =  {/oj/o  +  /i)  fo  +  fi  +  /2,  •  *  •}  , 

k= 0 

ft  *  /  =  {0,  /o,  /i,  •  •  •} ,  . 

ft2*/  =  {0,0,/o,/i,/2,}, 

^  *  (-E/)  =  {0,  /i,  /2,  •■•}  =  /  —  To,  (5) 

a2  *  (S2/)  =h*(h*  (E(Ef))) 

=  h*(Ef-(Efh \ 

=  h*  (Ef  —  Ji)  (6) 

=  ft  *  Ef  -  ft  *  /i 
=  /  -  /o  -  ft  *  h  ■ 


It  is  not  difficult  to  establish  that  the  set  l ^  endowed  with  the  sum  and 
convolution  operations  have  all  the  essential  properties  of  the  set  of  integers 
with  the  usual  addition  and  multiplication  operations.  In  algebraic  terms,  lN 
is  a  commutative  integral  domain.  Therefore,  by  standard  procedures,  we  can 
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construct  an  extension  field  of  operators  by  use  of  pairs  of  elements  of  lN . 
Briefly,  on  the  set 

{(/. 

we  define  a  relation  ~  by 

f*q  =  p*g. 

Then  it  is  easily  verified  that  ~  is  an  equivalence  relation.  Each  equivalence 
class  can  be  represented  by  an  ordered  pair  (/,  g ),  which  is  written  in  the  form 
of  a  quotient  f/g  in  analogy  with  the  rationals.  The  set  of  such  quotients  is 
called  the  field  of  operators  and  denoted  by  lN /lN .  Hence,  two  quotients  f/g 
and  p/q  are  equal  if,  and  only  if,  fq  =  pg .  We  define  product  and  addition  of 
quotients  by 

f_P  _  f*P 
99  9*9 

and 

/ +P  =  f  *9+P*9 
9  Q  9*9 

respectively.  Under  these  definitions,  lN /lN  is  a  field  with  the  unique  additive 
identity  0/1  and  the  unique  multiplicative  identity  I/T.  Every  /  €  lN  can  be 
regarded  as  the  operator  // 1,  and  in  such  a  case,  the  corresponding  operator  is 
said  to  be  ordinary.  Not  all  operators  are  ordinary,  for  example,  the  operator 
l/(<7— 1)  cannot  be  ordinary,  for  otherwise,  there  would  exist  a  sequence  f  €  lN 
such  that  <r  *  /  —  /  =  1.  But  then  0  =  /o  —  fo  —  1,  which  is  a  contradiction.  It 
may  happen  that  ordinary  operators  have  forms  other  than  the  standard  f/T. 
As  an  important  example,  consider  the  sequence  {an}nejv.  Since 

an+1  —  an  —  an(a  —  1),  n  =  0, 1,  • 

hpncp 

{ a"+1 )  —  {an}  =  {(a  —  l)an}  , 
or, 

E  {an}  —  {a"}  =  {(a  —  l)an}  . 

By  taking  convolution  with  h  on  both  sides,  we  see  that 

h*E{an}-h*{an}  =  h*{(a-l)an}, 

so  that  by  (10), 

{an}  -  T  -  &  *  {an}  =  *  {an}. 
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Solving  for  {on},  we  obtain 


iCi  =  - .  (7) 

11 -a*h  K ’ 

We  now  change  the  meaning  of  the  “generating  function”  of  a  sequence  / 
in  lN  by  defining  it  as 

(8) 

71=0  1 

Since  we  are  now  dealing  with  an  infinite  sum,  we  need  to  define  the  limits  of 
a  sequence  {#M)of  sequences  in  lN  and  the  limit  of  a  sequence  of  operators. 
The  obvious  one  for  the  former  is  the  pointwise  limit,  that  is, 

lim  gW  =  g  if  lim  gW  =  gn  for  n  €  N. 

k— MX)  fc— MX) 

We  can  now  define  the  limit  of  a  sequence  of  operators  .  This  is 

done  by 

f[k)  x 

lim  — jrj  —  — ,  if  lim  =  /  and  lim  g^  =  g  ^  0. 
k—*oo  giKi  g  fc— mx)  fc— *• 00 

The  limit 

00  k 

V  /„  *  hn  =  lim  V"  fn*hn 
„  k~*  00 

n=0  n= 0 

is  easily  found.  Indeed,  since  fo  *  h°  =  {/o,  0,  •  •  •} ,  /0  *h°  +Ji  *  h1  = 
{/o>/i>0,  •  •  •} , 

etc.,  this  limit  is  just  /  itself.  In  other  words,  the  infinite  series  (100)  is  just 
the  ordinary  operator  // 1.  In  particular,  in  view  of  (100), 


1  —  a  *  H 


Once  we  identify  the  generating  function  of  a  sequence  as  the  ordinary 
operator  // 1,  we  need  to  find  a  “derivative”  that  will  help  us  to  generate  the 
terms  of  our  sequence  (as  in  the  case  of  ^(t)  mentioned  above).  This  can  be 
done  as  follows.  For  any  /  =  {  fn}neN  in  lN ,  we  define  the  algebraic  derivative 

Df  =  {(n+  l)/„+i}n€Ar  =  {/i,  2/2,  3/3,  •••}. 


For  an  operator  f/g,  we  will  define 


DU/g)- 


g*Df  ~  f  *Dg 
9*9 


For  examples, 


Da  =  {1,  •  *  * ,  1}  , 
Dhn  =  n*hn~1,  n=  !,• 


and 


/  oo  \  oo 

D  =  Df  =  {(n  +  l)/n+i}  =  nf^  *  ft”-1. 


n=0 


n=l 


From  the  last  example,  we  see  that 


,m  =  0,1,2,..., 


1 


n=0 


n=o 


“formally”  holds,  where  D°f  =  /,  Dm+1/  =  D(Dmf)  for  m  —  !,••*  For 
instance, 

22  =  rro_  *  i  =  r_  t  i  =  t 

1  1  —  a  *  ft  ft_o  1  —  a  *  ft  1 5 

and 

12  =  rr_  i  i  =  _ a  _  i  =  | 

1  1  —  a  *  ft  h_Q  (1  —  a  *  ft)  *  (1  —  a  *  ft)  ft==Q  1  ’ 

which  show  that  /o  =  1,  and  f\  —  a.  This  is  expected  in  view  of  (100). 

We  now  return  to  our  original  recurrence  relation  for  the  Fibonacci  num¬ 
bers.  Let  /  =  {/o,  /i,  /2, ...}.  Following  the  same  method  of  generating  func¬ 
tions  described  before,  we  treat  /o  =  0,  f\  —  1  as  /o  =  0,  f\  =  1  respectively 
and  treat  equation  (1)  as 

7^+T  =  7n+l  +7n.  n  =  0,l,'1-  (10) 

Convoluting  both  sides  of  (200)  with  ftn,  then  sum  from  n  —  0  to  oo,  and  then 
taking  the  convolution  product  of  the  resulting  equation  with  ft2,  we  obtain 


oo  oo  oo 

h2  *  Y"7n+2  *  hn  =  n2  *^1^1*  7in  +  ft2  *  Vin  *  hn, 

n~0  n= 0  n=0 
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or 

h2*E2f  =  h2*Ef  +  h2*f. 

In  view  of  (10)  and  (11),  we  see  further  that 

/  -  7o  -  /l  *  h  =  h  *  (/  -  fo)  +  ft2  *  /, 

which  shows  that 

/  -n 

i  h*h  +  h—  l 

By  the  method  of  partial  fractions  again, 

/  E*  f  I  ,  I  1 

1  2  ft +  7+  ft-  7-  ‘ 

In  view  of  (102),  we  may  “expand”  the  last  term  to  obtain 

f  ^  (-l)n+1(7?-7!!)/V5*an 
T  ~  >  T 

n=0 

so  that  the  same  formula  (4)  holds. 

Once  the  method  of  generating  functions  is  justified  for  ordinary  recurrence 
equations  such  as  (1),  the  same  ideas  can  be  carried  to  the  set  of  infinite 
complex  matrices  of  the  form 

r/oo  /oi  ■  *  *i 

/  =  0  — 

Denoting  the  set  of  all  such  matrices  a.s  lNxN may  also  define  a  summation 
-f  and  a  convolution  product  *  for  two  of  its  elements  /  =  {fij}  and  g  =  {gij}  : 

{fij}  +  {dij}  =  {fij  +  9ij}  I 

and 

fij 

{fij}  *  {dij}  ~  ^  ^  fuv9i~u9j~ v 

u=0 v=0 

Again,  the  triplet  (lNxN}  -f,  *)  is  a  commutative  integral  domain  and  an  ex¬ 
tension  field  of  operators  can  be  defined.  A  systematic  theory  [3]  can  then 
be  developed  to  yield  theoretical  justification  for  heuristic  methods  of  find¬ 
ing  explicit  solutions  to  partial  difference  equations  such  as  the  discrete  heat 
equation 

1  ClUfri— l,n  H”  b'U>rnin  C^m+l,n  H"  1  “h  Pm,nt 

where  m  —  0,  ±1,  ±2,  *  •  •  and  n  —  0, 1,  •  •  • 


/io  /ll  v  • 
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UNIFORMLY  ASYMPTOTIC  STABILITY  FOR 
NONAUTONOMOUS  DIFFERENTIAL  EQUATIONS  WITH 
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Consider  the  following  delay  differential  equation 

x'(t )  +  A  x(t)  —  F(t ,  Xi ) 

where  A  >  0,  F  :  [0,  oo)  x  C([— r,0],R)  —+  R  continuous,  we  obtain  sufficient 
conditions  for  the  uniform  stability  and  uniformly  asymptotic  stability  of  the  zero 
solution  of  the  equation. 


1  Introduction 

Consider  the  delay  differential  equation 

x'(t)  +  A  x(t)  ='F(t,Xi)  (1) 

Here  A  >  0,  F  :  [0,  oo)  xC([—  r,  0],  R)  — ►  R  continuous  and  satisfies  the  following 
condition 

n 

“i  max  (<p(s))  <  F(t, <p) 

i=o  s6[_r*’°l 

n 

<  Vai  max  (~<p(s))  (2) 

i=o  s€[-ri'01 
or 

n 

ol{  max{0,  max  {(p{s))}  <  F{t,ip) 
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(3) 


where 


<  V'  at  max{0,  max  (~<^(0))} 

se[-n,0] 


V  E  C{H)  =  {<p  e  C(l-r, 0],  R);  ||  V  ||<  H} 


&i,  U,  i  =  0,  ...,n  are  nonnegative  constants  and  r  =  max  r^. 

l<i<n 

When  A  =  0,  the  stability  of  zero  solution  of  Eq(  1)  has  been  extensively 
investigated  in  paper  [1-2].  Recently,  these  results  has  been  developed  to  the 
case  A  >  0  by  paper  [3] .  The  purpose  of  this  paper  is  to  investigate  the  stability 
conditions  when  F  has  several  delays.  When  A  =  0,  the  stability  conditions 
have  been  obtained  in  paper  [4-5].  In  this  paper,  we  will  consider  the  case 
A  >  0  . 

For  the  sake  of  convenience,  let 


0  =  r0  <  7*1  <  r2  <  ■  ■  •  <  rn  =  r, 


=  aieXr\  g(x)  =  x  +  (1  —  x)  ln(l  —  x) 


We  now  have  the  following  main  results: 

Theorem  1:  Assume  (2)  holds, 

(i)  if  A  >  fjL0  or 

then  the  zero  solution  of  Eq.(l)  is  uniformly  stable. 

(ii)  if  A  >  or 

£<*-«<■  +  £ 

then  the  zero  solution  of  Eq.(  1)  is  uniformly  asymptotic  stable. 


Theorem  2:  Assume  (3)  holds, 
(i)  if  A  >  fiQ  or 
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then  the  zero  solution  of  Eq.(l)  is  uniformly  stable, 
(ii)  if  A  <  or 


A 


(Mi 


then  the  zero  solution  of  Eq.(  1)  is  uniformly  asymptotic  stable. 


Theorem  3:  Assume  (3)  holds  and 

—  <  1  -  e~Xr> 
Mo 


(7) 


(8) 


(i)  if 

+  g  (9) 

then  the  zero  solution  of  £19.(1)  is  uniformly  stable. 

(ii)  if 

y(Mi-Mo)<i  +  ^  (10) 

A  Z  (l  0 

then  the  zero  solution  of  Eq.(  1)  is  uniformly  asymptotic  stable. 

2  Proofs  of  the  main  results 

When  A  >  Mo  or  A  >  Mo>  the  proofs  of  the  Theorem  1  and  Theorem  2  can  be 
completed  by  using  Razumikhin  method  6.  For  the  case  A  <  /x0,  the  proofs 
of  Theorem  1  and  Theorem  3  are  similar  to  25  and  are  a  consequence  of  the 
following  lemma  1-4. 

Lemma  1.  If  (6)  (7)  holds,  then  there  exists  7*  E  [0,1]  (7*  G  [0,1))  such 
that  h( 7*)  =  0  and  £(7)  <  0  for  7  E  [7*,  1],  where 

*(7) -?<«-*) -^+^£7,- % 

and  let 

2/io  ,/ai-zxo 

7°  =  — ( - t - 1), 

Ml  A 
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it  is  easy  to  see  that  under  condition  (4)  -  (7),  70  <  1. 

Lemma  2:  Suppose  ti  >  t0,  x(h)  =  0,  |rr(s)|  >0,  s  €  i£ 

(ti.ii  +  r].  If  (2),  (4)  or  (3),  (6)  hold,  then 

l*(*)l  <  7  ^  max  |x(s)| 

s£[ti  —2r,ti] 

where  7  =  70,  if  (2),  (4)  hold;  7  =  max{70,7*},  if  (3),  (6)  hold. 


Lemma  4.  Let 

60Ho  <H,  Ho  —  exp(A r  +  2 r>0eAr),  e  (0, 60H0 ), 

(2),  (4)  or  (3),  (6)  or  (3),  (8)  and  (9)  hold,  then  there  exist  T  >  0  for  any 
solutions  x(t)  of  Eq.(  1)  and  for  any  t  >  £o>  from 

||®t0||<^o.  \x{t  +  T)|  >  e0, 

it  follows  that  there  exist  r  E  [t,  t  +  T]  such  that 

x{r)  —  0  and  |a;(s)|  >  0,  se[r}t-\-T]. 

Finally,  by  the  Lemma  2,3  and  4,  the  proofs  of  uniform  stable  and  uni¬ 
formly  asymptotic  stability  can  be  completed  by  similar  method  that  in  paper 
[5].  However,  due  to  the  length  limitation,  we  only  show  the  lemmas  in  above 
which  are  key  for  proving  Theorem  1  to  Theorem  3. 
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Let  /(•,  A)  :  R  — ►  R  be  given  so  that  /( 0,  A)  =  0  and  f(x ,  A)  =  (1  +  A)z  +  ax 2  + 
bx 3  +  o(x3)  asi-»0.  We  characterize  those  small  values  of  e  >  0  and  A  €  R  for 
which  there  are  periodic  solutions  of  periods  approximately  ^  with  k  €  N  of  the 
following  system  arising  from  a  network  of  neurons 

f  ex(t)  =  -x(t)  +  f(y(t  -  1),  A), 
ey{t)  =  -y(t)  +  f(x(t-  1),A). 

The  periodic  solutions  are  synchronized  if  k  is  even  and  phase-locked  if  k  is  odd. 
As  e  0,  these  periodic  solutions  approach  square  waves  if  a  =  0  and  b  <  0,  and 
pulses  if  a  =  0  and  b  >  0  or  if  a  ^  0.  Moreover,  same  results  for  the  scalar  case  (a 
single  neuron) 

ex(t)  —  -x(t)  +  f(x(t  -  1),  A) 
can  be  deduced  from  the  fact  of  synchronization. 
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1  Introduction 


For  e  >  0  and  /  E  Cm(R  x  R),  m  >  3,  consider  the  following  system  of  delay 
differential  equations 


(  sx{t)  = -x(t)  +  f(y(t-  1),  A),  .  , 

ey(i)  =  —  y(0  +  f(x(t  -  1),  A),  •  ^  ' 

which  describes  the  dynamics  of  a  network  of  two  identical  amplifiers  (or  neu¬ 
rons)  with  delayed  output's.  See,  for  example,  Hopfield8,  Marcus  and  Wester- 
velt 9  and  Wu  2 . 

We  have  recently  obtained  some  results  about  the  global  dynamics  of  sys¬ 
tem  (1)  under  some  minor  technical  hypotheses 1,2>4.  It  is  shown  that  system 
(1)  has  at  least  two  periodic  orbits  when  e  is  less  than  a  certain  value,  one  is 
synchronized  and  has  the  minimal  period  between  1  and  2  and  the  other  one  is 
phase-locked  and  has  the  minimal  period  larger  than  2.  Here  a  solution  (x,  y) 
of  (1)  is  synchronized  if  x  =  y  in  their  domains  of  definition,  and  a  phase-locked 
T-periodic  solution  of  (1)  is  one  satisfying  x(t)  —  y  (t  -  for  all  t  E  R.  The 
purpose  of  this  paper  is  to  study  the  limiting  profiles  of  these  periodic  solutions 
of  (1)  as  £  — ►  0. 

More  specifically,  we  assume  that 

fix,  A)  =  (1  +  X)x  4-  ax 2  -f  bxz  +  o(xs)  as  x  -*  0.  (2) 

Our  work  is  inspired  by  that  of  Chow,  Hale  and  Huang5  and  Hale  and  Huang7, 
where  they  studied 

£±{t)  =  -x(t)  +  f(x(t  -  1),  A)  (3) 

with  /  e  Cm(R  x  R),  m  >  3,  satisfying 

fix ,  A)  =  — (1  +  A)x  +  ax 2  -1-  bx3  +  o(x3)  as  x  — »•  0.  (4) 

2  Main  Results 

It  follows  from  (2)  that,  when  a  ^  0,  /(*,  A)  has  only  one  nontrivial  fixed 
point  cox  in  a  small  neighborhood  of  0;  when  a  =  0  and  A b  <  0,  /(*,  A) 
has  two  distinct  nonzero  fixed  points  c\\  and  c^x  in  a  small  neighborhood 
of  0;  when  a  =  0  and  Xb  >  0,  0  is  the  only  fixed  point  of  /  in  a  small 
neighborhood  of  0.  Furthermore,  coa,  cu,  C2\  0  as  A  — ►  0.  One  of  our 

objectives  here  is  to  understand  how  these  fixed  points  of  the  map  /(*,  A)  is 
reflexed  into  the  bifurcation  from  the  origin  of  periodic  solutions  whose  periods 
are  approximately  |  with  k  €  N. 

Our  main  results  are  summarized  in  the  following  theorem. 


Theorem  1.  Suppose  that  /(re,  A)  satisfies  (2)  with  a2  -  b  ^  0.  Then, 
for  any  k  G  N,  iftere  is  a  neighborhood  Uk  of  (0,0)  in  the  (A,  e)  plane  and 
a  sectorial  region  Sk  in  Uk  such  that,  if  (A,e)  6  Uk,  then  there  is  a  periodic 
solution  of  (l)  with  period  |(l+e)+0(|e|(|A|+|£|))  as  (A,e)  -*•  (0,0) 

if  and  only  if  ( X,e)  €  Furthermore,  this  orbit  is  unique  and  the  solution  is 
synchronized  if  k  is  even  and  phase-locked  if  k  is  odd. 

When  a  —  0  and  b  <  0,  for  small  and  fixed  X  =  Xq>  0,  the  set  {e;  (Ao,  e)  € 
Sk}  is  an  interval  (0,£k( Ao)).  At  the  point  (Ao,£fc(Ao)),  there  is  a  Hopf  bifur¬ 
cation  and  the  periodic  solution  approaches  a  square  wave  as  e  — ►  0;  that  is,  the 
periodic  solution  (x^£)y^£)  has  the  property  that  E(t)  — »  Ci\0  (respectively, 
C2\0)  as  e  “ >  0  uniformly  on  compact  subsets  of  (0,  (respectively,  f^,|)) 
(possibly  after  a  translation,  same  for  the  other  cases).  When  a  =  0  and 
b  >  0,  for  small  and  fixed  A  =  Ao  >  0,  the  set  {e;  (Xo,s)  G  Sk}  is  an  interval 
(£k(Xo),Pk(Xo)).  At  the  point  (Ao,  £/c(Ao)),  there  is  a  Hopf  bifurcation.  For 
small  and  fixed  A  =  Ao  <  0,  the  set  {s;  (Ao,s)  G  Sk}  is  an  interval  (0,  ak( Ao))- 
Ase  0,  the  unique  periodic  solution  becomes  pulse-like  in  the  following  sense: 
the  periodic  solution  (®^e,y^c)  has  the  property  that  X\^E(t)  — >  0  as  £  — »  0 
uniformly  on  compact  subsets  of  (0,  £)  (J  (£,  The  magnitude  of  the  pulse 
exceeds  max{|ciA0 1,  |c2A0 1}*  When  a  ^  0,  for  small  and  fixed  X=  Xq>  0,  the' set 
(£;(A0,£)  G  Sk}  is  an  interval  (£k(Xo)}  Pk(Xo))-  At  the  point  (Xo,£k(Xo)),  there 
is  a  Hopf  bifurcation.  For  small  and  fixed  X  =  Ao  <  0,  the  set  {e\  (Ao,e)  G  Sk} 
is  an  interval  (0,afc(Ao)).  As  £  — *  0;  the  unique  periodic  solution  becomes 
pulse-like  with  the  magnitude  of  the  pulse  exceeds  |coa0  I  * 

Remark  2.  It  follows  from  the  fact  of  synchronization  that  same  results 
hold  for  equation  (3)  with  /  satisfying  (2).  A  comparison  of  our  results  here 
with  those  of  Chow,  Hale  and  Huang  5  and  Hale  and  Huang  7  indicates  a 
difference  between  excitatory  and  inhibitory  networks  of  neurons. 

In  the  following,  we  only  outline  the  proof  of  Theorem  1.  For  the  details, 
we  refer  to  Chen  and  Wu3. 


The  key  to  prove  Theorem  1  is  to  relate  the  existence  of  periodic  solutions 
to  that  of  a  perturbed  Hamiltonian  system.  The  main  steps  are  described  as 
follows. 


Step  1.  Local  analysis.  Study  the  characteristic  equation  to  obtain  Hopf 


bifurcation.  At  £k  = 


around 


2tt 


fc7T  — arccos  ■: 


x/A2+2A 
fe7r— arccos  jX- 

z(  1  _4_\ 

-  k  ’  2k— 1 


for  k  G  N,  periodic  solutions  with  periods 
branched  out. 


Step  2.  Rescaling.  The  purpose  is  to  transform  the  problem  to  a  pertur¬ 
bation  problem  with  two  parameters  described  by  a  system  of  delay  differential 
equations. 
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Step  3.  Analysis  of  the  perturbation  of  a  linear  equation .  The  objective 
here  is  to  decompose  the  phase  space  into  the  direct  sum  of  two  invariant  sub¬ 
spaces.  In  this  step,  we  can  show  that  the  periodic  solutions  are  synchronized 
when  k  is  even  and  phase-locked  when  k  is  odd. 

Step  4.  Computing  the  normal  form  equation  (a  perturbed  Hamiltonian 
system )  on  the  center  manifold.  Using  the  normal  form  theory  developed  by 
Faria  and  Magalhaes3,  we  obtain  the  normal  form  on  the  center  manifold, 
which  is  given  by 

[xl  =  f|A  +  2 h)  x\  4-  2A^2  —  |axiX2  —  2 ax\ 

I  4  (2b  4  ya2)  re3  —  faAa;2  —  f ahx2 

4  (4b  4-  ^pa2)  x\x\  -  ~ja\xiX2  —  ^-ahx  1X2 

[x2  =  - X 1 

up  to  terms  of  0((A  4  h)2 \x\  +  (A  4  h) \x\3  4  |a;|4). 

Step  5.  Using  results  about  the  phase-portraits  of  perturbed  Hamiltonian 
systems  to  get  the  main  results. 


References 

1.  Y.  Chen  and  J.  Wu,  Existence  and  attraction  of  a  phase-locked  oscillation 
in  a  delayed  network  of  two  neurons,  to  appear  in  Advances  in  Differential 
Equations. 

2.  Y.  Chen  and  J.  Wu,  Minimal  instability  and  unstable  set  of  a  phase- 
locked  periodic  orbit  in  a  delayed  neural  network,  to  appear  in  Physica 
D. 

3.  Y.  Chen  and  J.  Wu,  The  asymptotic  shapes  of  periodic  solutions  to  a 
singular  delay  differential  system,  submitted  to  Journal  of  Differential 
Equations. 

4.  Y.  Chen,  J.  Wu  and  T.  Krisztin,  Connecting  orbits  from  synchronous 
periodic  solutions  to  phase-locked  periodic  solutions  in  a  delay  differential 
system,  to  appear  in  Journal  of  Differential  Equations. 

5.  S.-N.  Chow,  J.  K.  Hale  and  W.  Huang,  Proc.  Royal  Soc.  Edinburgh 
120A,  223  (1992). 

6.  T.  Faria  and  L.  T.  Magalhaes,  J.  Diff.  Equ.  122,  181  (1995). 

7.  J.  K.  Hale  and  W.  Huang,  J.  Diff.  Equ.  114,  1  (1994). 

8.  J.  J.  Hopfield,  Proc.  Natl.  Acad.  Sci.  81,  3088  (1984). 

9.  C.  M.  Marcus  and  R.  M.  Westervelt,  Phys.  Rev.. A  39,  347  (1989). 

10.  J.  Wu,  Trans.  Amer.  Math.  Soc.  350,  4799  (1998). 


55 


GLOBAL  UNIFORM  ASYMPTOTIC  STABILITY  OF 
NEUTRAL  VOLTERRA  EQUATIONS 


Weiye  Cuic  and  Hongyong  Zhao 
Sichuan  University ,  Chengdu ,  610064,  P-R- China 

We  study  a  class  of  neutral  Volterra  equations  and  give  a  criterion  for  global 
asymptotic  stability  and  global  uniform  asymptotic  stability. 


By  using  the  technique  in  [1],  we  reduce  the  neutral  Volterra  equations  to 
delay  integral  inequalities  by  the  variation  of  parameter  formula,  further  we 
get  a  criterion  for  stability  by  the  asymptotic  properties  of  solutions  of  delay 
integral  inequalities.  > 

Let  C  =  C([a,  0],  Rn),  in  which  a  <  0  could  be  —  oo.  For  p  €  C  we  define 
||  ip  ||Q=  supa<u<t  )</?(u)|./(£,s)  G  UCt  means  that  /  €  C[R+  x  R,  R+]  and 
that  for  any  given  a  and  e  >  0,  there  exist  positive  numbers  £,T,  and  A 
satisfying  f *  f(t ,  s)ds  <  £,  /(t,  s)ds  <  e,  Vi  >  A. 

Consider  the  neutral  Volterra  equation 

4 \xi (t)  -  ^  Gi1\t,s,x(ri(s)))ds}  =  Ai(t)xi(t)  +  ^  Gj2)(t,s,x(r2(s)))ds, 

0,1  a  a 

*=!,•••.  m,  (1) 

where  Xi(t)  G  R\  YT=\ni  =  n>  ^i(*)  €  C\R+ ,  .R"iXni],  \t,  s,  0)  =  0, 

G\k^  G  C[R+  x  R  x  C,  i?'],(/c  =  1,2 ),r(f)  <  ri(t),r2(t)  <  t  and  r(f)  — ►  oo  as 
t  — ♦  oo. 

Let  Di(t,xt )  =  Xi(t)  -  f*  Gf\t,s,x(ri(s)))ds,  we  get 

— Di(t,xt)  =  Ai(t)Di(t,xt)  +  t  Ai (t)G^ (t,  s,x(ri (s)))ds 

+  ^  (?i2)(t,s,x(r2(s)))ds  (2) 

Q 

Using  the  variation  of  parameter  formula,  we  get 

Di(t,xt)  =  0)D(to,(pi)  +  t  ^  [i4i(u)G^(u,t;,s(ri(v))) 

to  a 

-hG[2\uyv,x(r2(v)))}dvdu 

c Correspondence  address:  Dept,  of  Math.,  Qiqihar  University,  Qiqihar,  161006,  P.R. China 
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Then 


p t  pt 

|cci(t)|  <  |$i(Mo)||A(io,¥>i)|  +  \Gi1\t,u,x(ri(u)))\du+  |$*(f,u)|- 

o.  to 

•  ^  |i4i(u)G^(ti,t;,ri(v)  +  Gf\u,  v,x(r2{v)))\dvdu, 

a 

where  $*(t,  t0)  be  a  fundamental  matrix  of  i*  (t)  —  Ai(t)zi(t).  We  suppose  that 

m  r  icta)i  <  e 7=1  ii  ii, 

I  Aid?  +  Gf|  <  Er=i  u)  II  xju  IU, 

where  6§)  €  C[R+,R+},  €  C[R+  x  ii,  i?+]  n  UCU  (k  =  1,2),  and 

s  =  r(i). 

,m  f  l<MMo)|  <  Mj  exp{f*a<(t>)&>}, 

(B)  C(0<C«««) 

where  a*  (it)  >  0  satisfies 

1  ai(u)du  — >  oo  as  T  — »  oo  uniformly  in  t  >  r. 
t-T 

By  means  of  the  delay  integral  inequality  in  Xu[l],  we  can  get  the  following 
result. 

Theorem  1.  If  (A),(B)  holds  and  suppose  there  are  nonnegative  numbers 
7 Tij  such  that  for  any  t  >  t  G  R+ 

^  bij\t)£ij\t, u)du  +  ^  |$i(t,u)|  ^  b^\u)^j\u,v)dvdu<nij 

oc  to  a 

If  the  spectral  radius  p(II)  of  the  matrix  II  =  ( 7r^ )  is  less  than  one,  then  the 
following  hold 

(i)  The  zero  solution  is  globally  asymptotic  stability. 

(ii)  The  zero  solution  is  globally  uniform  asymptotic  stability  if 

|#i(t,  to) I  —*  0  as  t  — ►  oo  uniformly  in  to  >  t  G  R+,  and  there  are  r  >  0,  b  >  0 
such  that  t  —  r(t)  >  r  for  any  t  >  r  and  |4>i(t,  u)|  <  6  for  r  <  u  <  t  <  oo. 
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BIFURCATION  AND  CHAOS  OF  THE  DYNAMICAL  MODELS 
OF  MANTLE  CONVECTION  IN  AN  IMPOSED  VERTICAL 
MAGNETIC  FIELD 


JUNDONG 
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E-mail:  jdong99@126.com 

YIPING  LIN 

Dept  of  Math.,  Kunming  University  of  Science  and  Technology, 
Kunming,  650093,  P.R.  China 
E-mail:  linyipin@ynmail.  com 

In  this  paper,  a  fifth-order  set  of  ODEs  is  derived  using  Galerkin  truncation  meth¬ 
ods  from  the  PDEs  of  model  about  the  mantle  convection  in  an  imposed  vertical 
magnetic  field,  then  a  third-order  set  of  ODEs,  which  provides  an  accurate  de¬ 
scription  of  the  model  in  some  certain  parameter  regimes,  is  obtained  while  the 
convection  motion  is  small  amplitude.  Finally,  the  phenomena  such  as  Hopf  bifur¬ 
cation  and  chaos  in  the  third-order  model  are  discussed  using  theoretical  methods 
and  numerical  computations.  1 


1  Introduction 

The  mantle  convection  theory  is  a  basis  of  the  research  on  plate  tectonic 
and  tectonic  dynamics  of  the  earth,  according  to  which  the  driving  forces  of 
plate  motion  should  be  promoted  and  controlled  by  the  motion  of  the  mantle 
mass.  It  provides  the  plate  with  not  only  the  forces  but  the  mass  so  that  some 
mineral  deposits  could  be  formed  in  the  earth’s  surface.  So  it  is  very  important 
to  investigate  the  principles  of  the  earth  mantle  for  understanding  the  whole 
earth  including  the  construction,  the  motion  of  the  interior  and  the  surface  of 
the  earth,  the  change  of  the  natural  environment,  the  exploration  of  natural 
and  energy  resources,  the  prevention  of  natural  calamities3,4. 

The  PDEs  of  the  model  which  describe  the  behavior  of  mantle  convection 
are  very  complicated,  containing  many  terms  of  nonlinearity,  large  scales  of 
time  and  space.  All  these  make  it  more  difficult  to  study  the  behavior  of 
mantle  convection.  In  this  paper,  lower  order  sets  of  ODEs  can  be  derived 
from  a  kind  of  PDEs  of  the  model  describing  mantle  convection  in  an  imposed 
vertical  magnetic  field.  Under  the  circumstances  are  the  phenomena  such  as 
Hopf  bifurcation  and  chaos  in  the  lower  order  ODEs  discussed  using  theoretical 
and  numerical  methods.  It  is  of  necessity  for  us  to  further  explore  the  principles 
of  mantle  convention. 
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2  The  PDEs  and  their  reduction 


It  is  known  that  the  mantle  mass  is  a  special  fluid,  which  is  the  melting  mass 
with  high  temperature,  high  pressure,  multi-composition  and  existence  in  the 
form  of  liquid,  vapour  and  solid.  It’s  constitutive  relations  are  so  complicated 
that  the  considered  PDEs  can  only  be  studied  under  some  simplified  conditions. 
For  examples,  some  assumptions  below  are  made  to  get  a  kind  of  simplified 
PDEs  when  the  action  of  vertical  magnetic  field  is  considered. 

Suppose  that  the  model  is  two  dimensional  convection  and  the  convection 
motion  is  confined  between  two  plates,  which  are  keeping  at  a  distance  of  h. 
The  lower  is  near  to  the  core  part  of  the  earth,  which  belongs  to  higher  temper¬ 
ature  boundary,  and  the  upper  is  near  to  the  shell  part  of  that,  which  belongs 
to  lower  temperature  boundary.  The  mantle  convection  can  be  formed  because 
of  the  inhomogeneous  density  and  unstable  weight  caused  by  the  difference  of 
temperature.  Further  supposing  that  the  Boussiesq  approximation  is  satisfied 
for  the  fluid.  The  boundary  conditions  are  chosen  in  order  that  the  eigenfunc¬ 
tions  of  linearized  problem  are  harmonic.  The  heigh  scale  in  the  y-direction  is 
h,  and  the  width  scale  in  x-direction  is  L.  Under  the  consideration  above  are 
the  governing  non-dimensional  PDEs  of  the  mantle  convection  in  an  imposed 
vertical  magnetic  field  obtained  4 . 


(jZ 

dp 


d2\  d±  ,d±  (  d2  ,  d2  \  d± 
dy2  dt  '  dx  dx2  '  dy2  dy 


(  a 2 

dy  dx 2 


'  dy 2  dx 


de_ 

dx 


d±d±  ,  §±d0  _  ( d?±  ,  d2e\  ,  T>d± 

dy  dx~tdxdy~  dx 2  “T  dy2  11  dx  > 


dE  d±dE  ,d±dE  _  o(  d2  ,  d2  \  jp  ,  x  ( 

^  +  aT  W  -  p  1  d^  +  w  1  h  +  /2  \p)  • 


dy 2 


(1) 

(2) 
(3) 


Here  h{E)  =  - PrQP( ^  ^  E  is  the 

magnetic  flux  function.  0  is  non-dimensional  temperature.  (3  is  the  ratio  of 
the  magnetic  diffusivity(e)  to  the  heat  diffusivity(/c).  Q  is  the  Chandrasekhar 
number,  which  is  a  parameter  related  with  magnetic  strength,  permeability  in 
fluid  and  the  density  of  fluid  etc.  R  —  pa-9-&h^2)h  is  the  Rayleigh  number, 
which  describes  the  ratio  of  the  strength  of  buoancy  forces  to  damping  forces, 
and  Pr  =  ^  is  the  Prandtl  number,  which  describes  the  ratio  of  the  strength 
of  momentum  diffusion  to  heat  diffusion.  It  is  of  great  significance  to  study  the 
dynamical  behavior  when  R  and  Pr  are  larger,  as  both  R  and  Pr  are  usually 
large  enough  in  most  cases  while  the  mantle  convection  is  considered4. 
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Here  are  the  boundary  conditions.  Stress-free  boundary  means  -0  =  0; 
and  0  =  0,E  =  0,  =  0  when  y  =  0,  h.  No  heat  and  magnetic  across  the 

sidewalls  mean  =  0,  E  —  0,  ^  =  0. 

Galerkin  trnucation  methods  are  used  to  reduce  the  PDEs  above,  and  some 
double  Fourier  sums  are  used  here. 

0  =  CiAfyszn^simry, 

6  =  C2B(t)sin27ry  4-  CsCfycos^simry,  (4) 

E  =  C^D^sin^cosity  4-  C$E{t)sin%j£  ^ 

where  t  is  a  scaled  time.  All  constants  above  can  be  chosen  for  the  final 
equations  being  simple4,  and  the  reduced  model  is 

A  =  —PrA  —  PrC  4*  Pr(3qD  4-  Pr(3qjDE, 

B  —  — (3  2  AC  —  loB) 

C  —  AB  -  CP  rA,  (5) 

D  -  -fcAE  ~  (3D  P  A, 

E  —  to  AD  —  (3(3\E , 

in  which  there  are  many  non-linearities  from  the  original  PDEs. 

Consider  the  eigenvalue  equation  of  (5)  and  let  rc  •=.  —  ,  qc  — 

—  P~(p:p) »  a  critical  point  C  can  be  obtained.  If  (3  <  1,  oscillatory  convec¬ 
tion  can  exist.  There  is  the  codimension  two  bifurcation  near  point  C,  whose 
eigenvalues  are  0,0,— 57,— +  (3  4-  Pr)-  It  is  the  total  number  of  eigen¬ 
values  with  zero  real  part  that  determine  the  final  dimension  of  the  ODEs. 
When  small  parameter  ZU  — ^  0  is  introduced,  namely  tall  thin  rolls  existing  in 
the  convection,  the  dynamical  system  (5)  can  be  reduced  to  a  centre  manifold 
and  discussed  according  to  the  centre  manifold  reduction  theory. 

Consider  the  situations  of  solution  near  the  point  r  =  rc(l  +  /x),  q  = 
qc  (1  4-  where  ji  1  and  v  l,  and  the  following 

A  —  uJm,B  =  U 2n,  C  =  Up ,  D  =  Uq,  E  =  U2s,  t*  —  Ut  (6) 

are  introduced.  (6)  is  substituted  into  (5),  and  at  the  same  time,  some  of  (5) 
are  substituted  back  into  themselves  several  times.  Finally,  a  third-order  set 
of  ODEs,  a  convenient  form  with  two  parameters  A  and  k ,  can  be  derived. 

x  —  y,y  —  ky  -  \x  ~  xz,z  —  -z  P  xz.  (7) 

3  Discussion  of  the  third-order  dynamical  system 

The  equations  of  (7)  are  symmetric  under  the  substitution  (x,y,  z)  — > 
(— x ,  —y,  z ),  which  give  the  invariance  of  the  PDEs  under  inversion  of  the  sense 
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of  the  flow.  The  divergence  of  (7)  is  k  —  1  when  k  <  1,  which  manifests  that 
.  the  system  is  dissipative.  The  volume  element  of  it’s  phase  space  contracts  in 
forms  of  exponential  and  the  dissipative  structure  expresses  the  whole  stabil¬ 
ity.  If  there  is  unstability  in  part,  chaos  may  be  produced.  That  is  to  say,  the 
dissipative  structure  is  necessary  for  the  existence  of  an  attractor. 

It  is  easy  to  obtain  the  solution  to  three  equilibria,  which  are  (0, 0, 0)  and 
(±V~A, 0,  —A).  For  the  first  equilibrium,  it  is  easy  to  prove  that  there  is 
subcriticai  Hopf  bifurcation  when  k  —  0(A  >  0), corresponding  to  heat  transfer 
without  any  flow;  for  the  other  equilibria,  it  is  easy  to  prove  that  there  is 
supercritical  Hopf  bifurcation  when  A  =  0.5/c (1  -  k)  and  k  <  0,  and  a  pitchfork 
bifurcation  when  A  —  0.  The  system  belongs  to  three-dimensional  saddle- focus, 
and  there  would  be  homoclinic  trajectory  if  the  parameter  A  goes  on  changing. 
Further  a  Poincare  back  map  might  can  be  constructed  while  some  conditions 
are  added  according  to  Shilnikov  methods.  The  map  has  the  behaviour  of 
Smale  horseshoes  transfer,  which  manifests  there  would  be  chaos  in  the  sense 
of  Smale  horseshoes  6 . 

All  these  theoretical  results  such  as  periodic  solution,  stability  and  chaos 
have  been  given  in  references  1,4>5,6.  For  the  model,  some  numerical^  compu¬ 
tations  have  been  done  using  the  Runge-Kutta  methods  to  make  program  2. 
Here  have  some  numerical  results  been  done,  consistent  with  theoretical  anal¬ 
ysis,  seeing  figure  1,2, 3, 4. 


Fig.l  Phase  portrait  of  (7)  Fig.2  Phase  portrait  of  (7) 

for  (A,  k)  =  (5.0, 0.0)  for  (A,  k)  =  (-0.375,  -0.50) 


Fig.3  Phase  portrait  of  (7)  Fig.4  Chaotic  trajectory  of  (7) 
for  (A,  k)  =  (-4.775,  -0.5)  for  (A,  k)  =  (-12.8,  -2.5) 
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4  Conclusion 


There  are  many  non-linear  characteristics  in  mantle  convection  according 
to  the  discussion  and  numerical  results.  If,  some  related  parameters  are  made 
to  be  translated  into  the  original  PDEs,  the  behavior  of  mantle  convection 
can  be  observed  through  changing  some  geological  parameters.  When  some 
parameters  are  taken  as  certain  values,  the  phenomena  such  as  upsurge  of 
flow  abruptly  can  exist,  namely  Hopf  bifurcation  or  chaos.  All  these  might 
explain  how  some  minerals  are  formed.  It  is  important  to  provide  it  with 
theoretical  and  numerical  methods  to  study  on  the  principles  of  mantle  con¬ 
vection,  although  the  considered  model  is  very  simple,  only  an  approximation 
for  the  complicated  mantle  convection. 
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The  paper  deals  with  a  complete  study  of  the  number  of  zeros  of  Abelian  integrals, 
related  to  perturbations  of  the  Hamilonian  vector  fields  with  an  elliptic  Hamilto¬ 
nian  of  degree  four:  x  —  y,  y  —  P(x)  +  SQ(x)y ,  where  P  and  Q  are  polynomials 
of  degree  respectively  3  and  2,  and  6  small.  We  prove  that  if  the  unperturbed 
Hamiltonian  vector  field  has  a  saddle  loop,  a  cuspidal  loop  or  a  global  center,  'then 
for  the  perturbed  system  the  corresponding  maximum  number  of  zeros  of  Abelian 
integral  is  respectively  2,  4  and  4.  In  the  last  case,  the  perturbed  system  may  have 
a  quadruple  limit  cycle,  as  was  conjectured  in11. 

1  Introduction 

It  is  well  known  that  for  polynomial  planar  vector  fields  there  is  the  famous  16th 
problem  of  Hilbert  asking  for  an  upper  bound  on  the  number  of  limit  cycles 
depending  on  the  degree  of  the  vector  field.  It  is  even  not  known  whether  a 
finite  upper  bound  exists.  Also  for  the  limited  class  of  (generalized)  Lienard 
equations  x  =  y ,  y  —  P(x)  +  Q(x)y,  with  P  and  Q  polynomial,  Hilbert’s 
16th  problem  is  still  unsolved.  These  Lienard  equations  can  be  met  in  many 
constructions  and  applications.  They  are  e.g.  unavoidable  in  the  study  of 
local  bifurcations  by  means  of  rescaling  techniques.  We  say  to  have  a  Lienard 
equations  of  type  (m,  n)  if  deg  P  —  m  and  deg  Q  =  n.  A  complete  study 
has  been  made  for  the  cases  m  4-  n  <  4,  except  for  (m,n)  =  (1,3),  we  refer 
to  8,  3,  4  and  14 .  In  all  these  cases  it  has  been  proved  that  there  is  at  most 
one  limit  cycle  and  for  type  (1,3)  the  same  has  been  conjectured  (see14).  For 
m  +  n  >  5  no  general  results  have  been  obtained,  except  for  local  ones,  near 
non- degenerate  singularities.  We  refer  to  3  for  a  recent  account  of  the  known 
results. 

In  case  (m,  n)  —  (3, 2)  the  maximum  number  of  such  local  limit  cycles  is 
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two.  This  local  analysis  is  for  sure  a  starting  point  in  a  global  approach  but 

it  can  clearly  not  be  expected  that  the  local  results  will  trivially  extend,  even 

not  in  case  there  is  globally  only  one  singularity.  For  this  we  refer  to  5  where 

strong  numerical  evidence  has  been  given  for  the  existence  of  systems  with  four 

limit  cycles;  we  also  refer  to11  where  the  occurrence  of  a  quadruple  limit  cycle, 

together  with  a  full  unfolding,  has  been  conjectured. 

In  this  paper  we  consider  Lienard  equation  of  type  (3,2)  that  are  small 

perturbations  of  Hamiltonian  vector  fields  with  an  elliptic  Hamiltonian  of  de- 

2 

gree  four.  The  Hamiltonians  are  given  by  the  function  H(x,  y)  =  \  +  $(x), 
where  $(x)  =  f  x4  +  |x3  -f  § x2,  a  ±  0.  The  perturbations  are  given  by  adding 
Sy(a  +  /3x  +  x2)-^  far  small  5  >  0.  It  is  well  known  that  a  first  step  in  study¬ 
ing  the  limit  cycles  consists  in  calculating  the  zeros  of  the  Abelian  integrals,  or 
more  precisely  the  elliptic  integrals,  obtained  by  integrating  the  related  1-form 
y(a  +  fix  +  x2)dx  over  the  compact  level  curves  of  the  Hamiltonian  H. 

The  study  of  the  zeros  of  Abelian  integrals  obtained  by  integrating  poly¬ 
nomial  1-form  over  level  curves  of  polynomial  Hamiltonian  is  called  the  weak 
16th  problem  of  Hilbert  or  the  Arnold-Hilbert  problem.  With  our  study  we 
aim  at  proving  a  complete  and  sharp  estimate  in  the  cases  under  study. 

2  Main  Results 

In  this  section,  we  state  our  main  result  and  give  an  outline  of  the  proof. 

As  mentioned  above  we  consider  the  Hamiltonian  function  H{x,  y)  =  ^  + 
$(x),  where  <l>(x)  =  |x4  +  |x3  4-  § x2,a  ^  0.  After  linear  rescaling,  we  may 
change  $(x)  to  one-parameter  function  $J(x)  or  $J(x),  depending  on  a  <  0 
or  a  >  0  respectively,  where  $J(x)  =  -\xA  +  ppx3  4-  fx2,A  €  [l,+oo),  and 
$J(x)  =  \xA  -  ^x3  +  |x2,  A  e  [0,  ^=].  The  perturbation  system  is  given  by 

£  =  2/,  V  =  -$'(x)  +  6{a  +  f3x  +  x2)y,  (1) 

and  the  related  elliptic  integral  is  given  by 

1(h)-  f  (a  +  fix  +  x2)ydx  =  al0(h)  +  pix(x)  +J2(a:),  (2) 

rh 

where  Th  :  {(x,  y)\H(x)  y)  =  h,  ho  <  h  <  hi}  compact. 

The  unperturbed  system  (1)  with  <5  =  0  has  5  topologically  different  phase 
portraits: 

(1)  with  a  Two  Saddle  Cycle,  if  $(x)  =  $J(x),  and  A  =  1; 

(2)  with  a  Saddle  Loop,  if  $(x)  =  $^(x),  and  A  >  1; 
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(3)  with  a  Global  Center,  .if  $(x)  =  $*(2;),  and  0  <  A  <  1;  • 

(4)  with  a  Cuspidal  Loop,  if  <$(z)  =  $J(z),  and  A  =  1; 

(5)  with  “Figure  8”  Saddle  Loops,  if  $(z)  =  $J(x),  and  1  <  A  < 

The  problem  is  to  find  the  least  (sharp)  upper  bound  of  the  number  of  zeros 
of  the  elliptic  integral  (2).  For  case  (1)  it  was  solved  by  Horozov  in  1979  f) 
and  the  answer  is  one.  For  other  cases  there  were  only  some  partial  results  in 
9  and17.  Let  us  state  our  main  result,  which  gives  an  answer  to  cases  (2)-(4) 
f,6  and7).  The  answer  to  case  (5)  will  appear  in  a  forthcoming  paper. 
Theorem  3  For  all  constants  a  and  f3  the  least  upper  bound  of  the  number  of 
zeros  of  the  Abelian  integral  (2)  is  two  if  system  (1)  with  5  —  0  has  a  saddle 
loop;  is  four  if  system  (1)  with  8  —■  0  has  a  cuspidal  loop  or  a  global  center .  In 
any  case ,  the  multiplicity  of  the  zeros  is  included. 

Remark  1.  For  the  perturbation  from  cuspidal  loop  case  the  sharp  upper 
bound  of  the  number  is  four.  If  restricting  to  “inside”  or  “outside”  the  cuspidal 
loop,  then  the  sharp  upper  bound  is  respectively  2  and  3.  Hence  there  is  no 
possibility  to  exhibit  a  quadruple  limit  cycle.  But  for  the  perturbation  from 
global  center  case,  the  above  result  permits  to  give  a  formal  proof  that  in 
Lienard  equations  of  type  (3,2)  one  encounter  quadruple  limit  cycles,  as  was 
conjectured  in11. 

Remark  2.  Extending  the  results  to  statements  on  limit  cycles  for  system 
(1),  with  5  >  0  but  small,  can  for  sure  be  realized. 


Main  steps  of  the  proof. 

1.  By  using  the  standard  technique  we  get  the  Picard-Fuchs  equation 

^  ( h\  ( aoo  aoi  a02\  A>\ 

G(h)dh  \ITi0]  =  \ai° an ai2  m i1  r 

12  020  a21  & 22  ,yl2 


where  G(h)  and  are  polynomials  of  h  with  coefficients  depending  on 
A. 


2.  Since  Io(h)  >  0  for  h  >  h0,  we  may  change  the  Abelian  integral  (2)  to 
the  form 

/(/i)  =  70W(a  +  /5P(/i)  +  Q(h)), 

where  P(h )  —  Ii(h)/Io(h)  and  Q{h )  =  /2(h) //o(h),  which  have  certain 
limits  as  h  tends  to  ho  and  h\  .  From  the  Picard-Fuchs  equation  we 
obtain  a  system  of  differential  equations 

h  =  G(h),  P  =  f(h ,  P,  Q),  Q  =  g(h,  P,  Q\ 
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where  /  and  g  are  polynomials  of  h,  P  and  Q.  The  trajectory  (h,  P(h),  Q(h )), 
which  we  are  interested,  connects  two  singularities  of  the  system.  Hence 
for  h  >  ho  the  number  of  zeros  of  the  Abelian  integral  (2)  is  equal  to  the 
number  of  intersection  points  of  the  curve  £*  =  {(P,  Q)(h)|h0  <  h  <  hi} 
with  the  straight  line  Ua^  :  a  +  (5P  +  Q  —  0  in  (P,  Q)-plane. 

3.  By  using  the  criterion  in12  and  some  techniques  in7  we  prove  that  both 
P(h)  and  Q{h)  are  monotonically  increasing. 

4.  Since  I'o(h)  ^  0  (see2  and5),  we  can  write 

I"(h)  =  I,'(h)(aPpu;(h)Pu(h))i 

where  u(h)  =  /{'(h)//^ ( h )  and  v(h)  '=  /{' (h)//g  (h).  On  the  other  hand, 

1*2  (h)  can  be  expressed  as  a  linear  combination  of  IqQi)  and  /{'(h)  with 
linear  functions  of  h  as  their  coefficients.  This  gives  a  Ricatti  equation 
of  uj(h)\  and  we  may  rewrite 

/"(h)  =  i£(h)L(h)(a,(h)  -  17(h)), 

where  L(h)  is  a  linear  function,  and  U(h )  =  in  cases  (2)  and  (4), 

and  U{h)  —  in  case  (3),  ai  and  bi  depend  on  a,/3  and  A. 

By  using  these  results,  it  is  possible  to  study  the  number  of  zeros  of  /"(h) 
precisely. 

5.  At  last,  we  find  out  the  geometric  shape  of  the  curve  as  follows: 

(1)  in  the  Saddle  Loop  case,  £>  is  globally  convex; 

(2)  in  the  Cuspidal  Loop  case,  has  two  inflection  points,  and  one  of 
them  corresponds  to  the  value  of  the  cuspidal  loop; 

(3)  in  the  Global  Center  case,  £a  has  at  most  two  inflection  points.  When 
A  is  decreasing  from  1  to  0,  the  two  inflection  points  coalesce  for  a  certain 
value  of  A  and  become  a  quadruple  point,  then  is  globally  convex. 

For  a  full  proof  see  5, 6  and  7. 
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Two  SEIR  epidemiological  models  with  a  constant  population  size  are  considered. 

The  incidences  of  infection  are  given  by  saturation  forms  which  work  for  the  situa¬ 
tions  that  the  host  population  is  saturated  with  infectious  individuals  or  susceptible 
individuals,  respectively.  It  is  proved  that  the  disease-free  equilibrium  is  globally 
stable  and  the  disease  always  dies  out  if  a  threshold  number  a  <  1;  and  that,  if 
a  >  1,  a  unique  endemic  equilibrium  is  globally  stable  in  the  interior  of  the  feasible 
region  and  the  disease  persists  at  the  constant  endemic  equilibrium  level. 

1  Introduction 

Li  and  Muldowney  13  studied  an  SEIR  epidemic  model  for  the  dynamics  of 
an  infectious  disease  that  spreads  in  a  population.  A  case  of  the  model  is 
described  by  the  following  system  of  differential  equations 

5"  =  >  -  /x5  -  A  IS 
E'  =  XIS  -  (e  +  fi)E 

V  =  eE  -  (7  +  mK  1 j 

Rf  =  7/  —  fj,R } 

where  S(t),E(t),I(t)  and  R(t)  denote  the  fractions 

of  the  population  that  are  susceptible,  exposed  (not  yet  infectibus),  in¬ 
fectious,  and  recovered  individuals  at  time  t,  respectively.  The  transmission' is 
assumed  to  occur  through  direct  contact  of  hosts  and  the  incidence  is  described 
by  the  standard  mass  action  form  A/5,  where  A  >  0  is  the  transmission  coeffi¬ 
cient.  The  birth  rate  and  the  death  rate  are  assumed  to  be  equal  and  denoted 
by  /x,  and  the  disease  is  assumed  not  to  be  fatal.  Consequently  the  total  popu¬ 
lation  is  constant;  5  +  E  + 1  -b  R  =  L  The  parameter  e  >  0  is  the  rate  at  which 
exposed  individuals  become  infectious,  and  7  >  0  is  the  rate  that  infectious 
individuals  become  recovered.  The  immunity  is  assumed  to  be  permanent,  so 
once  recovered,  an  individual  will  not  become  susceptible  again. 

Li  and  Muldowney 13  proved  that  the  dynamics  of  (1)  is  completely  deter¬ 
mined  by  the  basic  reproduction  number 

<T=  (e  +  m)  (7  +  m)  (2) 

If  cr  <  1  the  disease  always  dies  out,  whereas  when  a  >  1  the  disease  persists 
at  a  unique  endemic  equilibrium  if  it  is  initially  present. 

Nonlinear  incidence  forms  other  than  the  standard  bilinear  incidence  form 
A  IS  have  been  used  in  the  literature.  Busenberg  and  Cooke2  use  a  saturation 
incidence  form  where  a  >  0,  which  describes  the  situation  that  the 

population  is  saturated  with  infectious  individuals;  May  and  Anderson1’1  use 
another  saturation  incidence  term  when  a  large  number  of  susceptible 
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individuals  are  present  in  population.  We  refer  the  reader  to  1>6>8>9d4,i6  for 
background  on  epidemic  models  and  surveys  of  results. 

In  this  paper,  we  study  model  (1)  with  the  two  different  saturation  in¬ 
cidence  forms  mentioned  above.  We  find  the  basic  reproduction  numbers  cr 
for  each  model,  and  then  establish  that  the  disease-free  equilibrium  is  globally 

stable  in  the  feasible  region  P  if  a  <  1,  and  the  unique  endemic  equilibrium 
° 

is  globally  stable  in  p  when  a  >  1 .  The  global  stability  of  the  unique  endemic 
equilibrium  is  proved  using  the  method  of  Li  and  Muldowney 13 . 


2  Model  One 

Consider  the  SEIR  model  of  the  form 


"a+7  +  P 


E'  =  + 

I'  —  eE~  { 7  +  (j)I 
R'  =  'y I  -  /jlR, 


where  A,/7,  e,7  are  nonnegative  parameters  as  described  .in  Section  1.  The 
constant  a  is  nonnegative. 

Adding  all  the  equations  in  (3),  we  have 

(S  +  E  +  I  +  R)'  =  -^(S  +  JS  +  J  +  fl-  1), 

which  implies  that  the  3-dimensional  simplex  S+E+I+R=  lis  invariant 
with  respect  to  (3).  Using  the  relation  R(t)  =  1  -  S(t)  -  E(t)  -  J(t),  we  can 
reduce  (3)  to  the  following  equivalent  3-dimensional  system 

S'  =  ~Mfp  “  ^s 

E'  =  +  (4) 

V  —  eE  -  (7  +  fi)I. 

We  study  system  (4)  in  the  feasible  region 

n  =  {(S,EJ)eRl  :  Q<SyE,I<  l,5  +  £,-h/<  1}, 

which  is  positively  invariant  with  respect  to  (4). 

There  are  two  possible  equilibria  of  (4):  the  disease- free  equilibrium  P0  = 
(1,0,0)  and  the  endemic  equilibrium  P *  =  (P*,P*,J*),  where 


e*  =  '~^r, 


2a/x(cr  —  1) 

A  -b  fi 


* 
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and 


_  Ae 
°  ,  <*(«  +  /■»)(•  7  +  m)’ 

which  can  be  regarded  as  the  basic  reproduction  number  since  aS*  =  1  (see 
1)].  If  0  <  cr  <  1,  then  Po  is  the  only  equilibrium  of  (4)  in  if  a  >  1,  then 
both  P0  and  P*  exist. 

Theorem  4  If  a  <  1,  then  Po  ts  the  only  equilibrium  in  Cl  and  it  is  globally 
stable  in  Cl.  If  a  >  1,  then  Pq  becomes  unstable  and  there  exists  a  unique 

....  0  o 

endemic  equilibrium  P*  in  Cl  •  Furthermore ,  all  solutions  starting  in  Cl  a,nd 
sufficiently  close  to  Po  move  away  from  Po . 

Proof.  The  global  stability  of  Po  can  be  verified  using  a  Lyapunov  function 

L  =  eE+  (e  +  fi)I. 

The  derivative  of  L  along  a  solution  of  (4)  is 

L>  =  1  ^T+fr  “  (€  +  =  («+m)(7+m)  ^T+f 7  “  A 

<  0,  if  cr  <  1. 

Furthermore,  V  —  0  if  and  only  if  I  =  0.  Since  {Po}  is  the  largest  compact 
invariant  set  in  {(5,  E}  I)  \  LI  =  0},  P0  is  globally  stable  by  LaSalle’s  Invariance 
Principle  f1).  If  <j  >  1  and  I  >  0,  then  V  >  0  for  S  <  1  but  sufficiently  close 
to  1.  This  implies  the  instability  of  P0  and  also  leads  to  the  last  claim  of  the 
theorem.  □ 

Theorem  2.1  completely  determines  the  global  dynamics  of  (4)  in  Cl  for 
the  case  a  <  1.  Its  epidemiological  implication  is  that  the  infected  fraction 
(the  sum  of  the  latent  and  the  infectious  fractions)  of  the  population  vanishes 
in  time  so  the  disease  dies  out.  In  the  rest  of  this  section,  we  show  that  the 
disease  persists  when  a  >  1.  We  say  the  disease  is  endemic  if  the  infected 
fraction  of  the  population  persists  above  a  certain  positive  level  for  sufficiently 
large  time.  The  endemicity  of  disease  can  be  well  captured  and  analyzed 
through  the  notion  of  uniform  persistence.  System  (4)  is  said  to  be  uniformly 
persistent  (see3,20)  if  there  exists  a  constant  0  <  c  <  1  such  that  any  solution 

(£(£), P(t),/(t))  with  (5(0), P(0), /(0))  satisfies 

min  { lim  inf  S(t),  liminf  E(t),  liminf  I(t)}  >  c . 

L  w  t—oo  w  t—*oo  WJ  “ 

The  disease  is  endemic  if  (4)  is  uniformly  persistent.  In  this  case,  both  the 
infective  and  the  latent  fractions  persist  above  a  certain  positive  level.  The 
local  behavior  near  the  only  boundary  equilibrium  Pq  as  stated  in  Theorem  2.1 
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allows  us  to  use  a  similar  argument  as  in  the  proof  of  Proposition  3.3  in12  and 
a  uniform  persistence  criteria  in  5,  Theorem  4.3,  to  establish  the  following 
persistence  result. 

o 

Proposition  1  System  (4)  is  uniformly  persistent  in  Q  if  and  only  if  a  >  1. 

Next,  we  establish  that  any  periodic  solution  to  (4),  if  one  exists,  is  or- 
bitally  asymptotically  stable  (see  7  for  definition)  using  the  following  stability 
criterion  of  Muldowney 17 . 

Theorem  5  A  sufficient  condition  for  a  periodic  orbit  7  =  {p(t)  :  0  <  t  <  co} 
of  x'  =  f(x)  to  be  orbitally  asymptotically  stable  is  that  the  linear  system 

(dfM  \ 

z\t)  =  fa  ( p(t ))  z(t)  (5) 

be  asymptotically  stable. 

Here,  A^  denote  the  second  additive  compound  matrix  of  an  n  x  n  matrix 
A.  We  refer  the  reader  to  4,17  for  the  definition  and  properties  of  compound 
matrices.  Pertinent  to  our  study  is  a  spectral  property  of  Af2\  Let  a  (A)  — 
{Ai, . . . ,  An}  be  the  spectrum  of  A.  Then  the  spectrum  a(A^)  —  {A*  +  A j  : 
1  <  i  <  j  <  The  second  additive  compound  matrix  of  a  3  x  3  matrix  is 
provided  in  the  Appendix. 

Proposition  2  Any  periodic  solution  to  (4),  if  one  exists ;  is  orbitally  asymp¬ 
totically  stable  if  a  >  1. 

Proof.  The  Jacobian  matrix  J(5,  E)  I)  of  (4)  is  given  by 

r 0  -^1 

J(W)=  #  -(«  +  M)  ^  • 

0  e  -(7  + AO 

Using  the  second  additive  compound  matrix  in  the  Appendix,  we  can  write  the 
linear  system  (5)  with  respect  to  a  periodic  solution  (S(t),E(t),I(t))  to  (4)  as 

X’ 

Y‘ 

Z’ 

To  prove  that  (6)  is  asymptotically  stable,  we  consider  the  following  function 
V(X,  Y,  Z;  S,  E,  I)  =  | P(S,  E,  I)  ■  (X,  Y,  Z)* |, 


=  -<gj+e  +  2^X  +  Tgf7(Y  +  Z) 

=  eX~(-£fi+'y  +  2^Y  (6) 

=  &r-(e  +  7  +  2A*)Z. 
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where  the  matrix  P  =  diag(l,E/I ,  E/I)  and  |  •  |  is  the  norm  in  R 3  defined  by 

\(X,Y,Z)\  =  sup{|X|,  |y|  +  |Z|}.  (7) 

The  uniform  persistence  of  (4)  when  a  >  1  implies  that  the  orbit  T  of  the  peri¬ 
odic  solution  (S(t),  E(t ),  I(t))  remains  at  a  positive  distance  from  the  boundary 
of  The  matrix  P  and  its  inverse  are  thus  well  defined  and  smooth  along  T. 
There  exists  a  constant  c\  >  0  such  that 

V(X,Y,Z]S,E,  I)  >  ci\(X,Y,Z)\  (8) 

for  any  (X,  Y,  Z)  €  R 3  and  (5,  E,I)  €  F.  Let  (X(t),y(t),  Z{t))  be  a  solution 
to  (6)  and 

V(t)  =  V(X(t)]Y(t),Z(t);S(t),E(t)J(ty 
=  snp{\X(t)l  f(\Y(t)\  +  \Z(t)\)}. 

The  right-hand  derivative  of  V(t)  exists.  In  fact,  direct  calculation  yields 
D+\X(t)\  <  -  fXL+e  +  2^\X(t)\  +  J^(\Y(t)\  +  \Zm  '  ■ 

and 

£+IH*)l  <  e|X(i)|  -(£j+  j  +  2^  |y(i)| 

D+\Z(t)\  <  M.\Y(t)\-{e  +  1  +  2li)\Z{t)\, 

.  Then 

D+  { f  (| Y(t)  +  \Z(t)\)}  <  -  fi  (|r(i)|  +  \Z(t)\) 

+  f[e\X(t)\-(7  +  2n)(\Y(t)\  +  \Zm] 

=  mt)\  +  \Z(t)\)  (10) 

+f  [e\X(t)\-(y  +  2fJ,)(\Y(t)\  +  \Z(t)\)} 

=  f\X{t)\  +  (*  -  $  -  7 -  2^  f  (\Y(t)\  +  \Z(t)\)). 

We  claim  that  (9)  and  (10)  imply  that 

D+V(t)  V(t).  (11) 
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In  fact,  if  |X(t)|  >  y(|P(f)|  4-  \Z(t)\),  then  V(t)  =  |X(t)|.  Prom  (4)  and  (9)  it 
follows  that 


D+V(t)  =  D+\X(t)\  ' 

<  -  ($7  +  «  +  2^  \X (f)|  +  -g  fa±f)2  |X(t)| 

<  f-^i-^-^+wTT)]mi 

=  ( - jyj  -  e  -  2fi  +  ^  +  e  +  fj)  \X (f)| 

<  ^  -  m''  |X(<)I  =  (%-  ijSv{t). 

If  |X(f)|  <  f  (|y(t)|  +  |Z(t)|),  then  V(t)  =  f(\Y(t)\  +  \Z(t)\).  By  (4)  and  (10), 
we  have 

D+V(t)  =  D+{f(\Y(t)\  +  \Z(t)\)) 

<  (* +i-$  -7-2^  f(imi+ m\) 

=  ( 7  +  7  +  V+  7  ~  7  ~  1  ~  j{\Y  (i)|  +  \Z(t)\) 

=  (§-^V  (t). 

If  |X(t)|  =  f  (|P(t)|  +  |Z(t)|),  we  have  D+\X(t)\  =  D+E/I(\Y(t)\  +  \Z(t)\), 
and  thus  (11)  follows  from  either  (9)  or  (10). 

Note  that  ' 

^  ^  -  /j)dt  =  -fuv  <  0, 

E 

o 

which,  together  with  (11)  implies  that  V(t)  — *•  0  as  t  — »  oo,  and  in  turn 
that  (X(t),Y(t),Z(i))  — >  0  as  t  — >  oo  by  (8).  Thus  the  linear  system  (6)  is 
asymptotically  stable.  By  Theorem  2.3,  the  periodic  solution  {S(t)}  E{t),  I(t)) 
of  (4)  is  orbitally  asymptotically  stable.  The  proof  is  complete.  □ 

Corollary  1  If  a  >  1,  then  the  unique  endemic  equilibrium  P*  is  locally 
asymptotically  stable . 

Proof.  Regard  the  equilibrium  P*  as  a  periodic  solution,  then  system 
(6)  at  (£(£),  E(t),  I(t))  =  (5*,  E*,I*)  is  autonomous.  The  same  analysis 
as  in  the  proof  of  Proposition  2.4  shows  that  this  system  is  asymptotically 
stable,  and  thus  its  coefficient  matrix  J(5*, 25*,  7*)^,  the  second  additive 
compound  matrix  of  the  Jacobian  matrix  J(S*,  £?*, I*)  of  (4)  at  P*,  is  sta¬ 
ble,  namely,  all  the  eigenvalues  of  J(S*>  E*,  I*)W  have  negative  real  parts. 

By  the  spectral  property  of  additive  compound  matrices  stated  preceding 
Proposition  2.4,  this  implies  that  Re  (A;  -f  A j)  <  0,  %  ^  j,  where  Ai,A2,  A3 
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are  eigenvalues  of  J(S* >E* ,  I*).  Thus,  at  most  one  of  A i  can  have  nonneg¬ 
ative  real  part.  All  A*  will  have  negative  real  parts  if  we  can  show  that 
A!A2A3  -  det (J(5*,  £*,/*))  <  0.  In  fact, 


det(J(S*,  £*,/*))  - 


XI* 

a+I* 


0 


XI* 

a+J* 

0 


-e- 

e 


XaS * 
(o+/*)2 
XaS* 
(a+/*)2 

—7  —  a  —  fj, 


=  -  (  («  +  m)(7  +  m)  + 


AeS*  QM 
Q-^-I*  &-)-/* 


Using  the  equilibrial  equations  for  (5*,  E*,I*)  we  can  derive  that  A eS*/(a  + 
/*).<  (e  +  /i)(7  +  /x).  Therefore,  det(J(P*))  <  -A/*(e  +  yu)(7  +  /x)/(a  +  /,,£)  <  0. 
This  shows  that  P*  is  locally  asymptotically  stable.  □ 

To  show  that  the  unique  endemic  equilibrium  P*  is  globally  asymptotically 
stable,  we  take  the  advantage  of  the  fact  that  (4)  is  a  competitive  system  when 
a  >  1.  We  refer  the  reader  to  18  for  definition  of  competitive  systems.  In  fact, 
from  Jacobian  matrix  of  (4),  one  may  verify  that  HJ(S ,  E ,  I)H  has  nonpositive 
off-diagonal  entries,  where  H  —  diag(-l,  1, -1).  This  implies,  under  a  linear 
change  of  variables  y  =  Hx ,  the  flow  of  (4)  preserves,  for  t  <  0,  the  partial 
ordering  in  R+  defined  by  the  orthant  {(5,  E,  I)  €  P?  :  S  <  0,  E  >  0, 1  <  0} 
(see18).  An  important  characteristic  of  a  three-dimensional  competitive  system 
is  the  following  Poincare-Bendixson  property,  which  follows  from  a  result  of 
Hirsch  10  and  Smith  19  for  general  three-dimensional  competitive  systems.  A 
proof  may  be  found  in18,  Chapter  3,  Theorem  4.1. 

Theorem  6  Let  L  be  a  nonempty  compact  omega  limit  set  of  { 4).  If  L  contains 
no  equilibria,  then  L  is  a  closed  orbit. 

Theorem  7  Suppose  that  a  >  1.  Then  the  unique  endemic  equilibrium  P*  is 

o 

globally  asymptotically  stable  in  $7  .  Moreover,  P*  attracts  all  trajectories  in  Cl 
except  those  on  the  invariant  S-axis  which  converge  to  Po  along  this  axis. 
Proof.  By  inspecting  the  vector  field  given  by  (4),  we  see  that  all  trajec- 

o 

tories  originating  from  the  boundary  dCl  enter  ft  except  those  on  the  5-axis 
which  converge  to  Pq  along  this  invariant  axis.  It  remains  to  show  that  P* 

o  o 

attracts  all  points  in  $7  .  Let  U  C  $7  be  the  set  of  points  that  are  attracted 

o 

by  P* .  Then  U  is  an  open  subset  of  Cl  by  the  asymptotic  stability  of  P* .  The 

o 

theorem  is  proved  if  we  establish  that  QC  17.  Assume  the  contrary;  then  the 

o 

boundary  dU  of  U  has  a  nonempty  intersection  X  with  Q  .  Since  both  U  and 
its  closure  U  are  invariant  and  U  is  open,  dU  =  U  —  U  is  also  invariant.  As 

o 

the  intersection  of  dU  with  the  positively  invariant  Cl,  X  is  positively  invariant, 
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and  thus  X  contains  a  nonempty  compact  omega  limit  set  T.  By  the  uniform 
persistence,  we  must  have  IT)  3ft  =  0.  Since  it  contains  no  equilibria,  by  Theo¬ 
rem  2.6  and  Proposition  2.4,  T  is  a  closed  orbit  and  is  asymptotically  orbitally 
stable.  We  thus  obtain  a  contradiction  since  T  belongs  to  the  alpha  limit  set 
of  a  trajectory  in  U.  This  completes  the  proof.  □ 


3  Model  Two 

Consider  the  SEIR  model  of  the  form 

S*  =  —  +  \i  —  pS 

E>  =  £f§  -  (€  +  V)E  (12) 

I'  =  eE-( 7  + MV 

R'  =  7J  -  fiR. 

The  model  (12)  is  identical  to  model  (3)  except  the  incidence  form. 

Using  the  relation  S  +  E  +  I  +  R  =  1,  system  (12)  can  be  reduced  to  the 
following  system 

S'  =  -£§  +  m-mS 

E'  =  M~(e+^E  (13) 

I'  =  eE-  (7 +  /*)/, 
which  will  be  studied  in  the  region 

n={(S,E,I)€R3+  :  0<S,E,I<1,S  +  E  +  I<1} 

There  are  two  possible  equilibria  to  (13):  the  disease-free  equilibrium  Po  = 
(1,0,0)  and  the  endemic  equilibrium  P*  =  (S*,P*,I*),  where 


_  a(e+M)(  7+m) 

Ae-(e+/x)(7+M)  ’ 


E *  =  2±£J* , 


(<H-/z)(7+m)  Ae-(e+M)(7+M) 


(e  +  At)(7  +  At)(°  +  1) 

Then  Po  is  the  only  equilibrium  of  (13)  in  ft  if  0  <  cr  <  1;  and  both  Po  and 
P*  exist  if  cr  >  1.  The  analysis  of  (13)  follows  very  closely  to  that  of  (4).  We 
state  our  main  result  in  the  following  and  only  remark  on  its  proof. 

Theorem  8  If  a  <  1,  then  the  disease-free  equilibrium  Po  is  globally  asymptot¬ 
ically  stable  in  ft.  If  a  >  1,  then  the  unique  endemic  equilibrium  P*  is  globally 

o 

asymptotically  stable  in  ft  . 
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Remark.  The  proof  of  Theorem  3.1  can  be  done  in  the  same  fashion  as 
in  the  previous  section.  The  global  stability  of  Po  when  a  <  1  can  be  proof 
using  the  same  Lyapunov  function  L  used  in  the  proof  of  Theorem  2.1.  The 
same  Lyapunov  function  can  be  used  to  show  that  (13)  is  uniformly  persistent 
when  a  >  1.  It  can  be  checked  that  (13)  is  competitive  and  hence  satisfies 
the  Poincare-Bendixson  property.  The  same  function  V  as  in  the  proof  of 
Proposition  2.4  can  then  be  used  to  show  the  orbital  asymptotic  stability  of 
any  periodic  orbit  of  (13),  if  one  exists,  and  hence  to  prove  the  global  stability 
of  P*  when  a  >  1  as  in  the  proof  of  Theorem  2.7. 
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Appendix 


The  second  additive  compound  matrix  A ^  of  a  3  x  3  matrix  A  =  (oy)  is  given 

by 


f  an  +  U22  <*23  ~<*13  1 

|  <*  32  <*11  +  <*33  <*12  | 

—<*31  <*21  <*22  +  <*33 
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GLOBAL  EXISTENCE  OF  POSITIVE  PERIODIC  SOLUTIONS 
FOR  N-SPECIES  LOTKA-VOLTERRA-TYPE  COMPETITION 
SYSTEM  DEVIATING  ARGUMENTS 


HUI  FANG 

Department  of  Mathematics 
Sichuan  University,  Chengdu  610064,  P*  R ■  china 
E-mail:  huifangkm@ynmail.com 

In  this  paper,  we  employ  some  new  techniques  to  study  the  global  existence  of 
positive  periodic  solutions  for  a  class  of  n-species  Lotka-Volterra-type  competition 
system  with  deviating  arguments. 


1  Introduction 

We  consider  the  following  n-species  Lotka-Volterra-type  competition  system 
with  deviating  arguments 


Ni  ( t )  —  N{ ( t )  [di ( t )  bij  ( t)Nj  ( t  Tij  (t))] ,  i  —  1 , 2,  •  •  • ,  n,  (1) 

i 

where  a*(t),  bij(t),  Tij(t)(i,j  =  1,  •  •  •  ,n)  are  nonnegative  continuous  T-periodic 
functions.  Since  we  are  interested  in  the  positive  solutions  of  the  system,  we 
assume  the  system  (1)  is  supplemented  with  initial  conditions  of  the  form 

Ni(t)  =  4>i{t)  €  C([— r, 0], R+), <Ai(0)  >0,t  =  1,2, •••,«,  (2) 

where  r  —  max  {  max  7v9-(£)}. 

l<i,j<nte[0,T]  J  J 

It  is  easy  to  see  that  all  solutions  N(t)  —  ^(t),  •  •  • ,  Nn(t))  of 

(1)  and  (2)  exist  and  satisfy  N(t)  >  0,  i.e.  Ni(t)  >  0  (i  =  1,2,  for 

t  G  (0,-t-oo).  Therefore,  under  the  transformations  N{(t)  —  exp Xi(t)  (i  — 
1, 2,  •  ♦  • ,  n),  (1)  can  be  reduced  to 

*i(t)  =  ai(t)  -  T  *  =  1, 2,  ■  ■  • ,  n.  (3) 

j  =  l 

•  The  purpose  of  this  paper  is  to  establish  the  global  existence  of  positive 
periodic  solutions  of  the  system  (1).  When  Tij(t)  =  const.,  such  a  problem 
was  considered  by  K.Gopalsamy  and  X.Z.He  [1].  In  the  paper,  by  using  a 
continuation  theorem  based  on  Mawhin’s  coincidence  degree,  we  establish  a 
new  existence  theorem. 
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2  Main  Results 

In  this  section,  we  denote  g  =  k  [I  g(t)dt>gm  —  min  g(t)}  Ido  =  max  |g(t)| 

u  t€[o,r]  '  t€[0,T] 

for  g  €  {g  G  C(R ,  R )  :  g(t  +  T)  =  #(£)  for  t  G  P}. 

Theorem  2.1  Suppose  that  the  following  conditions  are  satisfied: 

(a)  Oi(t)  G  C(R,  (0,  +oo)),fcy(*)  G  <7(P,  P+),  ^-(t)  G  Cl(R,  P+),  rfi(t)  <  1, 

M  =  1,2, 


m  =  mPllmP22  ■  ■  ■  mPn„  -  MPllMP22  ■  ■  ■  MPnn  >  0, 

p€Si  p€S2 

Tflj  —  ^  m-pji  *  •  ■  TTlpj_i  jj  — nTLpj+i  ,j+l  *  ’  ’  Wlpnii 
pGSi 

—  V A  AfPli  *  *  *  Mpj_1j-iajMpj+1  j+i  •  •  •  MPnn  >  0; 

pes2 


Q  —  \  A£p1\AIp2 2  '  *  ■  -^pnn  ^  ^  %imp22  *  *  •  TTl'pnn  ^  0j 

p€-Si  p€52 


-  V  MPli  • 
pes1! 

•  *  ^pj-i  ,j-iajMPj+1  j+i  * 

Mpnn 

-  v'  mpi  i  •  ■ 

p€S  2 

■  mp J - 1 J  - 1  Trip  j +l,j+l  •  • 

*  'W'P-n.n  ^  0; 

tuftere  My  =  ly^lo.my  =  (73*77 )m, 

ij  ij 

Si  —  [p  =  pip2  *  -  -pn  :  pis  an  even  permutation  of  {1, 2,  •  •  ■  ,n}}, 
j$2  —  {p  =  ^1^2  •  •  *pn  '  pis  an  odd  permutation  of  {1,2,  •  •  •  ,n}}. 


T/ien  (1)  has  at  least  one  positive  T -periodic  solution. 

Proof;  Let  C §•  denote  the  linear  space  of  real  valued  continuous  T-periodic 
functions  on  P.  The  linear  space  (7^  is  a  Banach  space  with  the  usual  norm  for 

n 

x(t)  =  ( Xi(t ),  •  •  ■  ,xn(t))  e  Cj  given  by  ||x||o  =  max  |x(i)|  =  max  |x»(t)|. 

t€K  t£R  i=i 

Let  X  =  Y  =  Cj».  We  define  the  following  maps: 


Lx  = 


dx(t) 
dt  5 


Px  =  Qx  = 


1  r 

—  1  x(£)d£,  x  G  X; 

*  o 
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Nx  =  Mi)  -  V'fcy(i)e*^t-TwW), . . .  >0nW  _  VM*)e*i(‘~Tni(0)), 

>  i=i  5=1 

zGX 

It  is  easy  to  verify  that  L  is  a  Fredholm  operator  of  index  zero  and  for  any 
open  bounded  subset  H  of  X,N  is  Incompact  on  Cl. 

Let  Lx  —  XNx ,  A  G  (0, 1),  for  x(t)  E  X  i.e. 

n 

x'i(t)  =  A[oj(i) =  l,2,-,n,Ae  (0,1).  (4) 

5=1 

Integrating  these  identities,  we  have 

^  bij(t)eXj^~Tij^dt  —  ^  ai(t)dt)i  =  1, 2,  ■  •  •  ,n.  (5) 

0  l  0 

From  (4), (5),  we  have 


n 

|a^(£)|<i£  <  A[  '  a;(t)d£4-  '  Y^&y  <  2X6*.  (6) 

o  o  o  i=1 

Again,  noticing  that  fQT  bij{t)eXi^Ti^dt  —  /QT  e^Wds,  for 

some  rjij  E  [0,T],  where  t  =  o-^(s)  is  the  inverse  function  of  s  =  t  —  Ti?(t)(t  € 
[0,T]),  hence,  from  (5),  we  have 

Y^  f  e*iW^=  f  ai(t)dt,i  =  1,2, •  •  •  ,n. 

j==1  1  -  ^(%'J  o  o 

Since  eXj^dt  =  TeXj^6j\  for  some  <5j  G  [0,  r](j  =  1, 2,  •  •  •  ,n),  we  have 


>,3,,;. i,2, 

j=1  1  -  rijWj) 


(7) 


Clearly,  by  (b)  of  Theorem  2.1,  the  system  (7)  has  one  unique  positive 
solution 

gXjSj  =  P€S1 _  _ pg 52 _ 

r  gpi  igp2  2',,gpnTi~  * 


pes ! 


pgs2 
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where  gtj  =  =  1, 2,  •  •  •  ,n). 

It  is  clear  that  In ^  <  %j(6j )  <  In or  In Oj-  <  Xj(Sj)  <  In j  = 

1,2,  Therefore,  we  have  |:cj(<5j)|  <  max{|ln^-|,  |ln^-|}  =:  Kj,j  = 

1,2,  •••,«. 

Combining  (6)  with  the  above  inequalities,  we  have 

|®t|  <  |«i(^<)|  +  ^  |xj|*  <  Ki  +  2Tai,i=  1,2, 


Hence,  we  have  ||x||o  <  J2  Ki  +  2T  a*  =  M0. 

Noticing  that  bij  =  ^  fQ  b{j(t)dt  =  ^  ./LTy(0)  ^  i-t^(^(s))^5  = 
for  some  mj  G  [0,  T],  where  t  =  ^(s)  is  the  inverse  function  of  s  =  £  — 

n  _ 

Tjj (£) (t  €  . [0, T]),  hence,  under  the  assumption  (b),  the  system  J2  bijuj  = 

j~  i 

ai(i  =  1, 2,  ■  •  * ,  n)  must  have  one  unique  positive  solution  u*  =  (tij ,  •  •  * ,  u* ). 


Now  we  take  ft  =  {x  €  X  :  ||z||o  <  M},  where  M  —  ma x{M0,  X)  *|lnuj|}. 

i=i 

One  can  easily  verify  that  all  of  the  conditions  required  in  Mawhin’s  Con¬ 
tinuation  Theorem  (see  [2]  p40)  hold.  It  follows  by  Mawhin’s  Continuation 
Theorem  that  (3)  has  at  least  one  T-periodic  solution.  By  the  transformations 
Ni(t)  =  e*‘W(i  =  1,2,  •■•,»),  we  obtain  that  (1)  has  at  least  one  positive 
T-periodic  solution.  The  proof  is  complete. 

Acknowledgement  This  work  is  supported  by  the  Natural  Science  Founda¬ 
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BOUNBEDNESS  AND  PERIODIC  SOLUTIONS  OF  VOLTERRA 
INTEGRO-DIFFERENTIAL  EQUATIONS 


TETSUO  FURUMOCHI 
Department  of  Mathematics 
Shimane  University 
Matsue,  Japan  690-8504 
furumochi@math.  shimane-u.  ac.jp 

In  this  paper,  we  consider  the  Vol terra  integro-differential  equations 

x'(t)  —  j4(£)x(£)  +  1  C(t ,  s)x(s)ds  4-  /(£),  t  6 
.  o 

and 

F 

x\t)  =  A(t)x(t)  +  1  C(t ,  s)x(s)ds  +  /(£),  t  G  R, 

—  oo 

where  A,  C  and  /  are  at  least  continuous.  In  Section  1,  first  we  state  two  theorems 
without  proofs  concerning  the  boundedness  of  solutions  of  the  former  equation  by 
employing  a  Liapunov  functional  and  the  Liapunov-Razumikhin  method.  Then 
we  give  two  examples  to  our  theorems,  and  show  that  our  two  theorems  are  inde¬ 
pendent.  In  Section  2,  we  discuss  the  existence  of  periodic  solutions  of  the  latter 
equation  by  employing  the  theory  of  minimal  solutions,  and  give  an  example  to 
our  result. 


1  Boundedness 

Many  results  have  been  obtained  for  boundedness  in  functional  differential 
equations  (for  instance,  [1-6,  8]  and  references  cited  therein).  In  particular, 
concerning  boundedness  in  Volterra  integro-differential  equations,  we  can  find 
many  interesting  results  in  the  books  [2,3]  by  Burton  and  many  papers  in 
their  references.  In  this  section,  first  we  state  two  theorems  without  proofs 
concerning  the  boundedness  of  solutions  of  linear  Volterra  integro-differential 
equations  by  employing  a  Liapunov  functional  and  the  Liapunov-Razumikhin 
method.  Then  we  give  two  examples  to  our  theorems,  and  show  that  our  two 
theorems  are  independent. 

Let  R  (— oo,  oo)  and  R+  :=  [0,  oo).  Consider  a  system  of  linear  Volterra 

integro-differential  equations  with  variable  coefficients 

F 

x'(t)  —  A(t)x(t)  +  '  C(t)  s)x(s)ds  *f  /(£),  (1) 

o 

where  x  G  Rn ,  A(t)  =  A  +  P(t),  A  and  P  are  n  x  n  matrices.  We  suppose 
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that  there  is  a  symmetric  matrix  B  with 

AtB  +  BA  =  -I,  (2) 

where  AT  denotes  the  transpose  of  A,  and  I  denotes  the  nxn  identity  matrix. 
Moreover,  we  suppose  that  there  are  positive  constants  K,  k  and  r  with 

\Bx\  <K(xtBx)?,  (3) 

where  |  ■  |  denotes  the  Euclidean  norm  of  Pn,  and 

r\x\  <  (xtBx)*  <  j|L  (4) 

We  ask  that  C(ty  $)  is  an  n  x  n  continuous  matrix  function  defined  for 
0  <  s  <  t  <  oo,  and  that  /  :  R+  Rn  is  bounded  and  continuous,  P{t )  is  a 
continuous  matrix  with 

|P(f)|  <p,t£R+,  (5) 

where  |P|  :=  sup{|Px|  :  |a|  =  1}  and  p  is  a  constant  with  0  <  p  <  1.  Then  we 
obtain  the  following  result  by  using  a  Liapunov  functional. 

Theorem  9  Let  (2) -(5)  hold  and  suppose  that 

(a)  there  is  K  >  K  with 

p  oo 

\x\ (k-Kp-K  1  \C(u,t)\du)  >  (K  -  K){\Ax\  +  \x\) 

t 

and 

(b)  for  some  D  with  0  <D<K— K  +  r, 

pt  poo 

K1  1  \C(u,s)\duds  <  D. 
o  t 

Then  all  solutions  of  Eq.(l)  are  bounded. 

This  theorem  can  be  proved  easily  by  employing  a  Liapunov  functional 

pt  poo 

V(t:x(-))  =  (x(t)T  Bx(t))^  +  K  \C(uys)\du\x(s)\ds, 

o  t 

where  x  is  a  solution  of  Eq.(l).  So  we  omit  the  proof.  For  the  details,  see  [5]. 
Now  we  give  an  example  to  Theorem  1.1. 
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Example  1.1  Consider  the  equation 


pt 

x\t)  —  A(t)x(t)  +  C(t ,  s)x(s)ds  4-  /(£), 


where  A(i)  =  A  4-  P(t)  with 


A  -  (~ 1  0  \  p/^  1  / COS t  0  \ 

0-2  and  P(t)  =  3  0  sint 


and  where  C(t,s)  =  e2^5  and 


m  _  f  cos t\ 
^  }  sint  ' 


(6) 


Then  it  is  easy  to  see  that 


satisfies  (2)  and  we  can  take  K  =  k  =  l/y/2,  r  =  1/2,  and  p  =  1/3.  For 
these  numbers ,  Assumption  (a)  is  satisfied  with  K  =  11  V^/21  >  K ,  and 
Assumption  (b)  is  satisfied  with  D  =  ll\/2/84,  where  0  <  D  <~K  —  K  A  r. 
Thus,  all  solutions  of  Eq.( 6)  are  bounded. 

Now  we  discuss  boundedness  of  solutions  of  Eq.(l)  by  using  a  Liapunov 
function  instead  of  a  Liapunov  functional.  Again  we  consider  the  linear  system 
(1) 

rl 

x'(t)  =  A(t)x(t)  4-  '  C(t ,  s)x(s)ds  4-  /(£), 
o 

where  A(i)  —  A  4-  P(£),  A  is  constant,  and  all  characteristic  roots  of  A  have 
negative  real  parts.  Let  B  be  a  symmetric  n  x  n  matrix  which  satisfies  Eq.(2), 
and  let  a2  (a  >  0)  and  02  (f3  >  0)  be  the  smallest  and  largest  characteristic 
roots  of  B ,  respectively.  By  using  the  Liapunov-Razumikhin  method,  we  obtain 
the  following  result. 

Theorem  10  Let  the  above  stated  conditions  hold ,  and  suppose  that  there  is 
M  >  0  with 

'  \BC(t,s)\ds  <  M,  t  >  0, 
o 

where  2fiM/a  4-  2p\B\  <1.  If  in  addition,  f  is  bounded,  then  all  solutions  of 
Eq.(l)  are  bounded. 
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This  theorem  can  be  easily  proved  by  employing  the  Liapunov  function 

V(t,  x)  —  xT Bx 

and  the  Liapunov-Razumikhin  method.  So  we  omit  the  proof.  For  the  details, 
see  [5], 


Now  we  show  an  example  to  Theorem  1.2. 
Example  1.2  Consider  the  scalar  equation 


rf 

xf(t)  =  (-2  +  cost)x(t)  4-  C(t,  s)x(s)ds  +  sint, 


(7) 


where  C(t ,  s)  is  defined  by 

Then  we  can  take  B  =  1/4,  a  =  f3  —  1/2,  and  p  =  1,  and  we  obtain 

r 1  If1  f3  I 

'  \BC(t,s)\ds  ~  -  1  stds  0  <  £  <  1, 

n  4  n  8  8 


and 


f  \BC{t,s)\ds  =  ±  fQ  ^ds  =  i  t>l. 


77ms  we  can  £afce  M  =  1/8.  Since  we  have 


.2M  +  24B|  =  i  +  i  =  |<l 

and  sin  t  is  bounded,  all  assumptions  of  Theorem  2  are  satisfied,  and  hence,  all 
solutions  of  Eq.  ( 7)  are  bounded. 

Remark  1.1.  Eq.(7)  is  a  special  case  of  Eq.(l).  Assumption  (3)  is  satisfied 
with  K  =  1/2,  and  Assumption  (4)  is  satisfied  with  r  —  1/2  and  k  =  1.  Since 
we  have 

roo  poo  - 

'  \C(u,t)\du—  '  —zdu  =  l}t>l, 

t  t  u 

there  is  no  K  which  satisfies  Assumption  (a)  of  Theorem  1.1.  Thus,  Theorem 
1.1  is  not  applicable  to  Eq.(7). 
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On  the  other  hand,  again  we  < consider  Eq.(6)  in  Example  1.1.  Then  we 
obtain 

t  | BC(t,  s)|ds  =  i  f  e^-^ds  =  1(1  -  e"2t)  <  1  =:  M 
o  ^  o  4  4 

which  implies  2f3M/a  4-  2p\B\  =  y/2/2  -f  1/3  =  (3\/2  -f  2)/6  >  1.  Therefore 
an  assumption  in  Theorem  1.2  is  not  satisfied,  and  hence,  Theorem  1.2  is  not 
applicable  to  Example  1.1.  Thus,  Theorems  1.1  and  1.2  are  independent 

2  Periodic  Solutions 

In  this  section,  we  discuss  the  existence  of  periodic  solutions  by  employing  the 
theory  of  minimal  solutions.  Corresponding  to  Eq.(l),  consider  a  system  of 
linear  Volterra  equations 

ft 

x'(t)  =  A(t)x(t)  4-  C(t,  s)x(s)ds  4-  /(£),  (8) 

— oo 

where  A{t  +  T)  =  A{t ),  C(t  +  T,  s  +  T)  =  C(t}s ),  and  /(i  +  T)  =  f(t)  for  some 
T  >  0.  In  addition  to  the  assumptions  in  Section  1,  we  assume  the  condition 
ft~T 

'  |C(t,s)|<is  — *  0  uniformly  for  t  £  R  as  r  — ^  oo.  (9) 

— oo 

In  [7],  it  is  shown  that  Assumption  (9)  is  equivalent  to  the  continuity  of 
\C(t ,  s)\ds  on  R.  First  we  prepare  the  following  lemma. 

Lemma  2.1  Let  the  above  stated  conditions  hold,  and  suppose  that  Eq.(l)  has 
an  R+  -bounded  solution.  Then  Eq.(8)  has  an  R-bounded  solution. 

Proof  Let  £(t)  be  an  R+ -bounded  solution  of  Eq.(l),  and  let  H  \— 
sup{]f(£)|  :  t  €  R+}.  For  each  positive  integer  k ,  define  a  function  Xk  : 
[~~kT,  oo)  — >  Rn  by 

xk(t)  =£(t  +  kT),  t  >  kT . 

It  is  easy  to  see  that  the  set  of  functions  {xk(t)}  is  uniformly  bounded  and 
equicontinuous  on  each  compact  interval  in  R.  Taking  a  subsequence  if  neces¬ 
sary,  we  may  assume  that  {xk(t)}  converges  to  a  bounded  continuous  function 
x(t)  uniformly  on  any  compact  interval  in  R. 

Now  we  show  that  x  satisfies  Eq.(8)  on  R.  From  Assumption  (9),  for  any 
e  >  0  there  is  r  >  0  with 

ft  T 

1  \C(t,s)\ds  <  e,  t  €  R. 

-oo 
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Let  to  €  R  be  any  number.  For  t  >  to  and  j  with  —jT  <  to  we  have 

rl  rs 

Xj(t)  =  Xj(to)  4*  (A(s)£j  (s)  4-  1  C(s,  u)xj(u)du  4-  f(s))ds.  (10) 

to  - jT 

Here  we  note  that 

ns  ns 

limsupl  7  C(s,  u)xj(u)du  —  7  C(s,  u)x(u)du\ 

j—*oo  -jT  -oo 

pS  pS—T 

<  limsup|  7  C(SjU)(xj(u)  —  x{u))du\  4-  2M  7  1(7(5,  it) \du  <  2Me. 

j—*  oo  s—r  — oo 

Since  e  is  arbitrary,  this  inequality  yields  that 

pS  p$ 

lim  7  C(siu)xj(u)ds  =  7  C(s,u)x(u)du,  s  €  [to,t]. 

3^  00  -jT  -oo 

Moreover,  for  some  constant  T  >  0  we  have 

ns  ns 

|  7  C(s,u)xj(u)du\  <  H  1  |C(s, u)\du  <  T,  s  £  [to,t]. 

—jT  -oo 

Thus,  letting  j  — ►  co  in  (10),  we  obtain 
/‘t  /•* 

x(t)  =  rr(to)  4-  (A(s)z(s)  4-  7  C(s,  u)o:(u)du  4*  f(s))ds>  t  >  to , 

to  -oo 

which  together  with  the  continuity  of  C(s ,  u)x(u)dtt  in  s  implies  that  z(t) 

satisfies  Eq.(8)  on  [to,oo).  Since  to  is  arbitrary,  x(t)  satisfies  Eq.(8)  on  R. 

Now  let  h(t)  be  a  continuous,  positive,  integrable  function  on  R.  For  each 
^-bounded  function  x  :  R  — >  Rn,  we  define  a  functional  A  (a;)  by 

poo 

X(x)  =  sup{  7  |rc(t  4-  s)|2h(s)ds  :  t  £  E}, 

-oo 

and  a  number  A  by 

A  =  inf{A(:c)  :  x(t)  is  a  solution  of  .Eg. (8)  with  sup  |x(t)|  <  H }, 

teR 

where  H  is  a  positive  constant.  Then  we  have  the  following  two  lemmas. 
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Lemma  2.2.  Under  the  assumptions  in  Lemma  2.1 ,  Eq.(8)  has  a  minimal 
solution,  that  is,  an  R-bounded  solution  of  Eq.( 8)  which  attains  the  value  A. 

Proof  Lemma  2.1  assures  the  existence  of  an  IR-bounded  solution  x(t)  of 
Eq.(8)  with  suptGjR  <  H  for  some  H  >  0.  Prom  the  definition  of  A,  there  is  a 
sequence  {^(t)}  of  ^-bounded  solutions  of  Eq.(8)  which  satisfies 

A(zj)  <  A  -f  ~  a nd  sup  \xj(t)\  <  H. 

3  t€R 

Clearly  the  set  of  functions  {xj(t)}  is  uniformly  bounded  and  equicontinuous 
on  R.  Thus  the  sequence  {xj(t)}  has  a  subsequence  which  converges  to  an 
^-bounded  solution  y(t)  of  Eq.(8)  with  supt€jR  |y(t)|  <  H .  Moreover,  since  we 
have 


we  obtain 


\xj(s  -f  t)\2h(s)ds  <  A (xj)  <  A  + 


\y(s  +  t)\2h(s)ds  <  A, 


and  hence  A (y)  <  A.  Thus  we  have  A (y)  —  A,  because  A (y)  >  A  from  the 
definition  of  A. 

Lemma  2.3.  In  addition  to  the  assumptions  of  Lemma  2.1,  if  yj (t)  (j  =  1,2) 
are  minimal  solutions  of  Eq.  (8),  then  there  is  a  sequence  {tj}  with 

Vi(t  +  tj)  -  y2(t  +  tj)  ->  o 

uniformly  on  any  compact  interval  in  R  as  j  oo. 

Proof  Define  functions  p,  q  :  R  Rn  by 

Pit)  -  and  ,(()  =  t  e  R. 


Then  we  have 


poo 

|p(s  +  t)\2h(s)ds  +  \q(s  +  t)\2h(s)ds 


1  f°° 

-  '  |j/i(s  +  t)\2h(s)ds  +  \y2(s +  t)\2h(s)ds  <  A, 


which  implies 


P oo  p oo 

'  |p(s  +  t)\2h(s)ds  <  A  -  inf{  '  |g(s  +  t)\2h(s)ds  :  t  e  R}. 
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This  together  with  the  definition  of  A  yields  inf {/^  | q(s  4  t)\2h(s)ds  :  t  € 
R}  =  0,  and  hence, 

rOO 

inf{  '  \yi($  4 1)  —  2/2(5  4-  t)\2h(s)ds  :  t  €  it}  =  0. 


Thus,  there  is  a  sequence  {tj}  with 


pOO 

lim  '  |yi (s  4  tj)  -  2/2(5  4  tj)|2h(s)ds  =  0. 

?  ^ 00  _ 


(11) 


Since  the  set  of  functions  {2/1  (t  -f  tj)  -  2/2 (t  4  tj)}  is  uniformly  bounded  and 
equicontinuous  on  R ,  taking  a  subsequence  if  necessary,  we  may  assume  that 
the  sequence  {2/1  (t  4  tj)  —  2/2 (t  4-  tj)}  converges  to  a  continuous  function  rj(t) 
uniformly  on  any  compact  interval  in  R  as  j  — >  00.  Brom  (11),  for  any  T\  and 
72  we  have 

^  |?7(s)|2h(s)ds  =  0, 

Tl 

which  together  with  the  positivity  of  h(t)  on  it  implies  ??(t)  =  0  on  it.  This 
completes  the  proof. 

Remark  2.1.  in  this  proof,  we  need  that  the  norm  |  ■  |  of  Rn  is  the  Euclidean 
norm. 


Prom  these  lemmas,  we  have  the  following  theorem. 

Theorem  11  Under  the  assumptions  of  Lemma  2.1,  Eq.(2.1)  has  a  T-periodic 
solution. 

Proof  Let  y(t)  be  a  minimal  solution  of  Eq.(8)  ensured  in  Lemma  2.2. 
Clearly,  y(t  4  T)  is  also  a  minimal  solution  of  Eq.(8).  Thus,  from  Lemma  2.3 
there  is  a  sequence  {tj}  in  R  with 

y(t  -f  tj)  —  y(t  4  T  +  tj)  — ►  0  as  j  — >00 

uniformly  on  any  compact  interval  in  it.  For  each  positive  integer  j,  let  Vj  be 
an  integer  with 

VjT  <  tj  <  (yj  4  1)jT, 

and  let  <7j  :=  tj  —  UjT.  Taking  a  subsequence  if  necessary,  we  may  assume  that 

a j  — >  a  as  j  — >  00 

for  some  a  with  0  <  a  <  T,  and  that  for  some  bounded  continuous  function 
7](t)  on  it, 

y(t  4  tj)  rj(t)  as  j  00 
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uniformly  on  any  compact  interval  in  it!,  since  the  set  of  functions  {y(t  + t^)} 
is  uniformly  bounded  and  equi continuous  on  R.  Clearly,  rj(t)  is  T-periodic. 

Now  we  show  that  rj(t  -  a)  is  a  T-periodic  solution  of  Eq.(8).  Let  to  €  R 
be  any  number,  and  let  t  >  to.  Since  y(t)  satisfies  Eq.(8),  by  integrating  the 
both  sides  of  Eq.(8)  on  [to  —  g +  tj,  t  -  a  4*  tj],  we  have 

pt-a+tj  ps 

y(t—(T+tj)  =y(to  —  cr+tj)+  ( A(s)y(s)+  '  C(s)u)y(u)du+ f(s))ds 

to—a+tj  —  oo 


=  2/ (t0  —  a  +  tj)  + 


t* 

1  (A(s  —  cr  +  aj)y(s  —  cr  +  tj)ds 

to 


p t  rs 

+  (  C(s  —  a  +  Gj,u  —  g  + Gj)y(u  —  <j -\~tj)du  +  f(s  —  a  +  Oj))ds. 

to  —  oo 


By  letting  j  — >  oo  and  using  the  same  arguments  as  in  the  proof  of  Lemma 
2.1,  for  t  >  to  we  have 


ft  fS 

Tj(t  -  cr)  =  77 (to  -  o’)  +  '  (A(s)t](s  -  cr)  +  1  C(s,  u)i)(u  -  a)du  +  f(s))ds. 

to  —  OO 

Since  to  is  arbitrary,  r](t— g)  satisfies  Eq.(8)  on  R.  Thus,  7?(t-cr)  is  a  T-periodic 
solution  of  Eq.(8). 


Now,  by  combining  Theorems  in  Sections  1  and  2,  we  obtain  the  following 
corollary,  which  we  state  without  proof. 

Corollary  2.1.  Under  the  assumptions  of  Theorem  1.1  (or  Theorem  1.2)  and 
Lemma  2.1 ,  Eq.(S)  has  a  T-periodic  solution. 


Finally  we  show  an  example  to  Corollary  2.1. 

Example  2.1.  Consider  the  scalar  equation 

1  U 

xl(t)  =  (—2  +  -  cost)x(t)  4*  e2^-^ x(s)ds  +  sint.  (12) 

o  —00 


Then  we  can  take  B  =  1/4,  K  —  r  —  1/2,  k  =  1,  p  ~  1/3,  and  T  —  r.  It  is 
easy  to  see  that  all  assumptions  of  Corollary  2.1  are  satisfied.  Thus ,  Eq.(12) 
has  a  27: -periodic  solution. 
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In  this  paper,  we  present  some  new  Razumikhin  type  criteria  that  guarantee  the 
solutions  of  retarded  functional  differential  systems  with  finite  or  infinite  delay  to 
be  stable  or  bounded.  Here,  the  restrictions  on  the  time  derivatives  of  Liapunov- 
Razumikhin  function  are  weakened  in  some  sense. 


1  Introduction 

It  is  well-known  that  most  of  stability  and  boundedness  criteria  are  given  by  the 
Liapunov  second  method3  >4,  and  the  Razumikhin  technique  is  one  of  the  useful 
tools.  However,  in  some  cases,  the  restrictions  on  derivatives  of  Liapunov- 
Razumikhin  functions  are  too  strict  to  be  used.The  purpose  of  our  work  is  to 
weaken  these  restrictions  and  to  give  some  new  criteria.  We  consider 

x'(t)  =  f(t,xt)  (1) 

dThis  work  is  supported  by  the  National  Natural  Science  Fund  of  China 
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where  x  6  Rn ,  xt  =  x(<  -f  0),  0  6  [— r,  0),  r  =  const.  >  0,  /  :  R+  x 
C([— r,  0],  Rn)  — >  Rn,  R+  =  [0,  +oo).  If  the  stability  problem  is  considered,  we 
assume  /(f,0)  =  0.  Also,  we  consider  retarded  functional  differential  systems 
with  infinite  delay: 

x  (t)  =  f(ttx(s))  a  <  s  <t.  (2) 

where  a  >  -oo,  /  :  x  C([a,  0],  Rn)  Rn. 

Let  |*|  be  the  Euclid  norm  of  Rn, 

_  f  sup9€[_ri0]  |<o(0)|  for  ip{6)  €  C([-r,0},Rn) 

^  suP«€[a,0]  |¥>(0)I  for  <p(9)  6C([a,0],iin)  '  ) 

We  always  assume  that  system  (  1)  or  (  2)  satisfies  the  conditions1  which  guar¬ 
antee  existence,  uniqueness  and  extendedness  of  the  solution  through  (to,(p). 
The  uniform  boundedness  and  uniform  stability  definitions  are  considered  as 
the  traditional  definitions.  A  continuous  function  u  :  R+  h->  R+  is  called  to  be  a 
wedge  function,  if  u(0)  =  0  and  u(t)  increases  strictly.  A  Liapunov-Razumikhin 
function  is  a  continuous  function  V  :  i— >  R+.  The  time  derivative  of  V  along 
the  solution  x(t)  of  system  (  1)  or  (  2)  is  defined  as 

D+V(t,x(t)) |(*):=  lim  sup  -^[V^  +  h,x(t  +  h))  -  V(t,x(t))]  (4) 

h — ►0+  tl 

where  (*)  means  (  1)  or  (  2). 

2  Main  Results 

In  this  section,  we  present  some  new  criteria  of  boundedness  and  stability  for 
functional  differential  systems  with  both  finite  and  infinite  delay. 

Theorem  12  Suppose  that  there  exist  two  wedge  functions  u,  w,  a  Liapunov- 
Razumikhin  function  V(t,x)  and  two  real  number  sequences  {£*}>  {i2Y},  i  £ 
/+  =  0,1,2,--  •,  satisfying 

i)  u(|x|)^  V ( t ,  x (/))  <  t  >  to  —  r,  u(s)  — >  -foo  as  s  — ►  +oo; 

ii ) Ki  <  Hu  [Hi,  Hi]  f|  [Hj,  Hj]  j,  ij  £  /+^Jimi_+00  H_i  =  +oo; 

iii)  D+V(t,x(t)) |(  x)  <  0,  whenever  V(t,x(t))  G  [Hiy  Hi],  and  V(t-s,x(t~ 
s))  <  Vr(t,x(t))l  s  €  [ — r,  0] ;  then  the  solutions  of  system  (  1)  are  uniformly 
bounded. 

In  the  above  theorem,  if  condition  limi^+oo  =  -foo  is  replaced  by 
lim;_>+00  Hi  —  0  ,  the  zero  solution  of  system  (  1)  is  uniformly  stable. 

For  systems  with  infinite  delay,  similarly,  we  can  gave  the  criteria  of  bound¬ 
edness  and  stability.  For  instance,  we  obtain 
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Theorem  13  Suppose  that  there  exist  two  wedge  functions  u,  w ,  a  Liapunov- 
Razumikhin  function  V(t,x)  and  two  real  number  sequences  {Hi},  {Hi},  i  E 
/+  =  1, 2, satisfies 

i)  u(\x\)  <  V (t,  x(t))  <  w(|:r|),  t  >  a,  u{s)  — ►  +oo  as  s  — >  -boo; 

ii)  Hi  <  Hi,  [Hi,  Hi]  fl  [H^Hj]  =  <j>,%  7^  j,  i,j  E.  I+  ,lim^+0O  =  +oo; 

iii)  D+F(£,  x)|(  2)  <  0,  whenever  V{t,x)  E  [Hi, Hi],  and  V(s,x(s))  < 
V(t,x(t)),  s  E  [j u,t\,  where  fi  —  max{a,£  —  r(L)},  L  >  0  is  arbitrary,  r(L )  >  0 
is  assumed  to  be  existed  such  that  supse^  t^  |x(s)|  <  L\  then  the  solutions  of 
(  2)  are  uniformly  bounded. 

Analogously,  we  can  give  the  stability  theorem  for  (2).  It  is  omitted  here. 

Finally,  by  two  examples  we  show  the  effect  of  our  theorems. 

Example  1  Consider  delay  system 

f  dx<&  =  ^  +  +  y2(ty 

^  =  ^y(t  -  r)  +  y(t)  sin(x2(t)  +  y2(t )) 

Taking  u(s )  =  t>(s)  =  \s2,  V ( x ,  y)  —  ^(x2  +  y2),  we  have 

D+V{x,y)\(  5)  <  V2(V(x(t),y(t))  +  V(x(t  -  r),y(t  -  r))) 
+2V(x(t),y(t))  sin(x2 (t) +y2(t)). 


Hence,  D+V(x,y) |(  5)  <  0,  whenever  x2  +  y2  £  [2/ctt  +  ^f,2kn  +  If]  and 
V(x(s),  y(s))  <  V(x(t),y(t)),ior  s  £  [t  -r,t}.  By  Theorem  1,  we  conclude  that 
all  the  solutions  of  system  (  5)  are  uniformly  bounded. 

Example  2  Consider  system 


dx(t )  _ 

dt 

i 

I  dV (*)  _ 

dt 


f  ^x(t  —  r)  +  x(t)  sin( 
&x(t-r), 

(  ^y(t  -r)  +  y(t)  sin(- 


1  ) 

^/x2(t)+y2(t);’ 

1  ) 


x2  +y2  f  0 

x2  +  y2  =  0 
x2  +  y2  0 

x2  +  y2  =  0 


(6) 


Also,  we  take  the  wedges  and  Razumikhin-Liapunov  function  as  in  Exam- 
pie  1.  We  have  D+V(x(t),y(t))]{  6)  <  V{x{t),y{t))(s/2  +  2sm(^-|— )  <  0, 

whenever,  2 V{x,y)  £  [(^^-1^)2,  (_L^)2])  €  j+>  and  V(x(s),y(s))  < 

V(x(t),  y(t)),  for  s  E  [t  —  r,t].  By  Theorem  2,  we  conclude  that  the  zero  solu¬ 
tion  of  system  (  ??)  is  uniformly  stable. 
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This  paper  deals  with  the  observer-based  Hoo  controller  design  for  discrete-time 
systems  with  time-delay  in  state.  In  terms  of  modified  Riccati  inequality  for 
discrete-time  linear  systems,  we  design  two  kind  of  observer  based  feedback  control 
laws  which  guarantee  the  quadratic  stability  of  the  closed-loop  control  system  and 
reduce  the  effect  of  the  disturbance  input  on  the  controlled  output  to  a  prescribed 
level. 
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1  Introduction 

Time  delay  is  commonly  encountered  in  various  engineering  systems,  such  as 
chemical  processes,  long  transmission  lines  in  pneumatic,  hydraulic  and  rolling 
mill  systems.  And  time  delay  usually  results  in  unsatisfactory  performances 
and  is  frequently  a  source  of  instability^.  Recently,  by  extending  the  state 
space  Hoo  controller  design  methods,  several  authors  have  proposed  Hoo  control 
methods  for  linear  systems  with  time  delay The  problem  of  robust  H0 0 
state  feedback  control  design  for  linear  continuous-time  system  with  delay  was 
addressed  in  paper  [2]  —  [6],  and  the  problem  of  static  out  put-feedback  control 
for  this  system  was  considered  by  Shaked  et.alJ7^  Besides,  Song^  dealt  with 
the  Hoo  control  problem  for  discrete-time  linear  system  with  delayed  state. 

In  this  paper,  we  extend  the  result  of  Song  in  order  to  design  a  state  ob¬ 
server  and  observer  state  feedback  control  laws  for  discrete-time  linear  system 
with  time-delay.  We  present  two  methods  for  designing  observer-based  Hoo 
controller  for  such  system.  In  terms  of  modified  Riccati  inequality  for  discrete¬ 
time  linear  systems,  we  give  a  sufficient  condition  for  quadratic  stability  with 
Hoo  norm-bound.  According  to  the  given  sufficient  condition  one  can  obtain 
control  parameters  of  an  observer-based  Hoo  control  law  by  solving  two  discrete 
Riccati-like  inequality. 

2  Model  description  and  background  results 

Let  the  system  to  be  controlled  be  represented  by  the  following  equation: 

(  x(k  4  1)  =  A\x(h)  4-  A2x(fc  -  h)  4  B\w{k)  4  B2u{k ), 

<  z(k)  =  C\x(k)  4  Diu(k),  (1) 

^  y(k)  =  C2x(k ), 

where  x(k)  E  3£n  is  the  state,  w(k)  6  3£mi  is  exogenous  disturbance  which 
belongs  to  Z2[0,oo)  ,  u{k)  E  9?m2  is  the  control  input,  z(k)  E  9£Pl  is  the  con¬ 
trolled  output,  y(k)  €  3ftP2  is  the  measured  output  and  h  is  a  positive  integer 
for  time  delay.  Ai,  A2,  B\,  £2,  Ci,  C2  and  D\  are  known  real  constant  matri¬ 
ces  of  appropriate  dimensions.  We  also  assume  that  A2  has  been  factored  as 
A2  =  Am  ’  An,  where  Am  E  $lnxl,An  E  9$*xn  and  l  =  Ranfc(A2).  For  the 
sake  of  technical  simplification,  without  loss  of  generality,  we  shall  make  the 
following  assumption: 

Assumption  1:  Di  \Ci  Di]  =  fO  Im2 1  . 

Before  proceeding  further,  we  will  give  some  preliminary  results.  Let  us 
consider  the  following  discrete-time  delay  system: 
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(  x(k  +  1)  =  Aix(k)  4*  A2x(k  —  h)  +  Biw(k),  ft>. 

z(k)  =  Cx(k):  '  ' 

where  Ai,Al2,Pi  and  C  are  constant  matrices  with  appropriate  dimensions. 
And  A2  can  be  factored  as  A2  =  Am  •  An. 

Definition  1:  For  some  given  positive  constant  7,  the  discrete-time  delay 
system  (2)  is  said  to  be  quadratically  stable  with  an  Poo-norm  bound  7  if  the 
following  properties  (Pi)  and  (P2)  hold: 

(Pi.)  The  system  (2)  is  asymptotically  stable  when  w  =  0; 

(ft.)  Halloo  <7. 

In  Definition  1,  Gzw  is  the  transfer  function  matrix  of  the  system  (2),  and 
Gzw(z)  =  C(zln  -Ai-  A2z-h)~1B1,  z  =  ei\  6  €  [0, 2n] . 
Lemma  1:  For  some  given  positive  constant  7  ,  if  there  exist  a  positive 
definite  matrix  P  and  a  positive  scalar  e  satisfying  the  following  inequalities: 
A[(P-'  -  7-2BijBjr  -  eAmAll)~lAl  -P  +  CTC+  \ATnAn  <  0, 
p-i-j-tBiBl-eAnAl  >0. 

Then,  the  system  (2)  is  quadratically  stable  with  an  Poo-norm  bound  7. 
From  the  results  given  in  Song(1998),  one  can  get  the  above  conditions. 

3  Main  results 

Now,  consider  the  following  observer-based  output  feedback  control  law: 


f  X  (k  + 1}  =  (Ai  -  LC2)  X  (k)  +A2x(k-h)  +  Ly(k)  +  B2u(k),  (3) 

u(k)  =  -Kx(k), 

where  x  (k)  €  5Rn  is  estimated  state  of  x(k),  and  L,  K  are  the  gain  matrices 
with  appropriate  dimensions.  By  introducing  the  observer  error  e(k)  —  x(k)  — 

x  ( k )  ,  we  get  the  following  augmented  system: 


f  x{k  *f  1 y==  Aix(k)  4-  A2x(k  -  h)  +  Biw(k), 
z(k)  —  Ci^fc), 

T 

where  xT(k)  =  [x  (k),eT(k)},  C\  =  [Ci  -  D\K  Ci]  and 


r  Ai  -  B2K  LC2 
0  A^  LC2 


_\A20  ] 


,  Bi  = 


(4) 


Theorem  1:  Consider  the  system  (1)  and  suppose  that  the  control 

parameters  are  given  by 
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K  =  (Im2  +  Bj NB2)~lBj NAi ,  (5) 

L  =  AjMCj  (C2MCf  +  ^/p,)"1,  (6) 

where 

M  =  (Pf1  -  —A^ An  -  (1  +  -)Cf  C,  -  - C, fC,)-1  >  0, 

€i  £2  «3 

JV  =  (Pf 1  -  ei -  egl^7)-1  >  0,  y>,  «(«  =  1, 2, 3) 

are  some  positive  constants,  Px  and  P2  axe,  respectively,  positive-definite  so¬ 
lution  matrices  to  the  following  Riccati-like  inequalities: 

Ai  (Pf1  —eiAmA'%l  —  €3LLT+B2B2)~1Ai  —  Pi-\-^-AnAn  +  (l+e2)C'[Ci  <  0, 

CO 

A1[M-1+CZC2(-  +  -^MCZC2)]-1A'[ -P2  +  eiAmAl+j~2B1Bf  <  0. 

(8) 

Then,  the  closed-loop  system  is  quadratically  stable  with  Poo-norm  bdund  7  . 
Proof:  By  Lemma  1,  if  we  define  P  as  P  =  p_i\  where  Pi 

U  P2 

and  P2  are,  respectively,  positive-definite  solution  matrices  to  the  Riccati-like 
inequalities (7)  and  (8),  then  through  some  routine  algebraic  manipulations  one 
can  show  that  Pi  and  P2  satisfy 

\Pi  -  ±ATnAn  -  (1  +  e2)Cf  Cj  -  KtK  (A1  -  B2K)T  1 

(A\  -  B2K)  Pj-1  -  eiAfnA^n  —  ezLLT  >  ’ 

r  P2  -  T2Bi  Bf  -  e1AmAl  A\  -  LC2  1 

(A1-LC2f  P2l  -  ±AlAn  -  (1  +  -  ±ClC2  >0' 

Choose  K  =  (Jms  +  B^ N B2)~l B2  N A\,  L  =  ^1MC'2T(C'2MC,27’  +  <pIP2)~\ 
where  M  =  (P,"1  -  ±A*An  -  (1  +  ±)<%Ci  -  ^C2)~l  >  0,  N  = 
(P-f1  —  e, AmA^n  —  £3 LLt)~1  >  0,  and  <p,  £j(i  =  1,2,3)  are  some  positive 
constants. 

From  the  well-know  Schur  complement,  one  can  conclude  that  the  above 
two  matrix  inequalities  are  equivalent  to  (7)  and  (8).  Q.  E.  D. 

It  should  be  noted  that  the  above  control  law  requires  instantaneous  val¬ 
ues  of  the  estimated  state  and  past  values  of  the  estimated  state.  Now,  we 
construct  another  observer-based  output  feedback  control  law  which  requires 
only  instantaneous  values  as: 
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(9) 


(x(k  +  l)  =  (Ax-  LC2 )  x  {k)  +  B2u{k)  +  Ly(k), 
u{k )  =  ~Kx  (fc), 

where  x  ( k )  G  3£n  is  estimated  state  of  x(k)  .  Corresponding,  we  have  the 
following  augmented  system: 


(  x(k  4-  l)j=  Aix(k)  4-  A2x(k  -  h)  +  Biw(k) 
z(k)  =  Cix(k) 


where  xT(k)  =  [x  (k),eT(k))  ,  and 
\Al-B2KLC2  1 
0  Ai  —  LG2 


Ai  — 


I2=r°  0  1 


s  _ro  i 

Sl"  Si 


A2  can  be  factored  as  A2  = 


A 2  A.  2  J 

_  ro  1 


U„A»1,  so  we  have  the  following 


theorem. 

Theorem  2:  Consider  the  system  (1)  and  the  observer-based  feedback 

control  law  (9),  and  suppose  that  the  control  parameters  are  given  by 


K  =  (Jmi  +  B\ N'B2)~lBj  N'A\ ,  (11) 

L  =  AiM'C%  {C2M'Cl  +  (12) 

where  M'  =  (P2-1  -  -  (1  +  ±)C?Ci  -  >  0,  N'  = 

(Pf1  -  e3LLT)~1  >  0,  and  <£>',  =  1,2,3)  are  some  positive  constants. 

Pi  and  P2  are,  respectively,  positive-definite  solution  matrices  to  the  following 
Riccati-like  inequalities: 

AT  (Pf1  -  e3LLT  +  P2P2T)-%  -P1  +  -ATnAn  +  (1  +  e2)C1TC':  <  0,  (13) 

Cl 

A^M'-1  +  CfC2(^j  +  -L M'cTC2)}~1AT  -P2  +  txAmATm  +  j~2B1bT  <  0. 

V  *  .  (14) 

Then,  the  closed-loop  system  is  quadratically  stable  with  an  Poo-Norm  bound 
7- 

Proof:  As  proved  in  the  Theorem  1,  through  the  same  manipulation, 
one  can  conclude  that  the  closed-loop  system  is  quadratically  stable  with  an 
Poo-Norm  bound  7. 
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Remark  1 :  In  this  paper,  we  construct  two  kind  of  observer-based  output 
feedback  control  laws.  The  first  type  need  instantaneous  values  and  past  values 
of  the  estimated  state,  while  the  second  type  requires  only  instantaneous  values. 
When  we  don't  know  the  time  delay  clearly,  the  first  one  is  more  difficult  to 
implement,  but  the  second  one  can.  However,  the  first  one  is  less  conservative 
than  the  second  one  in  designing  the  control  parameters. 

Remark  2:  The  conditions  in  Theorem  1  or  Theorem  2  are  developed 
from  the  well-known  Riccati  inequality  which  plays  an  important  role  in  H^ 
control  of  discrete-time  linear  systems.  So  one  can  solve  the  Riccati-like  in¬ 
equalities  (7),  (8)  or  (13),  (14)  to  get  the  gain  matrices  which  solve  the  problem 
of  Hoo  control  . 
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HOPF  BIFURCATION  FOR  A  ECOLOGICAL 
MATHEMATICAL  MODEL  ON  MICROBE  POPULATIONS6 
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The  ecological  Model  of  a  class  of  the  two  microbe  populations  with  second-order 
growth  rate  is  studied.The  methods  of  qualitative  theory  of  ordinary  differential 
equations  are  used  in  the  four-dimension  phase  space.  The  qualitative  property 
and  stability  of  equilibrium  points  are  analysed.  The  center  manifold  and  criterion 
quantity  of  Hopf  bifurcation  are  computed  by  using  symbolic  software  based  on 
computer  algebra. 


1  Model  and  background 

In  microbe  biochemical  reactions  there  are  complex  metabolism  processes  and 
usually  many  populations^].  Among  these  populations  there  may  be  a  relation 
that  the  metabolate  in  the  first  process  construct  the  nutriment  of  the  second 
process.Now  we  consider  only  two  important  populations  and  denote  them  by 
xi  and  X2 .  The  model  is  discrebed  as  follows: 


x\  —  aoi  +  a\X\  +  anx\ 

X2  —  CiQ2  X2  “b  02^2  “b  a21^1  #2  "b  ^22^2 


eThis  work  is  supported  by  NSF(19571081) 
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In  order  to  use  the  method  of  qualitative  theory  of  ordinary  differential 
equations,  we  set  yi  =  Xi  (i=l,2)  It  follows  immediately  that 

®i  =2/i 

Vi  =  aoi  Vi  +  GiXi  +  ^n^i2  q  2) 

=  2/2 

4  2 
2/2  —  tt02  2/2  +  d2^2  +  021^1^2  +  0>22x2 

In  the  next  sections  we  will  analyse  this  set  of  4-dimension  equations  in 
detail. 

2  Equilibrium  points  and  their  stability 

Using  matric  notations  we  can  write  (1.2)  as 

X  =  F(X)  (2.1) 

where  X  =  (x1}x2,yliy2)T 

Let  F(X)=0,  we  have  found  that  equilibrium  points  of  (2.1): 

01(0,0,0,0)  02(-^, 0,0,0)  Os( 0,-^,0,0)  O4 (jni , 77i2 ,0,0) 
where  mi  =  x\  =  -ax  /au  m2  =  x*2  = 

Condition  I  Supose  ai  >  0,  a2  >  0,on  <  0,a22  <  0  and  let  a2 1  be  appror 
poritely  small. 

Under  condition  I  the  points  Oi,  02) 03,04  €  R4+  =.  {(®i,®2,S/i»2fe)|*«  > 
0,2/i  >  0}  when  X\  >  0,x2  >  0,  we  call  the  point  O4  as  positive  equilibrium 
point. 

The  first  order  variational  equation  of  (2.1)  is 

X  =  AX  (2.2) 

A  =  ZXF(X*)  is  the  Jacobian  matrix  of  F(X),A*  denotes  one  of  the  four  equi¬ 
librium  points.  The  eigenpolynomial  is 


$(A)  =  |AJ5  -  A\  =  (A2  -  Aa0i  -  &i)  (A2  -  a02 A  -  b2)  (2.3) 


where  b\  —  a\  +  2an  x\ ,  b2  =  a2  +  a2i  x\  +  2a22  x2 
Condition  II  Suppose  aoi  ao2  ^  0,  &i  b2  ^  0  in  (2.1). 

Lemma  2.1  under  condition  II.  All  the  equilibrium  points  are  hyperbolic 
equilibrium  points^3!. 

Lemma  2.2  suppose  that  the  condition  II  holds  thus  the  classification  of  the 
singular  points  is  determined  by  sign  ofa-oi  and  6*.  I).  If  there  is  a  6*  such 
that  bi(X*)  >  0  then  the  singular  point  is  a  generalized  saddle  point  .  II) .If 
bi(X*)  <  0  for  all  i,  then  A)  When  a0i  <  0  for  all  i,  X *  is  generalized  node 
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with  asymptotic  stability.  B)  When  aoi  >  0  for  all  i,  then  X*  is  a  generalized 
node  with  nonstability.  C)  When  001  a02  <  0  ,  then  X*  is  a  generalized  saddle 
point. 

Theorem  2.3  Suppose  condition  I,  II  hold  and  a0i  <  0  for  all  i,  then  all 
the  singular  points  of  (2.2)  are  hyporbolic  singular  points:  Oi,  02, 03  are  gen¬ 
eralized  saddle  points.  They  are  unstable. O4  is  generalized  node  point  with 
asymptotic  stability.  It  is  also  called  0+  attractor.  [3] 

We  have  completed  the  local  qualitative  analysis  on  the  linear  variational  equa¬ 
tion.  The  topological  structure  of  the  set  of  solutions  of  (2.1)in  the  neighbor¬ 
hood  of  the  equilibrium  points  are  clear  according  to  Hartman  theorem  [2]. 

3  Hopf  bifurcation  under  small  perturbation 

From(1.2)  we  know  that  population  X\  can  be  completely  determined  by  the 
subsystem 


2/1  =  Goi  2/i  +  CL1X1  +  anxx2  {  '  ) 

On  above  equations  the  interaction  between  x\  and  X2  has  not  been  con- 
sidered.In  the  practical  biochemical  reaction  population  x2  may  react  to  x\ 
with  the  increase  of  x2 .  Consequently  we  will  take  a  small  pertrubation  on  the 
origin  system.  Thus  the  considered  system  will  be  more  complete. 


xi  =  yi 

2/1  =  a-01 2/1  +  0.1X1  ~h  0*11X1 2  4*  ^12(^1  ~  mi)(a;2  —  rn2)  (  , 

X2  =  2/2 

2/2  =  OQ2  V2  +  O2X2  +  a21XiX2  +  a22^2 

Where  ai2  sufficently  small.  The  equilibrium  persists  and  mi  and  m2  are  the 
same  as  section  2.  Let  f  =  xx  -  mi  rj  =  x2  -  m2  X  =  (£,  77,  yu  y2)T  ,the  (3.2) 
is  replaced  by 


X  =  AX  +  G  (3.3) 

/  0  0  1  0  \  /  0  \ 

A\  =  I  0  0  0  1  I  r=  I  0  I 

04  I  bi  0  aoi  0  I  I  an  £2  +  ai2  £  rj  I 

'  ci  62  0  ao2  *  '  021  f  V  +  a22  77 2 

Where  bi  =  an  m  1 ,  b2  —  o22  m2,  Ci  —  a2i  mi 
Condition  III  Suppose  aoi  —  0,ao2  <  0. 

Theorem  3.lW  suppose  the  condition  I,  III  are  satisfied.  For  system  (3.3) 


/• 
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then  there  are  a  2-dimensional  local  stable  manifold  S  and  a  2-dimensional  lo¬ 
cal  center  manifold  M.  These  manifolds  are  all  tangent  to  the  respective  stable 
and  central  eigensubspace  of  the  linear  system. 

It  is  very  complex  and  difficult  to  calculate  the  centre  manifolds  manually. 
Using  sign  algebra  software  we  completed  this  work  on  computer  success¬ 
fully.  For  simplifying  we  denote  A* ,  Aj" ,  \2 ,  A^fy/Ai ,  A2,  A3 ,  A4  respectively.  Let 
D12  =  A2  —  002  Ai  —  62  D22  =  A2  —  ao2  A2  —  62 

Under  conditions  I,  III  .  We  also  assume  aoi  =  0,  a22  +  4&2  >  0-  Then  we  have 
Ai}2  =  ±ip(P  >  0)  and  A3,  A4  are  negative  real  roots. 

On  the  above  supposes  there  are  four  linearly  independent  eigenvectors 
ei,  e2,  e3,  e4.  They  construct  the  transform  matrix. 

( L>12  -°22  0  0\ 

(ei,ea,e3,e4)=  I  a,  £>12  A2  £>22  0  0  I 
Ai  ci  A2  Ci  A3  A4 

Where  Ai,  A2,Di2,L)22  are  complex  number.  ei,e2  are  complex  conju¬ 
gate  vectors.  By  dividing  real  and  imaginary  parts  we  obtained  the  real  form 
transform  matrix  denoted  by 

( s  —t  0  0\ 

ci  0  1  1  | 

—p  t  —p  s  0  0  I 

0  -CiP  A3  A4 

Here  s  =  ~p2  —  62,  t  =  —002  P,  P  = 

Using  the  transformation  X  =  P  u,  u  =  (ui,U2,us,  u4)T  We  obtained 
u  =  r14Fu  +  ?-1G  =  Ju  +  G  (3.4) 

Where 

/0  -p  0  0\ 

T  _  \  P  0  0  0  I 

0  0  a3  0 

1  0  0  0A4' 

the  inverse  of  the  martric  P  is  as  follows 

(  ps{  A4-A3)  0  ~t  (A4  -  A3)  0  \ 

p- ~~pt( A4  —  a3)  0  &  (A4  —  A3)  0  1 

\P\  I  Pci  {fit  -  sA4)  p\4(s2+t2)  Ci(/?S+tA4)  -p{s2+t2)\ 

—p  Ci  (P  t  —  sA3)  —p  A3  (s2  + 12)  —Ci  (P  s  + 1 A3)  P  (s2  + 12) 
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(3.5) 


|P|  =detP  =  0(s2  +  t2)(\4-\3) 

For  simplifying  we  denote  P~l  by  Q  =  (qtj) 

G  =  QG  =  (ffi,P2,ff3,54);r 

Now  we  write  (3.4)  in  the  form 

^=<ro'5>c>+<£)=cu'+s‘  <36) 

"B  =  (os  °.0  +  (*)  =  Bub  +  Gb  (3'7) 

Where  uc  =  (tti,^2)T,  uB  —  (t*3,  u^)T  the  centre  maniforld  is 
uB  =  h(uc) 

where  h(uc)  satisfy  the  following  equation 

Dh(uc)[Cuc  +  Gc(uc,  h(uc))]  =  5h(uc)  +  GB(uc,h(uc))  (3.8) 

h(0)=0  Dh(0)=0  Let 

hi  —  hn  u\  +  hi2Uiu2  +  haul  +  hiAu\  +  ...  (i  —  3, 4)  (3.9) 

Substituting  (3.9)  into  (3.8),  the  /i^-,(i=3,4}j=l,2,3,4r..)  can  be  determined 
by  balancing  powers  of  coefxcients  for  each  component.  When  paramenters  of 
the  system  are  given  the  hij  can  be  actually  computed.  We  substitute  these 
hij  into  (3.9)  and  obtained  the  approximate  expressions  of  the  center  manifold 
thorough  second-order. 

In  the  actual  problem  the  parameter  ao %  relates  with  growth  rate  fj,  and  con- 
stance  b.  It  can  be  written  as  ooi  =  (x  —  b,  when  fx  —  &,  aoi  =  0,  aoi  changes 
with  change  of  /i.  Under  some  conditions  the  periodic  solution  of  Hopf  type 
may  occur.  The  vector  field  restricted  to  the  center  manifold  is  given  by 

£  _  /0  f9i(ui,U2,h3(ui,U2),hi(ui,U2)), 

c  '/?  0  nu2'  1 92(Ul,U2,h3(ul!U2),hi(Ui,U2))> 

Lemma  3.2  If  the  system  satisfies  the  following  conditions:  1. Trans versality 
condition  d  =  da(fx)/dfx  ^  0,  2. The  criterion  quantity  a  ^  0  (the  expression  of 
a  is  below)  then  Hopf  bifurcation  occur. 

By  analysing  signs  of  d  and  a  we  can  obtain  the  bifurcation  director  and  stabil¬ 
ity  of  the  periodic  solutions.  There  are  four  possibilities  :  case  1:  d  >  0,  a  >  0. 
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case  2:  d  >  0,  a  <  0.  case  3:  d  <  0,  a  >  0.  case  4:  d  <  0,  a  <  0. 

Remark  1.  For  a  <  0,  the  bifurcating  periodic  orbit  is  always  stable,  the  case 
a  <  0  is  referred  to  as  supercritical  bifurcation  and  for  a  >  0  the  bifurcating 
periodic  is  always  unstable.  This  case  is  referred  to  as  a  sub-  critical  bifurca¬ 
tion. 

For  our  system  d  is  easy  to  calculate.  To  calculate  a  we  use  the  explicit  for- 
mular.  It  can  be  found  [4]  the  criterion  quantity  a  is  given  by 


P  16  "h  9^-UiU2U<2  4“  Q2U\U\U2  “b  92U2U2U2 ] 

“b  i6  p  [9IU1U2  ( 9luiui  “b  9IU2U2)  92u\U2  {.92u\ui  “b  92U2U2  ) 

9luiui  92u\Ui  "b  9IU2U2  #2112^2] 


Where 


a  —  16  aa  H-  ^  ^bb 


aa  —  (—2  a,i2 1  (/Z32  4*  h 42)  4-  3  aj2  s  (2  h$i  4-  2  h^i )  +  0,12  s  (2  hs3  4-  2  h 43))  qi3 
~b  (2  ai2  s  (J132  4-  h^)  “  3  ai2  t  (2  +  2  h 43)  —  di2  t  (2  hsi  4-  2  h^i ))  q23 

bb  =  ( — 2  djj  ts  —  d±2  tcj)  (2  dn  4~  2  di2  sci  -h  2  dn  t2)  qis2 

4-  ( —  (2  dn  S<1  4-  2  ai2  sci )  +4  an2t q2s  qi3  4 -  (2  dn  ts  4-  di2  tci ) 

(2  dn  52  4-  2  di2  sci  4-  2  dn  t2)  q23 2 


Theorem  3.3  At  the  origin  of  the  system  (3.4)  the  Hopf  transverse  condition 
holds:  d  >  0.  If  a  ^  0  then  there  is  a  Hopf  bifurcation.  Case  a  <  0  is  referred 
to  as  a  supercritical  bifurcation: an  asymptotically  stable  periodic  orbit  will 
occur  near  the  origin  when  /j  >  b  and  |/z  —  6]  is  sufficiently  small.  Case  a  >  0 
is  referred  to  as  a  sub  critical  bifurcation:  an  unstable  periodic  orbit  will  occur 
near  the  origin  when  \i  <  b  and  \fi  —  6|  is  sufficiently  small. 


4  Example 

We  take:aoi  =  0,  ao2  =  “10,  a\  —  25,  an  =  —0.1  ,  a 2  =  16,  021  ~ 

0.01,  022  —  — 0.1 

There  is  a  positive  equilibrium  point  with  cordilation  mi  =  250,  m2  —  185. 
The  eigenvalues  are  as  follows:  Ai,  A2  =  ±5z,  A3  =  —2.45049,  A4  =  —7.54951 
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We  have  found  the  criterion  quantity  : 

when  ai2  =  0.005,  a  =  0.000098358105, if  a12  =  -0.005,  a  =  -0.000098307776 
Therefore, for  ai2  =  0.005  we  abtained  the  subcritical  bifurcation  for  a12  = 
—0.005  we  abtained  the  supercritical  bifurcation, a  stable  periodic  orbit  will 
occure  near  the  equilibrium  point  O4 . 
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In  this  paper,  we  introduce  a  new  geometrical  Zp  index  theory  and  give  an  example 
to  illustrate  its  applications. 


1  Definition  of  Zp  index  and  its  properties 

Let  p  >  1,  a  positive  integer,  X  be  a  Banach  space  and  /ibea  linear  isometric 
action  of  Zp  on  X ,  where  Zp  is  a  cyclic  group  with  order  p.  A  subset  A  of  X 
will  be  called  /x-invariant  if  p(A)  C  A.  A  continuous  map  /  :  A  — >  X  is  called 
/x-equivariant  if  /(jxx)  =  pf(x)^x  €  A.  Set 

E  =  {A  C  X  is  closed  and  /x-invariant} , 

For  any  given  positive  integer  m,  we  denote  the  set  of  all  divisors  of  m  by  Em. 
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For  any  set  A  e  E  and  positive  integer  fc,  if  the  map  ip  :  A  — >  Ck  is 
continuous  and  there  exist  6  Em,  such  that  Vx  €  A,  <^(/zx)  = 

et(27rmj/p)(pj(x^j  =  1,2, we  call  a  (/z,£m)fc-type  map,  where  ^(x)  — 

Set 

y  =  {z  G  C|arg2  =  =  0, 1,  ■  ■  •  ,p  -  1}. 

Now,  we  define  our  index  as  follows,  im  :  E  — ►  TV  U  {+oo},  VA  €  E, 

im(A)  =  min{A;  e  N|there  exists  a  (/z,  Em)fc~type  map  p  :  A  — >  yfc\{^}}. 

(1-1) 

If  no  such  map  exists,  we  define  im(A)  =  H-oo  and  set  zm(0)  =  0. 

Theorem  1.1  The  index  zm,  as  usual,  has  following  properties: 

(i)  im(A)  =  0  A  =  0. 

(ii)  (Monotonicity)  If  ip  :  A  — *  B  is  a  continuous  /z-equi  variant  map,  then 
im(A)  <  im(B ),  where  A, £  g  E. 

(iii)  (Subadditivity)  im(A  U  B)  <  im(A)  +  im(J?). 

(iv)  (Superinvariance)  zm(A)  <  zm(h(A)),  where  h  is  continuous  ^and  fi- 
equi  variant. 

(v)  (Continuity)  VA  €  E,  if  A  is  a  compact  set,  then  there  exists  a  closed 
neighborhood  fi(A)  of  A  such  that  zm(Q(A))  =  im(A). 

Theorem  1.2  The  index  im  also  have  normality  under  certain  conditions, 
i.e.,  Vx  e  X,  denote  [x]  —  {fijx\j  =  0, 1,  ■  •  •  ,p  -  1},  k  =  min{j  :  pPx  =  x},  if 
k^l  and p/k  G  JSm,  then  =  1. 

Denote  by  X2 a  the  ^-invariant  linear  subspace  of  X  with  dimension  2a. 
We  identify  X2a  with  Ca  by  x  =  (xi,x2,  •  •  •  ,x2a)  €  X2a  with 

(xi  +  ixa+i,  •  *  ♦  ,xa  +  zx2a)  €  Ca. 

A  Zp  action  /z  on  X2a  is  given  by 

fiz  =  (ei(2*fci MZu. . . } 

for  z  =  (zi,  •  *  * ,  2a)  6  <7a.  where  kj  #  0  integers,  j  =  1, 2,  ■  •  ■ ,  a. 

We  denote  by  <  rt\ ,  n2,  •  •  • ,  ns  >  and  [ni ,  n2,  •  •  • ,  ns]  the  greatest  common 
divisor  and  the  smallest  common  multiple  of  s  positive  integers  n\ ,  *  •  • ,  ns 
respectively. 

Theorem  1.3  (The  dimensional  property  of  index  im)  Let  Q  be  a  open 
bounded  /z-invariant  neighborhood  of  0  in  X2a.  If  ma  ^  0(modp),  then 

zm(<9n)  =  2a, 
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where 

m-  [|*i|,|fc2|,"-,|Ao|]. 

Remark  The  geometrical  index  theory  has  been  well  known  to  be  used  to 
find  out  multiple  solutions  or  subharmonic  solutions  to  a  varity  of  differential 
equations  such  as  nonautonomous  Hamiltonian  systems,  wave  equations  and 
elliptic  systems,  etc.. For  detail,  one  can  refer  to  [1,2, 3, 4].  However,  our  Zv 
geometrical  index  im  can  be  exploited  to  obtain  more  periodic  solutions  or 
subharmonic  solutions  than  the  usual  Zv  index  theory  appeared  in  current 
papers. 


2  Applications  of  index  im  to  FDE 
Let 

r2Ttp 

X={u€La([0,2np],RN):  1  u(s)ds  =  0}  (2.1) 

0 

where  a  >  1.  A  linear  isometric  action  /x  of  Zp  on  Banach  space  X  is  defined 
by  fi(u(t))  =  u(t  +  27r). 

In  the  following,  we  denote  by  scm  (Z)  the  smallest  common  multiple  of 
integers  1, 2,  -  •  • ,  Z,  and  for  given  p  >  1, 

n  =  max{Z  6  IV | [scm  ( l)]lN  ^  0(modp)},  (2.2) 

ra  =  scm  (n).  (2.3) 

For  given  closed  ^-invariant  subset  of  X,  we  define  index  im(A)  as  (1.1). 
Consider  the  2nIV-dimensional  subspace  X2nN  of  X 


X2 nN  =  Yi  ©  Y2  < 


where 


jt  jt 

Yj  =  spanjsin  — e*,  cos  — e^,  k  —  1,  2,  •  •  • ,  N} 
P  P 


where  ei  =  (1,0,  •  •  •  ,0),  •  •  •  ,eN  =  (0,  ■  •  - , 0, 1). 

For  any  u(t )  €  X2nN,  we  may  express  u(t)  as 


i(t)  =  V 
lil=i 


(2.4) 


Ve  >  0,??  >  0,  we  take  a  subset  of  X2nN  as  follows 
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Sw  =  {«(*)  €  X2nN  :  u(t)  =  V  =  ti,  ifil  =  l.'Tfcl  =  e}. 

Iil=i  J'=2 

(2.5) 

In  view  of  the  conclusion  of  Theorem  1.3  and  the  meaning  of  m,  n,  we  get 
Theorem  2.1  im(5nj^e)  =  2nN. 

Consider  the  following  second-order  functional  differential  equation: 

+  (3  +  sin t)[xi(t  -  67 r)  +  ®i(t  -  127r)]  =  05  (2.6) 

and  corresponding  ordinary  differential  equation: 

^  -f  2(3  +  sin  t)x 3  =  0,  (2.7) 

where  x  €  R.  By  classical  technique  as  used  in  [3,4]  and  the  index  theory 
introduced  in  section  1,  there  exists  at  least  4  periodic  solutions  with  minimal 
period  67r  to  (2.6)  and  (2.7). 

Remark  Our  index  im  can  be  exploited  to  obtain  more  subharmonic 
solutions  than  those  obtained  in  [3]  and  [4].  For  example,  according  to  the 
results  of  [3]  and  [4],  for  equation  (2.7),  the  authors  obtained  only  2  and  1 
periodic  solutions  with  minimal  period  67T,  respectively.  Another  example,  let  ^ 

p  =  330,  authors  in  [3]  obtained  only  4  subharmonic  solutions  of  Hamiltonian 
systems.  Under  the  same  assumptions,  our  result  is  28  subharmonic  solutions. 
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FIELDS 


Y.  C.  HE 

f  Department  of  Mathematics ,  Neijiang  Teachers  College, 

Sichuan,  641002,  P.  R.  China 

In  this  paper,  a  criterion  for  hyperbolicity  and  a  criterion  for  existence  of  closed 
invariant  cone  of  3-dimensional  homogeneous  vector  fields  are  obtained,  as  well  as 
a  bifurcation  criterion  of  the  saddle  connection  and  a  bifurcation  criterion  of  the 
periodic  orbits. 


1  Introduction 

In  this  paper,  the  criteria  of  invariant  cone  of  3-dimensional  homogeneous  vec¬ 
tor  fields  is  investigated.  The  relative  background  about  homogeneous  vector 
fields  can  be  found  in  [1]  ~  [2].  Let  f(x)  :  R3  R3  be  a  homogeneous 
vector  field  of  degree  k  :  i.e.,  f(ax)  ==  akf(x ),  and  f(x)  be  continuously 
differentiable.  Let  r(x)  =  xTx  —  \x\,  where  x  E  R3,  T  denotes  transpose 
of  x ,  \x\  Eulcideean  norm  of  x.  Based  on  the  homogeneity  of  /  and  r,  we 
have  kf(x)  =  f'(x)x>  r{x)  ~  r'(x)x ,  (so,  r'(x)  =  xT /r ),  and  r”{x)(x,  •)  =  6, 
where  f'(x)  is  the  Jacobian  matrix  of  /.  The  blowing-up  /  of  /  is  defined  by 
/  =  f/rk~l,  where  /  be  defined  by  $*/  =  /,  $  :  S2  x  R  R3  be  defined  by 
(u,r)  — >  ru,S 2  =  {x  e  R3]r(x)  —  1}  is  the  unit  sphere  in  R3.  We  can  easily 
obtain 

/(«» r)  =  (/(«)  -  r;(u)/(u)ti,  rr'(«)/(u)).  (1) 

The  vector  field  h(u)  :=  f(u)  -  rf(u)f(u)u  is  called  the  projection  of  /  on  the 
unit  sphere.  Since  the  vector  field  /  is  homogeneous,  for  any  orbit  F  C  S2 
of  h ,  the  surface  5(T)  =  {tp;i  G  R,p  E  T}  is  invariant  by  /,  which  is  called 
invariant  cone  of  /.  If  T  is  a  periodic  orbit,  5(F)  is  called  a  closed  invariant 
cone.  If  T  is  a  saddle  connection  (particularly, a  homoclic  loop),  S(F)  is  called 
a  saddle  connection  invariant  cone  (particularly,  a  homoclinic  closed  invariant 
cone).  If  T  is  hyperbolic,  5(F)  is  called  hyperbolic.  If  F  is  stable  (unstable), 
S( r)  ia  called  stable  (unstable). 

Lemma  1  Let  f(u0)  —  Ao^o  for  some  Ao  G  R,  uo  G  S2,  then: 

(1)  uo  is  a  singularity  ofh,  anduo  is  an  eigenvector  ofh'(uo),  with  eigenvalue 

0. 

(2)  An  eigenvalue  of  ff(uo)  is  k\o ,  with  eigenvector  uq.  Moreover,  suppose 
that  the  eigenvalues  of  /'( uq )  are  A:Ao,Ai,A2,  with  eigenvector  uq,  ui,  U2, 
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respectively ,  and  linearly  independent,  then  the  eigenvalues  ofhf(uo)  are 
0,  Ai  -  Ao,  A2  —  Ao,  with  eigenvector  u$,ui  —  r'(uo)uiUo ,  U2  —  rf(uo)u2Uo , 
respectively. 

Proof.  f(uo)  =  Ao^o  implies  /i(^o)  =  0.  /i(u)  can  be  rewritten  as  homogeneous 
form:  h(u)  =  r2(u)f(u)  —  r'(u)f(u)u.  According  to  homogeneity  we  obtain 
h'(uo)u0  =  (k  +  2)/i(u0)  =  0,  /'(w0)wo  =  hf(u0)  =  /cA0ito  and 

=  2r(n)/(u)r'('u)+r2(u)//(w)-u/T(tt)r//(tt)-ur//'(^)~r/(w)/(n)/.  (2) 

Thus  hf(uo)ui  =  (Ai  —  A0)(ui  —  r'(uo)uiuo).  Using  h(uo)u0  =  0,  the  second 
assertion  can  be  obtained. 

2  Main  Results 

In  this  section,  we  state  our  main  results  for  the  invariant  cone  of  homogeneous 
vector  field. 

Theorem  14  If  the  integral  along  a  closed  orbit  3?  of  h 

r 

I  =  ^(tr f'(u)  ~(k  +  2)r'(u)f(u))ds  K  (3) 

0 

is  nonzero,  where  r  is  the  period  ofT,  then  when  I  <  0(>  0),  £(r)  is  stable 
(unstable)  hyperbolic  isolated  invariant  cone. 

Proof.  Let  g>(s)  be  a  parametrization  of  the  closed  orbit  T.  Then  g>  is  also 
the  unit  normal  vector  at  point  c p(s )  €  S2,  and  the  unit  tangent  vector  of  T 
can  be  written  as  (p'(s)  =  h'(g>)/\h(g>)\.  We  take  g>,  gf  and  ip  :=  g>  x  gf  (where 
x  denotes  the  cross  product  of  vectors)  as  the  new  orthogonal  coordinate  axes 
along  T.  Let  the  new  coordinate  of  the  point  u  €  S2  be  (s,n,  m),  where 
u  is  close  to  F,  n,m  are  function  of  s.  Then  u  =  g>  +  nip  +  imp.  Thus 
v!  —  gf  +  n'lp  +  nip1  -F  m!g>  +  mg'.  From  ipTg'  ~  0,  ipTip'  =  {\ip\2)' /2  =  0,  we 
get  ip  •  h(u)  =  ip  •  uf  =  nf  where  ■  denotes  inner  product  of  vectors.  Thus 

n!  —  ip  •  h(g>  +  nip  +  mg>)  =  ip  *  h'.(g)ipn  +  o(n)  (4) 

From  (2)  and  r2'(g)  —  2r(g)r'(g)  =  2gT,  we  get  ip  •  h'(g)ip  =  ip  •  f'(g)ip  — 
r'(g>)f(g>).  According  to  the  orthogonal  conditions  of  g,gf,  and  ip,  we  find 

■  /'(*#  =  t rf(<p)  -  (*  +  1  YWiv)  -  hT(<p)f'{<p)h('p)/ \h(<p)\2.  (5) 

Using  r'(g)h(g)  —  gTh(g)  =  h(g>)  •  g>T  =  0,  we  find 

hT(<p)f'(<p)h{<p)/\h{<p)\2  =  hT((p)ti(ip)h{ip)/\h(<p)\2  +r'(ip)f{ip),  (6) 
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and 


h  ■  h'hds  =  ^  ®  =  0  (7) 

Thus 

t  r 

^  ip  ■  h’tpds  =  ^ (tv f'(tp)  —  (A:  +  2 )r'(<p)f(<p))ds  (8) 

o  o 

Based  on  (3)  and  (4),  we  can  obtain  Theorem  2.1. 

Theorem  15  If  the  expression  tr —  (k  +  2)r' (</?)/(</?)  is  not  identically 
zero  and  does  not  change  sign  on  a  simply  connected  region  D  C  S2,  then  f(x) 
has  not  closed  invariant  cone  lying  entirely  in  S(D). 

Proof.  Let  u  G  S2,  then  uxh(u)  is  also  a  vector  field  on  S 2,  and  ( uxh(u))-u  = 
0.  curl(u  x  h(u))  =  udivh  -  hdivu  -f  u'h  —  h'u.  Prom  (2)  we  have 

divTi(it)  =  2 r'(u)f(u)  -f  di vf'(u)  -  uTrf/(u)f(u)  -  r'(u)f'(u)u  -  3 r'(u)f(u) 

—  2  r'f(u)  4-  div/'(u)  —  r'(u)f(u)  —  kr'(u)f{u)  —  3  r'(u)f(u) 

=  di vf'(u)  -  (k  4-  2 )r'(u)f(u). 

Hence  from  u  •  h  —  0,  u  •  u'/i  =  uTr"{u)h  —  r'{u)h  =  0,  and  u  •  h'u  —  0  we  get 

u.  ■  (curl(u  x  h(u))  =  di vh  -  u  ■  hdivu  +  u  •  u'h  —  u  ♦  h'u  =  div/i.  (9) 

Suppose  T  is  a  closed  orbit  in  D,  then  T  is  the  boundary  of  a  simply  connected 
region  Cl  C  D.  The  vector  g  x  h  is  orthogonal  to  tangent  vector  h(u )  on  the 
boundary.  Based  on  Stokes  Theorem 

^  u  •  [curl(u  x  h))dA  —  ^  h  •  (ix  x  /i)ds  =  0  (10) 

n  r 

which  cannot  be  true  in  view  of  condition  of  Theorem  2.2. 

Theorem  16  If  the  integral  along  a  saddle  connection  T  of  projection  of  f, 

+oo  $ 

f  exp(-  ^  tr f\u)  -  (k  +  2 )r'(u)f(u)ds)(u  x  f(u))  ■  p(u)ds  (11) 
—  00  0 

is  nonzero,  then  homogeneous  vector  fields  of  degree  k  :  f(x)  +  ep{x),  e  ^  0 
small,  has  no  saddle  connection  invariant  cone  in  a  neighborhood  of  S(T). 
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Proof.  For  the  projection  of  f(x)  4-  ep(x), 

he(u)  :=  h(u)  +  eh*(u)  :=  f(u)  -  u  •  f(u)u  +  e(p{u)  -  u  ■  p(u)u),  (12) 

the  stable  and  unstable  orbits  of  saddle,  which  lies  in  a  neighborhood  of  F,  can 
be  expressed  as  follows,  with  uniform  validity  in  the  indicated  time  intervals, 

X™  =  x0(t  “  to)  +  exui(t,  to)  +  0(e2),  t  €  (-00,  t°],  (13) 

xs£  =  x0(t-to)  +  exuKt.to)  +  0(s2),  te(to,+oo)  (14) 


where  Xq (t  —  to)  is  the  expression  of  T. 

d(t0)  ■■=  x  A)  •  -  x{)  =  |lj (y>  x  h)  •  (®5*  -  ®J)e  +  0(e2)  (15) 

where  ip  =  x0(t  -  t0).  From  (13)  we  get 


dt 

=  ft(a;o(^  -  to))  +  e{h'(xo(t  -  to))#"  +  h*(xo(t  -  to)))  +  0(e2). 

(16) 

Hence 

AryU 

=g-  =  tix?  +  h\ 

at 

(17) 

Analogous  calculations  yields 

^  =  h'x[  +  h*. 
at 

(18) 

Defining  Au(t,t0)  :=  (<px  ft)-^,  As(t,t0)  :=  (pxft)-xf,  A(t,to)  :=  Au(t,t0)- 
As(t,  t0).  Then 

d(io)-£^|^  +  0(£2))  (19) 


rfAu(t,t0) 

dt 


dAT°]  =  (tr/'  -  (*  +  2)«  •  /) As (t,  to)  +  («  x  /)  •  p.  (20) 


d((p  x  ft) 


Xi  +  (cp  x  ft) 


dt  1  ^  '  dt 

=  (ip  x  /'ft)  •  *1  +  (y>  x  ft)  •  /'x“ 

—2(u  >  f)((p  x  h)  •  X}  +  ((p  x  h)  x  ft* 

=  (tr/7  -  (ft  4-  2)u  x  /)Au(t,  t0)  +  (u  x  /)  ■  p, 
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Integrating  and  using  Lemma  1.1,  we  can  obtain 

to  to 

Au(io,*o)  =  ^  exp(  ^ (trf  -  (k  +  2)u  ■  f)ds){u  x  /)  -pdt,  (21) 

—  OO  t 

-f  OO  t 

As(to)^o)  =  -  ^  exp(~  ^(tr/'  -  (k  +  2)u  •  f)ds)(u  x  /)  •  pdt.  (22) 

to  to 

This  proves  the  theorem  2.3. 

The  same  idea  can  be  applied  to  periodic  orbit  bifurcation. 

Theorem  17  If  the  integral  along  a  periodic  orbit  F  of  projection  f(u)  of  f 

T  S 

^exp(-  ^(tr/'(u)  —  (k  +  2 )u  •  f(u)))ds)(u  x  f(u))  •  p(u)ds  _  (23) 

o  o 

is  nonzero,  where  r  is  the  period  of  T,  then  the  homogeneous  vector  fields 
f(x)  +  ep(x)  of  degree  k,e  ^  0  small,  has  no  closed  invariant  cone ,  or  has  the 
only  one  closed  invariant  cone  in  a  neighborhood  of  D(T). 
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Sufficient  conditions  are  obtained  for  oscillations  of  all  solutions  of  a  class  of  second 
order  impulsive  advanced  differential  equations. 


1  Introduction  and  preliminaries 

The  oscillatory  theory  of  first  order  impulsive  delay  differential  equatipns  has 
been  extensively  developed  during  the  past  few  years,  see  [4,  5].  However, 
there  are  not  much  concerning  the  oscillatory  properties  of  the  second  order 
impulsive  differential  equations  with  or  without  delay,  which  is  an  important 
mathematical  model  of  many  evolution  prosess,  see  [6,  7].  In  this  paper,  we 
consider  the  second  order  impulsive  advanced  differential  equation 


f  (r{t)x'(t))'  +  f(t,x(t  +  r))  =  0,t>t0,t^tk,k  =  1,2,.., 
x(ti)  =  Ik(x(tk)),  x’(t£)  =  Nk{x'  (tfc)),  k  =  1,2,..., 


where  0  <  to  <  1 1  <  •  •  •  <  i*  <  ■  •  • ,  lim  tk  =  +00,  r  is  a  positive  constant. 

fc— ►+ oo 

Throughout  this  paper,  the  following  conditions  are  assumed: 

(i) .  r  e  C(R,(0,+oo)),f  6  C(Rx  R,R),  xf(t,x)  >  0(sc  ^  0);  and 
f  (t  x) 

>  Q{t)(x  0),  where  Q  6  C(RA 0,-boo)),  and  xip(x)  >  0(x  ^ 

V>{?) 

0),^'(x)>0; 

(ii) .  Ik, Nk  €  C{R,R)  and  there  exist  positive  numbers  a*., a*.,  &*.,  bk  such 


that 


-  ^  h(x)  , 


bk<^l<bk  (x  7^  0,  fe  =  1,2,...). 


By  a  solution  of  Eq.(l)  we  mean  a  real  valued  function  x(t)  defined  on 
[to,  -boo)  which  satisfies  Eq.(l).  A  solution  of  Eq.(l)  is  said  to  be  nonoscillatory 


/■ 
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if  this  solution  is  eventually  positive  or  eventually  negative.  Otherwise,  this 
solution  is  said  to  be  oscillatory. 

Lemma  2  [1].  Assume  that 

(a  1).  the  sequence  { t &}  satisfies  0  <  to  <  t\  <  t<i  <  <  tk  <  with 

lim  tk  =  +oo; 
k~*+oc 

(a 2).  m  G  PC' (R+^R)  is  left  continuous  at  tk  fork  —  1,2,...; 

(a 3).  for  k  —  1,2,  ...,  t  >  to, 


m'{t)  <  p(t)m(t)  +  q(t),  t  ^  tk, 

(2) 

m(t £)  <  dkm(tk)+bk, 

(3) 

where  p,  q  6  C(R+,  R),  dk  >  0  and  bk  are  real  constants . 

Then , 

/  rt  \ 

m(t)  <  m(to)  TT  dkexp  '  p($)ds 

t0<tk<t  £° 

/•t  /  /*t  \ 

+  1  TT  dkexp  '  '  p(o)dcr '  g(s)ds  t  (4) 

+  V  TT  djexp  ^  ^  p(s)ds^  &*. 

t0<tk<ttk<tj<t  tfc 

Remark  1.1  If  the  inequalities  (2)  and  (3)  are  reversed  then  in  the  conclusion 
the  inequality  (4)  is  also  reversed. 


2  Main  results 


Lemma  3  Let  x(t)  be  a  solution  of  Eq.(l).  Assume  that  there  exists  some 
T  >  to  such  that  x(t)  >  0  for  t>T  and  the  following  conditions  hold: 

pt 

(iii).  Conditions  (i)  and  (ii)  are  valid.  (iv).  lim  1  ~  n  —ds  = 

t->+oo  #  rfs)  ak 

£0  w  to<tk<s  k 

4-00. 

/+0°  A 

Then  xf(t)  >  0  for  t  £  [T,  ti]  (J  II  (£*,  tk+i]  ,  where  l  —  min{&  :  tk  >  T}. 

k—l 


Proof.  At  first,  we  claim  that  xf(tk)  >  0  holds  for  any  k  >  L  Otherwise,  then 
there  exists  some  j  such  that  j  >  l  and  xf(tj)  <  0.  Prom  Eq.(l)  and  (ii),  we 
have 


x'(t+)  =  Nj(x'(tj))  <  bjAW  <  0- 
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Set  x'(tt)  =  -a(a  >  0).  By  Eq.(l)  and  (i),  for  t  €  I  I  (tj+i-i ,  t,+j]  we  get 


(r(i)z'(f))'  =  -f(t,x(t  +  r))  <  -Q{t)il>(x(t  +  r))  <  0. 

Hence,  r(t)x'(t)‘ is  monotonically  nonincreasing  in  (tj+i-i,tj+i\,i  =  1,2,... 
One  can  easily  prove  that,  for  any  positive  integer  n  >  2, 

x'(tj+„)  <  — ^TT  a  <  0. 

T(H+nJ  i=1 

Consider  the  following  inequalities 

(r(t)x'(t))'  <0,  t  >  tj,t  ±  tk,  k  -  j  + 1,  j  +  2, ..., 

z'(tfc)  <  bkx'(tk),  k  =  j  +  l,j  +  2, ... . 


From  Lemma  1.1  it  follows  that 


x'(£)  < 


rl^p2  n  bk. 


Since  x(t J)  <  akx(tk)  for  k  =  j  +  1  ,  j  +  2, by  Lemma  1.1  we  obtain 

/■t  _  ( v(f  ^ 

x(t)<x(tj)  TT  ak  +  TT  afc  I  — J  v  ,  J  TT  bk  ,  ds 

tj<tk<t  s<tk<t  '  tj<tk<S 


(-  f  _  •]  w 

<  TT  ajt  ix(tf)  -  ar(fj)  ^  TT  —  ds.  . 

*<*.<*  1  L+r^t,<tfc<safc  1 

Since  x(t)  >  0  for  t  >  T,  the  inequality  (5)  contradicts  (iv)  of  Lemma  2.1. 
Therefore,  xf(tk)  >  0  for  k  >  l.  The  condition  (ii)  implies  xf(t J)  >  bkxf(tk)  >  0 
for  any  k  >  l.  Because  r(t)xf(t)  is  nonincreasing  in  (tk,tk+i\,  it  is  clear  that 

xf(t)  >  r^tk^ xf(tk+ 1)  >  0  for  t  €  (tjb,tfc+i],  k  >  1.  On  the  other  hand, 
r\t) 

xf(t)  >  ^p^-x'(ti)  >  0  for  any  t  €  [T,ti\.  Thus  the  proof  of  Lemma  2.1  is 
r(t) 

complete. 

Remark  2.1  In  the  case  that  x(t)  is  eventually  negative,  under  the  conditions 
(iii)  and  (iv),  it  can  be  proved  similarly  that 

f+oo  ^ 

x'(t)  <  0  for  t  6  [T,  ti]  |J  11  (4,  tk+i]  ,  where  l  =  min{/c :  tk  >  T}. 
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Theorem  18  Assume  that  conditions  (in)  and  (iv)  of  Lemma  2.1  hold  and 
there  exists  a  positive  integer  ko  such  that  dk  >  1,  for  k>  ko-  It 

r±°°  du 


r 

±« 


lP(u) 


<  +oo 


holds  for  some  e  >  0,  and 


+oo 


ftk+1  1  /  ft  1 

'  — y—r  lim  '  TT  —Q(u)du 


—  n  lk 


k-0 


r(s)  t^+oc  s  ^t'<ubk 


Q(u)du  ds  ~  +oo. 


(6) 


(7) 


Then  every  solution  of  Eq.(l)  oscillates. 

Proof.  Without  loss  of  generality,  we  can  assume  ko  —  1.  Let  x(t)  be  a 
nonoscillatory  solution  of  Eq.(l).  Suppose  that  x(t)  >  0  for  t  >+o-  By  Lemma 
2.1,  we  can  find  x'(t)  >  0  for  t  >  to.  It  is  clear  that  x'(t  +  r)  >  0  also  for  t  >  to. 
Since  dk  >  1  for  k  —  1, 2, we  get 

<  x(ti)  <  x(fl)  <  xfa)  <  x(i%)  <  ...  . 

Obviously,  x(t)  is  monotonically  nondecreasing  in  [to,+oo).  From  Eq.(l)  and 
(i)  we  have 

(r(t)x'(t))'  <  -Q(t)ip(x(t  +  t)),  t>t0,t^  tk> 

x'(t£)  <  bkx'(tk),  k  =  1,2, ...  . 

From  Lemma  1.1  it  follows  that 

rt 

r{t)x\t)  <  r(s)xf(s)  TT  bk  -  TT  bkQ(u)^){x{u  +  r))du,  to  <  s  <  t. 

s<tk<t  s  u<tk<t 

From  the  above  inequality,  we  have 

^  TT  ^-Q{u)rp{x{u  +  r))du.  (8) 


In  view  of  (8),  for  s  €  1],  k  =  1,  2, we  get 


s'(s)  >  _1_ 

4>(x (s  +  r))  “  r(s) 


f  n 

5  s<tk<u 


~Q(u)du. 

bk 


For  s  e  (tk,tk+i\,k  =  1,2,...,  we  obtain 

ftk+1  x'(s)  ^  ftk+1  x'(s)  _  fx(tk+i)  du 

t*  ms  +  r))dS-  t+  <Kx(s))dS-  x(t+k)  Muj- 
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Hence, 


ftk+i  if  t*  rr  i  A,  , ,  \  , 

>  ;  r  lim  '  1  I  Q(lt)du  ds 

,  t+  r(s)  t— +<x>  bk 

k- 0  *fc  w  s  s<tk<u  K 

/•l(u+l)  du  /‘+°°  du 


<  /  -  au  <  I  ■■ 

~  km 0  *(‘t)  ^  "  *(«?) 

The  last  inequality  (9)  contradicts  Eq.(6),(7)  of  Theorem  2.1.  That  is,  all 
solutions  of  Eq.(l)  oscillate.  The  proof  is  complete. 

From  Theorem  2.1,  we  can  easily  obtain  the  following  corollaries. 
Corollary  2  Assume  that  conditions  (iii)  and  (iv)  of  Lemma  2.1  hold  and 
there  exists  a  positive  integer  ko  such  that  >  1,  bk  <  1  for  k  >  ko.  It 

f±OC  ^  r+OO  1  />+00 

1  "77 — r  <  +oo  holds  for  some  e  >  0,  and  1  —rr  1  Q(t)dtds  =  +oo. 

±e  V’H  to  r(S )  »  ' 

Then  every  solution  ofEq.(l)  oscillates. 

Corollary  3  Assume  that  conditions  (iii)  and  (iv)  of  Lemma  2.1  hold  and 
there  exists  a  positive  integer  ko  and  a  constant  a  >  0  such  that  >  1, 

j  /“ioo 

—  >  *fc4-i  for  k  >  ko.  It  '  ""'t  <  +oo  holds  for  some  e  >  0,  and  ‘ 

h  k+l  ±e  lK«) 


/»+  OO  /‘t  J 

VWtfc+i)  -  #(t£)]  taQ(t)dt  =  +oo,  where  #(t)  =  *  -TT. 
fc=o  tf+i  *o  rW 

Then  every  solution  of  Eq.  (1)  oscillates. 

Theorem  19  Assume  that  conditions  (iii)  and  (iv)  of  Lemma  2.1  hold  and 

there  exists  a  positive  integer  ko  such  that  >  1  for  k  >  ko.  Suppose  that 

i>(ab)  >  ^(a)^(6)  for  any  ab  >  0,4+1  —  tk  =  r  for  all  k  =  1,2,...  .  It 

f±0°  du  ,  7 ,  ,  „ 

9  777  <  +oo  holds  for  some  e  >  0,  and 


v?  ftk+1  1  /  .. 

>  — —  lim 

fc=0  t+  r(fl)  t^+oo 

_ 7 _ -  _  ^  7. 


*+ 

fc=0 


™Q(u)du  ds  =  +oo, 
,  ck 


where  Ck 


^(afc+i) 


,  h  —  1, 2, 3, ...  . 


Then  every  solution  of  Eq.(l)  oscillates. 

The  proof  of  Theorem  2.2  is  analogous  to  that  of  Theorem  2.1  and  is 
omitted. 
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Corollary  4  Assume  that  conditions  (iii)  and  (iv)  of  Lemma  2.1  hold  and 

there  exists  a  positive  integer  ko  and  a  constant  a  >  0  such  that  >  1,  —  > 

>  Ck 

ba 

for  k  >  ko ,  where  Ck  =  . >_  * — r,fc  =  1,2,3,...  .  Suppose  that  ^(ab)  > 
V(a*+ 1) 

f±0°  du 

i/>(a)?/>(6)  for  any  afe  >  0,  tk+i  —  =  r  for  all  k  —  1,2, ...  .  11  1  <  +oo 

holds  for  some  e  >  0,  and 


+°°  r+oo  /** 

Y^[JJ(tjb+i)  -  Ji(tj)]  1  taQ(t)dt  =  +oo,  where  J2(t)  =  -tt. 
u_n  tJl,  to  rv5J 


Then  every  solution  of  Eq.(l)  oscillates. 
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THE  SOBOLEV, EXPONENTS  OF  NONLINEAR  WAVE 
EQUATIONS  IN  HIGH  SPACE  DIMENSIONS 


Q.  L.  HU 

This  paper  deals  with  the  Sobolev  exponents  for  the  equations  utt  —  A u  = 
K{u)(Du)*{k  6  Z+,  ||  K(u)  ||H.<  C  ||  u  ||^„  p  =  \a\  >2,x  €Rn,n>  4)  under 
the  usual  initial  data  assumptions  u(0, a:)  G  Hs(Rn)  and  ut(0,x)  €  Hs~1(Rn). 
The  Sobolev  exponent  s(n,p)=max{n/2,  (n/2  —  l)(p  —  3)/(p  —  1)4-2}  is  obtained. 
The  interesting  aspect  of  the  result  is  that  s(n,p)  —  n/2  if  2  <  p  <  n.  The  results 
acquired  in  [1]  [2]  are  extended  to  high  space  dimensions. 


1  Introduction 

Ponce  and  Sideris  discussed  the  minimal  Sobolev  regularity  of  the  follow¬ 
ing  three  dimensional  nonlinear  wave  equations 
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(1) 


f  utt  -  A u  =  uk(Du)a,x  £  Rz,t>  0, 
u(0,rc)  =  f(x)iut( 0,®)  =  g(x),x  e  R 3, 

where  |a|  =  p  >  2,  k  £  Z+ . 

For  problem  (1),  the  Sobolev  exponent  is  reduced  to  s(p)  =  max{ 2,  (5p  - 
T)/(2p  —  2)}  in  [1].  The  number  s(p)  lies  in  the  interval  [2,5/2]  C [3/2, 5/2]. 
Here  we  know  s(2)  =  2,  this  result  is  one  of  the  main  results  in  [2].  Also  we 
find  s(3)  =  2. 

The  nature  question  is  that  if  x  £  Rn,  whether  the  Sobolev  exponent  for 
the  equation  utt  —  A u  =  uk(Du)a(h  £  Z+,p  =  \a\  >  2,x  £  Rn,n  >  3)  lies  in 
the  interval  [n/2,  (n  +  2)/2).  In  this  paper  we  will  answer  this  problem.  The 
Sobolev  exponent  obtained  for  the  equation  utt  —  Aw  —  K(u)(Du)a(k  £  Z+,  || 
K(u)  || hs<  C  ||  w  =  |a|  >  2,x  £  Rn,n  >  4)  is  s(n,p)  =  {n/2,  (n/2  - 

l)(p-3)/(p- l)+2}  under  the  usual  initial  value  assumptions  w(0,x)  €  Hs(Rn) 
and  ut(0,x)  £  Hs~l(Rn).  The  number  s(n,p)=max{n/2,  (n/2- l)(p-3)/(p- 
1)  +  2}  truly  lies  in  the  interval  [n/2,  (n  +  2)/2).  The  interesting  aspect  of 
the  result  is  that  s(n,  p)  =  n/2  if  2  <  p  <  n.  This  means  that  we  obtain 
the  Sobolev  exponent  for  the  equation  utt  —  A u  =  uk(Du)a(x  £  i?n,n  > 
4,  k  £  2  <  |a|  <  n)  is  n/2  under  the  restrictions  tt(0,x)  £  Hs(Rn)  and 

ut(0,x)  £  Hs~1(Rn).  Inparticular,  if  n  =  4  we  know  the  Sobolev  exponent  is 
2. 

The  results  acquired  in  this  paper  can  be  regarded  as  extensions  of  results 
in  [1]  in  high  space  dimensions. 

For  simplicity,  we  will  denote  by  C  any  constants  appearing  in  our  paper. 
Now  we  give  some  lemmas. 

Lemma  1  Suppose  that  w°(t, x)  =  V'(t)fi(x)  +  V(t)f2(x)  and  V(t)  = 
(— A)""1/2  sin  t(— A)1/2,  then  for  any  q  >  2,  we  have 
1*00 

(  '  II  (-A )^u°(t)  !!£,(*„)  dt)1/r  <  C( II  (-A)1/2/!  Ilw)  +  II  h  ||l2(R”))) 

— oo 

where  r  =  2 q/(q  —  2). 

The  proof  can  be  found  in  [1]  Page  171. 

Lemma  2  If  s'  >  n/q,  q  >  0,  then 

II  u  !!£-(*„)<  a  II  (-A y'/*u  ||L,(*») . 

The  proof  can  be  found  in  [2]  Page  32. 

Lemma  3  Suppose  that  (s  —  2)q  >  n  — 2,  q  >  2,  s  >  n/2  and  a  —  l/g  +  s/2, 
it  follows  that 

II  Du  C  ||  u  ||ir»(i?n)  II  (-A )a~l/2u  ||l<(r«)  • 
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The  proof  is  similar  to  that  of  Lemma  4  in  [1],  we  omit  it. 

2  Main  theorem 

In  this  section,  we  consider  the  following  problem 

f  utt  —  Au  =  K(u)(Du)a,  x  G  Rn,  ,  . 

u(0,x )  =  uo(x),ut(0,x)  =  tti(a;),a:  G  Rn,  '  ' 

where  ||  K(u)  ||H.<  C  ||  u  \\kH,,k  €  Z+,p  =  \a\  >  2. 

The  main  theorem  of  this  paper  can  be  described  as  follows. 

Theorem  1  Suppose  that  n  >  4,  s  >  max  {n/ 2,  (n/2  —  l)(p  -  3) /(p  -  1)  + 
2},uo(x)  €  Hs(Rn)  and  u\  €  Hs~l(Rn).  Then  there  exists  a  T  >  0  depending 
on  s  and  ||  Uq(x)  ||^(h«)  4-  ||  u{(x)  such  that  problem  (2)  has  a 

unique  solution  u(t,  x)  satisfying 

u(t,x)  G  C([0,T}>Hs(Rn))nC1([0,T},Hs-1(Rn)), 

and 

^  II  ■)  ||I,(fln)  dt  <  oo, 

0 

for  any  a  =  s/2  +  1  /qt  (s  -  2)q  >  n  -  2  and  r  -  2 q/(q  -  2). 

Proof  The  method  used  here  is  quite  similar  to  that  of  [1].  It  is  obvious 
to  notice  that  the  theorem  is  reasonable  for  any  s  >  (n  +  2)/2.  Now  we  assume 
that  s  satisfies  n/2  <  s  <  (n  +  2)/2,  then  we  know  q  >  2  from  the  assumption 
(s  -  2 )q  >  n  —  2.  Let 

II  «  IlffHI  «(*>*)  llff*(*») 

and 

II  u(t)  11=11  ti  ||*.  +  II  Ut  +(  /  ||  (- A)a-1/2u(r,  •)  WrLm  dr)l/\ 

where  r  =  2q/  (q  —  2),  a  =  s/2  +  1/g,  we  write 

IMIr=  sup  ||u(t)||, 

t6[0.T] 

and 

X#  =  {u\  II  u  \\T<  B}. 

We  define 

rt 

Au  =  u°(t,x)+  1  V(t  —  t)G(u,  Du)dr.  (3) 

0 
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where  G(u}Du )  =  K (u)(Du)Q, k  €  Z+,p  —  \a\  >  2, x  e  Rn,u°(t,x)  = 
U'(t)u0(z)  +  and  V(t)  =  (-A)-1/2  sin  t(-~ A)1/2.  We  know  the 

integral  operator  A  is  equivalent  to  problem  (2).  It  will  show  that  for  appro¬ 
priate  choice  of  T  and  B  the  operator  A  is  a  contraction  of  into  itself. 

Using  the  usual  estimates  for  the  linear  propagator  V(t)  and  Vf(t)  in  (3), 
it  follows  from  Plancherel’s  theorem,  that 


II  Au(t)  ||fr*(H»)<  C  ||  uq  \\h.  +C(1  + 1)  ||  u\ 

+C  ^  (t-T)  II  G(u,Du)(t)  dr 

0 

■+ 'C  ^  II  (-A)(s~1)/2G(u;£>u)  \\l*(r*)  dr. 
o 

(4) 

Since  Ha‘ (Rn)  •  HSl(Rn)  C  Ha'  (Rn)  for  any  si  >  n/2:af  <  $u  it  follows  that 
||  (_a)(-U/2 G(u,Du)  ||l2(jr«)<  C  ||  u  IlS^II  Du  \\p-JiRnV 


sup  ||  A u(t)  ||h*(/?")<  C  ||  u0  \\H* 

t€[0,T] 

+C( i  +  T)  II  m  II H.-V+CT2  sup  II  U(t)  ||J*'  . 

t€[o,r]  ^  ; 

+C  sup  ||  u(t)  \\k+'  F  ||  Du  ll^1  dr. 

t€[0,T]  0  v  ' 

(5) 


It  follows  from  (s  -  2)q  >  n  -  2,  q  >  2  and  s  >  (n/2  -  l)(p  -  3 )/(p  -  1)  +  2 
that  r/(p—  1)  >  1,  namely,  r  >  p  —  1.  Using  the  Holder  inequality,  we  have 

sup  ||  A u(t)  ||ff.(J?n)<  C  ||  Uq  || H‘ 
te[0,T] 

+C(l  +  T)  ||  m  ||„.-1  +C(T  +  T2)  sup  II  u(t)  \\kH+/(Rn) 

t€[0,T]  V  ’ 

+CTir+l-P)/r  gup  ||  u(t)  ||fc+l  (  fT  ||  (_A)-1/2u(t)  ||2  dTy-D/r 

t€[0,T]  0 

-  /.  (6) 

By  the  same  method  as  above,  It  also  can  get 

II  (Ait)t  |U-»<  I-  (7) 
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Since 

( fT  ii  (-a)  a-1/2  u(t)  rLq{Rn)  dtfr  <  c( r  ii  (-a r-^v  ii2,(fl„)  dt)V* 

0  —  oc 

+(  fT  ||  (-A)""1/2  fT  V(t-r)G(u,Du)(T)dT  ||^(*n)  *)1/r 
0  0 

=  M1+M2.  (8) 

It  follows  from  Lemma  1  that 

Mi  <  C(\\  uo  ||h*  +  ||  ui  (9) 

By  the  same  estimates  as  in  [2],  we  have 

M2<c  fT(  II  (-A  y-^Vit  -  t)G(u,Du)(t)  ||£,  dtf^dr. 

0  0 

Noticing  that  V(t  -  r)  —  V(t)Vf(r)  -  Vr(t)V(r ),  Lemma  1,  and  the  fact  that 
V'(r)  and  (—A )1/2V(r)  are  bounded  in  L2(Rn )  to  get  the  following  4 

M2  <  CT  sup  II  u(t)  \\kH+/(Rn)  +cr(r+1-p)/r  sup  II  u(t)  ll^t1 

t€[  0,T]  V  '  t€[0,T] 

(  f T  ||  (-A)CT_1/2w(r)  |rL,(fl„)  dr)^r  (10) 

0 

Choosing  m  =  (r  +  1  -  p)/r,  we  know  m  >  0  from  r  >  p  -  1.  By  (6)-(10)  we 
have 


II  A u  ||T<  C{||  uo  \\h’  +(1+T)  ||  ui  || +(T  +  T2+Tm)  ||  u  ||£+p}- 

Letting  B  =  2C(1  +  T)(||  uo  ||h*  +  II  IIjp-i),  we  choose  T  sufficiently  small 
such  that 

C(T  +  T2  +  Tm)£fc+P_1  <  1/2, 


then 

II  A u  ||r<  B. 

In  a  similar  way,  it  can  be  shown  that  under  same  assumptions  on  B  and  T, 
the  operator  A  is  a  contraction  on  X? .  Thus,  there  exists  a  unique  fixed  point 
of  A  which  satisfies  the  integral  equation  (3) .  This  completes  the  proof  of  the 
theorem. 
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BUNDARY  VALUE  PROBLEMS  FOR  SINGULAR 
SECOND-ORDER  FDES 


D.  Q.  JIANG  and  X.  G.  LI 

Department  of  Mathematics,  Northeast  Normal  University 
Changchun,  Jilin,  130024 ,  sxxi@ivy.nenu.edu.cn 

Positive  solutions  to  the  singular  boundary  value  problem  of  FDES  are  obtained 
by  applying  the  Schauder  fixed  point  theorem.  The  result  improves  an  existence 
theorem  due  to  Erbe  and  Kong  (1994). 


1  Introduction 

In  a  paper  [1],  Erbe  and  Kong  have  studied  the  boundary  value  problem  for  a 
singular  second-order  functional  differential  equation, 

[y"  =  -f(x,y{w(x))),  o  <  a:  <  l, 

<  ay(x)  -  pyf(x)  =  £(z),  a  <  x  <  0,  (1.1) 

l  7Z/(z)  +  Sy'(x)  =  rf(x),  1  <  x  <  b, 

under  the  following  assumptions: 

(Ai)  a ,  /?,7, 6  are  nonnegative  constants,  with  p  :=  8a  +  7/?  +  7a  >  0. 
(A2)  w(x)  is  a  continuous  function  defined  on  [0,1]  and  satisfying 

p  =  \ni{w(x)]0  <  x  <  1}  <  1  and  q  =  sup{ty(rr);0  <  x  <  1}  >  0. 

Hence  the  set  E  :=  {x  6  [0, 1]  :  0  <  w{x)  <  1}  is  compact  and  mes.F  >  0. 

(A3)  £(x)  and  T](x)  are  continuous  functions  defined  on  [a,  0]  and  [1,6], 
respectively,  where  a  :=  min{0,p}  and  6  :=  max{l,g}.  Moreover,  £(0)  ~ 
7](1)  =  0,  f(x)  >  0  for  p  =  0,  e~%s£(s)ds  >  0  for  /3  >  0,  rj(x)  >  0  for 
S  =  0,  and  f*  e^srj(s)ds  >  0  for  S  >  0. 

(A4)  f(x,y)  :  (0,1)  x  (0, 00)  — ♦  (0,oo)  is  continuous  and  integrable  on 
[0,1]  for  each  fixed  y  €  (0, 00). 

(As)  f(x,y)  is  decreasing  in  y  for  each  fixed  x. 
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(-46)  limy_o+  f(x,y)  =  oo  uniformly  on  compact  subsets  of  (0,1). 
(47)  limy^oo  f(xyy)  —  0  uniformly  on  compact  subsets  of  (0,1). 
(As)  For  all  <9  >  0 

f1 

0  <  f(t,  0gi(w(t)))dt  <  oo, 

0 


pi(*)  := 


f  x  —  a, 
b-  x, 


a  <  x  < 

|  <  x  <  b. 


They  affirm  that  if  (Ai)  -  (Ag)  hold  then  the  BVP  (1.1)  has  at  least  one 
positive  solution  in  C[a,b]  0  C2(0, 1),  which  is  Theorem  2.2  in  [1],  and  give 
only  the  proof  for  the  case  50  >  0,  which  is  based  on  an  application  of  a  fixed 
point  theorem  due  to  [2]  for  mappings  that  are  decreasing  with  respect  a  cone 
in  a  Banach  space. 

In  this  paper,  we  study  the  BVP (1.1)  with  the  aim  of  improving  Theorem 
2.2  in  [l]  for  the  case  08  >  0.  The  hypotheses  we  adopt  are  as  follows: 

(Hi)  —  (if4)  The  hypothesis  are  the  same  as  (Ai)  —  (A4). 

(He)  There  exists  an  e  >  0  such  that  f(x,y)  is  nonincreasing  in  y  <  e  for 
almost  all  x  €  (0, 1). 

(He)  0  <  [Eh(t)f(t,£)dt  <  00,  where  E  is  determined  by  (#2)- 

(H7)  liniy—oo  f(x}  y)/y  =  0  uniformly  on  compact  subsets  of  (0,1). 

The  main  results  of  the  present  paper  are  as  follows. 

Theorem  1.  Assume  that  (Hx)  -  (H7)  hold.  Then  there  exists  a  6*  >  0 
such  that 

y(x)  >  0*  on  [a,  b] 


for  all  solutions,  y(x ),  to  the  BVP(l.l). 

Theorem  2.  Assume  that  (Hx)  -  (Hs)  hold.  Then  the  BVP(l.l)  has  at 
least  one  positive  solution. 

We  say  that  a  function  y(x)  is  a  solution  to  the  BVP(l.l),  if  it  satisfies 
the  following  conditions: 

(i)  y(x)  is  continuous  and  nonnegative  on  [a,  6], 

(ii)  y(x)  =  ya (x)  on  [a,0],  where  ya  (x)  :  [a,0]  — ►  [0,  00)  is  defined  by 

ya(x):=e9x^  f  e~%s€(s)ds +  y(0)^  for  0  >  0.  (1.3) 


(iii)  y(x)  =  yb(x)  on  [1,6],  where  yb(x)  :  [1,  b]  — ►  [0, 00)  is  defined  by 

Vb(x)  ■—  f  e$s7j($)ds  +  e?y(l)^  for  8  >  0.  (1.4) 

°  1 
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(iv)  y”(x)  =  —f(xiy(w(x)))  for  all  x  e  (0, 1). 

Furthermore,  a  solution  y(x)  is  said  to  be  positive,  if  y(x)  >  0  in  (0,1). 

It  is  obvious  that  Theorem  2  corrects  and  improves  Theorem  2.2  in  [1]  for 
the  case  (38  >  0. 

2  Proof  of  Main  Results 

Let  y{x)  be  a  solutioin  to  the  B VP  (1.1).  Then  it  can  be  represented  as 
(  ya(x ),  a  <  x  <  0, 

V(x)  =  '  ft  G(x}t)f(t,y(w(t)))dt,  0  <  x  <  1,  (2.1) 

1 2/6  (a 0,  1  <  x  <  b, 

where  ya(x)  and  yb(x)  are  defined  by  (1.3)  and  (1.4),  respectively,  and 

r(fr  f  (<5  4-  7  —  7x)  (f3  -f  at)/ p,  0  <  t  <  x  <  1, 

'  J  ^  +  7  —  7t)(/J  +  ax)/p,  0  <  x  <  t  <  1, 

is  the  Green’s  function. 

It  is  easy  to  see  that  there  exist  two  positive  numbers  A  <  1  and  B  such 

that 

A B  <  G(x,t)  <  B  on  [0, 1]  x  [0, 1).  (2.2) 

From  (2.1)  and  (2.2),  we  have,  for  every  solution  to  the  BVP(l.l) 

flMI<£  fg  f(t, y(w(t)))dt,  (2 

»(*)>A||tf||  on  [0,1],  W 

where  ||2/||  =  sup{|y(x)|;  0  <  x  <  1}. 

Proof  of  Theorem  1.  We  first  claim  that  there  exists  a  0*  >  0  such  that 
y(x)  >  0*  on  [0,1]  for  all  solutions,  y(x ),  to  the  BVP(l.l). 

Suppose  to  contrary  that  the  claim  is  false.  This  implies  that  there  exists 
a  sequence  {ym{x)}  of  solutions  to  the  BVP(l.l)  such  that  limm_>oo  \\ym\\  =  0. 
Without  loss  of  generality,  we  may  assume  that 

e  >  ||2/m||  >  Hl/m+ill  for  all  m  >  1.  (2.4) 

From  (2.1),  (2.2),  (2.3),  (2.4),  (H5)  and  (He),  it  follows  that 

Vm{\)  >  A B  ^  f{t,ym(w{t)))dt 

1  E 

>  A B  ^  f(t ,  ||ym||)cZ£ 

E 

>  A B  ^  h(t)f(t}£)dt  >  0, 

E 
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which  contradicts  the  assumption  that  lim^-^oo  1 1 y m 1 1  =  0  and  hence  the  claim 
is  true.  Theorem  1  follows  from  the  claim  and  the  definition  of  solutions  (pro¬ 
viding  0 *  is  suitable  small). 

Proof  of  Theorem  2. 

By  applying  the  Schauder  fixed  point  Theorem,  we  can  prove  B VP (1.1) 
has  a  positive  solution  . 
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ASYMPTOTIC  BEHAVIOR  AND  EXISTENCE  OF  POSITIVE 
SOLUTIONS  FOR  HIGHER  ORDER  NEUTRAL  DIFFERENCE 
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Department  of  Mathematics, 
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Hunan  422000,  P.R.  China 

Consider  the  discrete  Lasota-Wazewska  model 

A^(Xn  —  CXn—m)  -f  Pn%n—k  —  71  ~  N ,  N  +  1,  N  +  2,  ■  ■ 

where  c  and  pn  are  real  numbers,  K ,  m  are  positive  integers  with  m  <  k,  and 
5  denotes  the  forward  difference  operator:  Sun  =  un+i  —  Un>  Some  sufficient 
conditions  under  which  such  an  equation  has  a  bounded  and  eventually  positive 
solution  which  tends  to  zero  as  n  ->  oo  are  obtained.  So  my  result  in  [6]  is 
generalized. 


1  Introduction 

Consider  the  neutral  difference  equation 

S(xn  -  Cxn-m)  +  PnXn-k  =  On  =  N,  N  +  1,  IV  +  2,  •  •  •  (1) 

where  C  and  Pn  are  real  number,  k,m  are  positive  integers  with  m  <  k,  and 
S  denotes  the  forward  difference  operator  5Un  —  J/n+i  —  Un 
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The  problem  on  the  existence  of  positive  solutions  of  Eq.(l)  has  been 
studied  recently  by  several  authors,  some  results  have  obtained,  here  we  refer 
to  [1-3].  The  asymptotic  behavior  and  the  existence  of  positive  solution  of 
Eq.(l)  are  studied  in  [4-6].  Our  aim  in  this  paper  is  to  discuss  the  higher  order 
difference  equation: 

$  {xn  —  C'3'n—m)  "h  Pn%n~k  —  On  =  TV,  N  +  1,  AT  -f-  2,  •  •  •  (2) 

Some  sufficient  conditions  under  which  Eq.(2)  has  a  bounded  and  eventually 
posit  ive  solution  which  tends  to  zero  as  n  —>  oo  have  obtained. 

By  a  solution  of  Eq.(2),  we  mean  a  sequence  xn  which  is  defined  of  n  > 
N  —  K,  and  satisfies  Eq.  (2)  for  all  n  >  N.  Clearly  if  the  real  number 
ao>  *  *  *  5  aK  are  given,  the  Eq.(2)  has  a  unique  solution  xn  satisfying  the 
initial  conditions 

n —i  —  =  0, 1, 2,  *  •  • ,  h  (3) 

A  solution  xn  of  Eq.  (2)  is  said  to  be  eventually  positive,  if  there  exists  a  positive 
integer  N0  such  that  xn  >  0  for  all  n  >  JV0. 


Some  lemmas  and  Main  Results 


qquad  In  this  paper,  we  obtain  following  results: 

Theorem  1  Assume  that 
(Hi)C  >  0,  and  Pn  <  0  for  n  >  N ; 

(H2)  there  exists  a  constant  q  >  0  such  that  for  sufficiently  large  n, 


1 


d- 1 
d-1 


V  Aizln+^PsZq{n-s+k)  <  1 

5=71+771 


(4) 


(Hs)d  is  an  odd  number  or 

(H[)0  <  C  <  1,  and  pn  >  0  for  n  >  N 

(Hr>)  there  exists  a  constant  q  >  0  such  that  for  sufficiently  large  n, 


dfn  =  Ceqm  + 


Ad 

Ad~  1  a=: 


-  ad~l  P  eq(n~ 

1  7  “s-n+d-l^se 


s+fc)  ^  ^ 


(5) 


( #3  )d  is  an  odd  number  Then  Eq.  (2)  has  a  bounded  and  eventually  positive 
solution  Xn  satisfying  lirrin^Xn  =  0.  When  Ad  =  n(n-l)  ■  •  •  (n-d+1),  A?  = 
1. 

Theorem  2  Assume  that 
(H$)C  >  0,  and  Pn  >  0  for  n  >  N\ 
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Hence,  <Sn  =  =  "2»  =  Et-„  *&**-&•  By 

(2.7)  again  and  again,  We  have 

Sd-1yn  =  (-l)d-1Y'bl 

l=n 


if  d  is  an  odd,  then  8d  lyn  =  =  _&n  >  ^  ^  is  an  even,  then 

8d  1 Vn  —  —  y~]i~ri  hi,  8dyn  =  &n 

Lemma  2  (Krasnoselskii[7])  Assume  that  X  is  a  Banach  space  and  S 
is  a  bounded,  Closed  and  convex  subset  of  X ,  Let  operators  Ti,T2  :  S  — >  X 
satisfy  following  conditions: 

(i) TiJf  +  T2?/  €  5  for  any  z,  y  €  5; 

(ii) Ti  is  a  strict  contraction,  that  is,  there  exists  a  constant  A  with  0  < 
A  <  1  such  that  \\Tix  -  T2t/||  <  \\\x  -  y  ||  for  all  x,y  €  5; 

(iii) T2  is  completely.  Continuous,  that  is,  T2  is  continuous  and  compact. 
Then  T  =  Xi  +  T2  has  a  fixed  point  in  5. 

2  Proof  of  Main  Results 

Proof  of  theorem  1  if  there  exists  a  positive  integers  No  such  that  dn  =  1 
in  (4)  for  all  n  >  Wo,  then  for  all  n  >  No,  we  have 


):  1  r-q(n+m)  1  1  Pg-?M) 


C 

^•d-l  s=n+m 


—  e 


1  1 


inf  ty 

\  A  /|d— 1  p  ^^(n— s+fc) 


(12) 

(13) 


1  s=n+m 


/■ 


* 

=  e~gndn  =  e”?n,  it  follow  that 

i  00 

-qn  _  np-q{n+m)  _  ±  ^d-l  -g(s-fc) 

e  °e  ~  A s-n+d-lP 

s=n 

for  all  n  >  iV0  +  m,  by  (2.8)  which  implies  that 

6d(e~qn  -  Ce-g(n~m))  +  Pne-g(-n-V  =  0 

for  all  n  >  No  +  m,  and  hence  that  sequence  e~qn  satisfies  Eq.(2)  for  a  11 
n  >  Nq  4-  m,  on  the  other  hand,  it  is  easy  to  see  that  there  exists  a  solution 
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xn(n>  N  —  k)  of  Eq.(2)  such  that  xn  =  e~qn  for  all  n  >  No  +  m.  Obviously, 
such  solution  of  Eq.(2)  is  bounded  eventually  positive,  and  limn_*oo  xn  =  0. 

We  next  assume  that  there  exists  a  positive  integer  N *  >  N  such  that 
N*  -  K  >  N,  and 


1  1 


CA 


d- 1 
d- 1 


oo 


V  Ad~l  v  e«(w*-s+fc) 

'  As-n+d-\Pse 
s=N*+m 


<  1 


(14) 


and  dn  <  1  in  (4). 

Consider  the  Banach  space  X  of  all  bounded  real  sequences  y  =  yn  where 
n  >  TV,  with  supnorm,  ||y||  =  s\xpn>N  |yn|,  we  define  a  subset  S  in  X  as 


S  =  yeX  :  0  <  yn  <  l7n>  N. 

Clearly,  S  is  a  bounded,  closed  and  convex  subset  of  X.  Now  we  define  a 
operator  T  :  S  — ►  X  as  Tyn  =  T\yn  +  T2yn  where 


^1  yn  — 


f  ce  qmyn+m 


n>  N* 


TlVN*  -  l  +  eM**-n)  N  <  n  <  N* 


(  -i  _  .I  y°°  Ad~l  p  ,  r)  >  N* 

I  /Lus^n+m^s-n+d- irse  2/s-fc  n  ^  iV 


T2yn  = 

T2yN* 


N  <  n  <  N* 


(15) 


(16) 


in  which  h  =  we  shall  show  that  Ti W  +  T2Z  G  5  for  any  wtz  G  5. 

In  fact,  for  any  W  =  Wn,  Z  —  Zn  e  S,  we  have 

1  1  1  00 

TiWn  +  T2Zn  =  -e-*mWn+m  T*  Atl+d-iPse^-^Zs-k 

d—1  s—n 


s—n-\-m 


-qm 


1  1  °° 

1  1  Ad~l  P  pq{n~s+k ) 

n  Ad- 1  *  ^hs-n-M-l/56 


C 

Ad-1  s=n+m 

<1  Mn>N* 

TiWn  +  TzZn  =  TiWN.  -  1  +  +  T2ZN. 

=  Ie-«mwv.+m 

injty 


1  1  y 

Q  Ad-1  >  ^s-n+d-l^6 

d— 1  5=iV*+m 


-1  +  (2-dN.)**=* 
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l 


<  —e~qm 
~  C 


inf  ty 

i_l_  V 

c  Ad~l 

d- 1  s-N*-\-m 


Ad~ 1 


^Pse^N^s+k\ 


-1  4-  (2  -  dN*)  =  1  for  N  <n<  N*. 

It  is  easy  to  see  that  TiWn  +  T2Zn  >  0  for  all  n  >  N,  and  T\W  +  T2Z  €  S 
for  any  W,  Z  e  S.  Again  by  (Hi)  and  (4),  It  is  certain  that  0  <  ^e~qm  <  1, 
It  follow  s  that  T\  is  a  strict  contraction.  We  next  show  that  T2  is  completely 
continuous.  Clearly,  T2  is  continuous.  So  it  suffices  to  show  that  T2  is  a 
compact  operator.  From  (4)  we  know  that  there  exists  a  constant  M  >  0  such 
that 

i  i  _°°. 


-1  s=n+m 


AdsZln+d_ iFse9(n"s+fc)  <  M  V  n>  N* 


Thus,  it  follows  form  (2)  that  T2yn  <  M  for  any  y  =  yn  €  S  and  n  ^  qN. 
Consider  any  sequence  T2y^\j  =  1, 2,  •  •  ■)  of  T2S>  where  T2y^)  =  T2yn\n  > 


N)  and  yn  €  S ,  since  \T2yn\  >  M  for  all  n  >  TV,  and  j 


■ ,T2y P 


is  uniformly  bounded  for  j  =  1, 2,  ■  ■  ■ ,  By  diagonal  rule,  we  may  pick  out  a 
convergent  subsequence  T2y^j\  L  et  T2y^  — ►  T2y^  as  j_~*  oo,  Then  it 
follows  that  T2y(nA  T2y^  as  j  — ►  oo.  Which  implies  that  T2S  is  a  compact 
set  of  X.  and  hence  T2  is  a  completely  continuous.  Therefore,  By  lemma  2,  T 
has  a  fixed  point  y  =  yn  €  5.  i.e 


J  Ce  qmyn+m 


oo  ,d-l 

s— n-t-m,  s-n+d- 


iPse,(n-5+fc)ys_fc  n  >  jv* 


UJV*  “  1  +  eh(w‘_n)  N  <n<  N* 

(17) 

Since  j/„  >  0  for  n  >  N,  then  yn  >  eh(N  —  1  >  0  for  N  <  n  <  N*.  By 
(Hi)  and  (2.13),  we  have  yn  >  -^Pn+meq(-~m+k)yn+m_k  for  n>N*.  Notice 
that  m  <  k,  it  follows  from  above  that  yn  >  0  for  n  >  TV*,  Hence,  we  have 
yn  >  0  for  n  >  N. 

Let 

Vn  =  ?/ne“9n  (18) 

Then  (2.13)  implies  that 


hn  -  ^Vn+m 


C  A**"1 

°  Ad-i 


It  follows  that 


T  V  AtUa-iPsUs-kforn  >  N* 


1  00 

Vn  -  cvn.m  =  -pj  V  AsZh+d_iPsVs-kf orn  >N*+m 

Ad- 1  s~n 
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by  (2.8),  which  implies  that  Sd(Vn  -  CVn-m )  +  PnVn-k  =  0  for  n  >  N*  +  m. 
Therefore,  the  sequence  14  satisfies  Eq.(2)  for  all  n  >  Again  by  Eq.(2), 

it  is  easy  to  see  that  there  exists  a  solution  xn(n  >  N  —  k)  of  Eq.(2)  such  that 
xn  —  Vn  for  all  n>  N*  -f  m,  which  together  (2.14)  implies  that  such  solution 
of  Eq.(2)  is  bounded,  eventually  positive,  and  limn-_>oo  £n  —  0.  Assume  that 
(j?{),  (Hq),  (H's)  is  true,  By  using  the  similar  method,  we  can  complete  its 
proof.  Thus  the  proof  of  Theorem  1  is  now  completed. 

Proof  of  Theorem  2  if  there  exists  a  positive  integer  Nq  such  that  d*  =  1 
in  (2.5)  for  all  n  >  Nq,  then  by  an  argument  similar  to  that  in  the  proof 
of  Theorem  1,  we  can  assert  that  Eq.(2)  exists  a  bounded  and  eventually 
positive  solution  satisfying  limn_>oo  xn  =  0  such  that  xn  —  e~qn  for  all  n>  No> 
Therefore,  we  next  assume  that  there  exists  a  positive  integer  N*  >  N)  such 
that  N*  -  k  >  N}  and 


€/tjf 


1  1  1 

1*  —  —p-Q™  _l  V  Ad-1  p  pq(n~s+k)  .  i 

2N*  ~  f^e  +  C  Ad~l  > 


d—  1  s—n 


and  d*  <  1  in  (2.5) 

Let  X  and  S  be  defined  as  in  the  proof  Theorem  1.  Define  T  :  S  — >  X  as 
Tyn  =  Tiyn  +  T2yn  for  y  =  {yn}  G  5,  where 


Pi  Vn  — * 


f  he~qmVn-m  n>N* 

TiyN-  +  N  <n<  N* 


(  1  1  V°°  Ad~ 1  p  g(n-»+fc)„ 

T2yn  =  _  d"1 

T2VN* 


k  n>N* 

N  <  n<  N* 


in  which  h*  =  ^ ,  by  using  the  similar  argument  as  in  the  proof  of 

Theorem  1,  we  can  easily  show  that  T  has  a  fixed  point  y  —  {yn}  G  S.  Set 
Vn  —  yne~qn.  Again  by  an  analogous  argument  as  in  the  proof  of  Theorem  1, 
we  can  assure  that  this  case  Eq.  (2)  has  a  bounded  and  eventually  positive 
solution  {xn}  satisfying  limn-,^  xn  =  0.  Such  that  xn  —  Vn  for  all  n  > 

This  completes  the  proof  of  Theorem  2. 


/• 
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In  this  paper,  we  discuss  the  function-controllability  of  the  nonlinear  control  sys¬ 
tems  with  state  delay  and  control  delay.  Give  some  criteria  for  the  function- 
controllability  of  such  systems  and  their  first  variation  systems. 


1  Introduction 

The  phenomena  of  state  delay  and  control  delay  are  widespread  phenomena 
in  many  practice  systems,  such  as  economic, biological  and  physiological  sys¬ 
tems. To  more  accurately  design, analyze  and  control  such  system,  up  to  now 
there  many  scholars  have  studied  time  delay.  But  all  of  their  results  are  just  * 

for  the  systemis  with  state  delays,  or  the  systems  with  control  delays. For  the 
systems  which  have  the  state  delays  and  control  delays  at  the  same  times,  there 
is  no  any  effective  achievement. 

Considering  nonlinear  control  system: 

(  x(t)  -  f(t,x(t),x(t  -  t),  u(t),u(t  -  h )),  t  >  t0, 

'  x(t)  -  (pit),  to  -  r  <  t  <  to,  (1) 

^  u(t)  =  V>(t),  to-h<t<to, 

where  x(t)  €  Rn  is  a  state  vector;  u(t)  €  Rm  is  a  control  vector,  u(-)  is  an 
admissible  control(that  is,  it  is  contained  in  the  square  integrable  functions  L 2 
on  every  finite  interval);  r  >  0,h  >  0  are  time  delays;  and  ip(t)  is  the  initial 
state  function,  ^(; t )  is  the  initial  control  function. 

Let  B  be  a  Banach-space  defined  in  [to  —  t,  to]  composed  with  n- dimension 
continuous  vector- valued  functions, the  norm  be 

INI  =  max  ,M> 
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Definition  1.1  Let 


Mt)  = 
B(t)  = 

<?(*)  = 
D(t)  = 


d/M,  0,0,0)  A  df  - 

&r(t)  ”  g^jb(t)=x(t-r)=ii(t)=«(t-/i)=0? 

<9/M,o,o,o)  a  g/.  . 

d:r(t  —  t)  dx(t  —  r)  ^x(t)=x(t~r)~u(t)=u(t-h)~°^ 

df  ft,  o,  o,  o,  o)  a  a/  . 

MLMiMl  £  _£L_i 

cHfc(t  —  /l)  #li(£  —  /i)  MO— ®(t-T)s=u(t)=ti(i-/i)=rO> 


we  call  system 


T  i(t)  =  i4(t)®(t)  +  -  r)  4-  C($)u(t)  +  D(t)u(t  -h),t>  t0, 

'  :r(*)  =  y>(t),  ^o-T<t<t0}  (2) 

^  «(t)  =  ^(t),  to  -  h  <  t  <  to, 

the  first  variation  of  system  (1). 

Let  JC  be  an  abstract  normed  linear  space  of  functions  defined  on  [to  — 
r,  to]. Then  we  have 

Definition  1.2  Let  a  G  /C;and  x°(^to,(pa,ua)y((pa  G  B)  be  the  trajectory 
of  system  (1)  which  satisfies  that  when  t  6  [ti,ti  +r],  x°(t,to>(pa,uQ)  = 
a(t  —  ti  +  to  -  r),  and  if 

A(t)  =  dfifjX  (t?  tp,  Pay  Uq;)?  X  (t  T,  tp,  ^g);  ^a(t),  ^g(t  /l))  /■ 

^  '  &r(t)  ~~  ’ 

B(£)  —  df(f,x  (t,  tp,  Uq), (t  t, tp,  y?q)'UQ;)7u.Q;(t)}  ^(^(t  /i)) 

v  '  &r(t  —  r)  ’ 

(J(f\  df(tyX  (t?  tp,  (Poo  ^  (t  tp;  C^Q;,  U.Q;),  'Ua(t)?  U,Q,(t  fl )  ) 

v  '  ~~  du(t)  ’ 

r^/r+\  df(tyX  (tj  to,  </?Ql  ,  V‘Ot)l  X  (t  to,  J  U-Q;),  ?iCK(t),  /i)) 

{  )  “  fiu(t  -  ft)  5 


we  call  system  (2)  the  first  variation  of  system  (1)  about  rr°(-,  t0,  pQ}ua). 
Definition  1.3  A  system  (1)  is  controllable  to  a  functions  a(*)  6  1C  with 
respect  to  the  space  of  initial  functions  B,  if  for  any  given  p  G  B,  there  exist 
a  time  ti,  t0  <  ti  <  oo,and  an  admissible  control  segment  U[to_hitl+r]  such 
that  x(t;t0,  p,u)  =  a(t  -  ti  +  t0  -  r),t  G  [ti,ti  +  r],  where  rc(t;t0,  is  the 
solution  of  (1), starting  at  time  to,  with  state  initial  function  p  and  control  u. 
If  a(-)  =  0,then  the  system  is  controllable  to  the  origin. 

Definition  1.4  A  system  (1)  is  locally  controllable  to  a  functions  a  G  1C 
with  respect  to  the  space  of  initial  functions  B,  if  given  any  initial  time  t0 
and  a  trajectory  x°(-,  to>  pQy  ua),  Pa  €  B,  ua  admissible,  such  that, for  some 
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time  ti  >  to,x(t\to,  tptu)  —  a(t  —  t\  4-  to  —  r),  for  all  t  6  [h,ti  +  r],then 
there  is  a  neighborhood  N((pa)  of  the  initial  function  such  that  for  each 
( p  €  N((pa)  there  exists  an  admissible  control  u*  defined  on  [to,  ti  +  r]  such 
that  x(t\t0,(pa,u*)  —  a(t  —  ti+to-r)  for  all  t  6  [ti,ti  +  r].If  a(-)  =  0,then 
the  system  is  locally  controllable  to  the  origin  with  respect  to  B. 

In  this  paper,  we  discuss  the  function-controllability  of  the  nonlinear  con¬ 
trol  systems  with  state  delay  and  control  delay.  Give  some  criteria  for  the 
function-controllability  of  such  systems  and  their  first  variation  systems. 


2  The  Function-controllability  of  System  (2) 

We  know  that  the  solution  of  system  (2)  at  time  can  be  written  as 


x(ti)  =  x(ti,  ip)  *f  '  X{ti,s)[C{s)u(s)  +  D(s)u(s  -  h)}ds.  (3) 

to 

Where  x(t,<p)  =  X(t,  to)ip(to)  +  [*°_TX(t,s  +  r)B{s  -f  r)ip(s)ds ,  and  X(t,  s) 
satisfies 

(  5)  =  A^)X^  s )  +  B(t)X(t  -  t,  s ),  for(t,  s)  €  [s,  *i]  x  [t0,  *i], 

*  X(t  f J-  for  t  =  s>  (4) 

l  ’  o,  for  (t,s)  e  [to  -t,s)  x  [to,  ti]. 

From  (3),  by  simple  calculation  we  have 

*(ti)  =  M(t!,t0,  v,i>)  +  f^~h[X(tu  s)C(s)  +  X(tu  s  +  h)D(s  +  h)]u{s)ds 
+  ll1_hX(t1,s)C(s)u(s)ds. 

t  (5) 

There  M(ti,to,  <p, rf>)  —  -f  ft°_hX(tx,$  +  h)D(s  +  h)i)(s)ds .  Now,  let 

W(t0,h)  =  ,/;‘1-'l[X(t1)S)C(S)  +  X(h,s  +  h)D(s  +  h)}{C^r(s)XT(t1,s) 
+Df{s  +  h)XT(ti,s  +  h)]ds 
+  ftU  X(t1,s)C(s)CT(s)XT(t1,s)ds, 

we  have 

Theorem  2.1  For  system  (2), if  there  exists  ti  >  to,such  that 

rank(W  (t0,  ti))  =  n,  (6) 

then  there  exists  an  admissible  control  which  results  in  the  solution  having  a 
zerocrossing  in  finite  time. 
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Proof  In  (4), take 


(  [CT(s)XT(t1,s)  +  Dt(s  +  h)XT(t1,  s  +  h )] 
u*(s)  =  '  xW/-1(f0,f1)M(f0,fi,v?,^)>  s  e  [t0,ti  -  h), 

(CT(s)XT(ti,s)W-1(t0,ti)M(to,ti,tp,'4>),  se  [h-h,ti], 

we  have  x(ti)  =  0. 

Theorem  2.2  System  (2)  is  controllable  to  the  origin  with  respect  to  23  if  it 
satisfies 

(i)  there  exists  t\  >  to  such  that  (6)  holds; 

(ii)  for  ip  G  23, with  t\  as  in  (6)  and  for  some  admissible  control  U[to~h)tl\ 
such  that  x(ti7to,  y?,  W[t0-Mi])  “'O*  the  equation 

B(t)x(t  -  r)  +  C(t)u(t)  +  D(t)u(t  -  h)  =  0  (7) 

has  an  admissible  solution  u(-)  on  the  interval  -hr). 

Proof  By  Theorem  2.1  we  have  that  for  any  p  G  B  there  exists  U[t 0-h,ti) 
such  that  x(ti,  t0,  <£>  W[t0-Mi])  =  0-  ^  (7)  holds, then  over  interval  -h  r), 

(2)  becomes 

f  ±(t)  =  A(t)x(t),  t  6  (t  1 , 1 1  +  t)  1 

x(fj)  =  0  •  ^ 

It  follows  by  the  uniqueness  theorem  for  ordinary  differential  equations  that 
x(t)  =  0  for  all  t  G  [ti,  ti  -h  t]. 

Similarly  we  can  prove 

Theorem  2.3  System  (2)  is  controllable  to  a  functions  o:(-)  G  /C  with  respect 
to  the  space  of  initial  functions  B  if  it  satisfies 

(i)  there  exists  t\  >  to  such  that  (6)  holds; 

(ii)  for  ip  e  23, with  t\  as  in  (6)  and  for  some  admissible  control 

such  that  x(ti}  £0>  <P,  u[*o-Mi])  =  a(^i  +  —  r),the  equation 

-  r)  +  C{t)u(t)  +  D(t)u(t  ~h)~  fta(t  -  tl  +  to  -  r)  ,Qv 
+A(t)a(t  -  ii  +  to  -  r)  =  0  w 

has  an  admissible  solution  u(-)  on  the  interval  (tj,  ti  +  r). 

3  The  Function-controllability  of  System  (1) 

Now  we  discuss  the  function-controllability  of  the  nonlinear  control  system 
with  state  delay  and  control  delay  (1). 

Theorem  3.1  System  (1)  is  locally  controllable  to  the  origin  with  respect  to 
B  if  its  first  variation  (2)  satisfies 
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(i)  there  exists  ti  >  to  such  that  (6)  holds; 

(ii)  for  (f  G  B, with  ti  as  in  (6)  and  for  some  admissible  control 
such  that  x(ti,io,<£,'U[t0--Mij)  =  °>the  equation 

B(t)x(t  —  r)  4-  C(t)u(t)  +  D(t)u(t  -  h)  =  0 

has  an  admissible  solution  u(-)  on  the  interval  (ti,ti  +r). 

Proof  We  introduce  a  parameter  £  into  the  control  u  and  define  the 
control  vt  on  [to,  ti  +  r]  as  follows: 

When  tD  <  t  <  t'i  -  h,  u«(i)  =  u(t,0  =  {CT(t)XT(tut)  +  DT(t  + 
h)XT(t1,t  +  h)% 

When  h  -  h  <  t  <  ij,  =  u(t,£)  =  CT(t)XT(t1,t)^, 

When  ti  <  t  <  ti  4-  r, control  u *  satisfies  equation 
B(t)x{t  -  r,  t0, 0 BM)  +  C{t)u{t)  +  D(t)u(t  -  h)  =  0, 
here  0B  is  the  zero-subset  of  space  B .  We  still  let  =  u(t,£). 

It  is  obviously  that  when  t  G  [to,  ti],u(t,  0)  =  u°(t)  =  0,and  if  <p  =  0,V>  = 
0,we  have  that  on  [to  -  r,ti],  x(t,  to,  0s, u°)  =  0. 

Let 

T/^  &z(t,t0jo*  ^), 

= - — - |c=0. 

For  (p  =  05from  (1)  we  have 

x(t,  t0, 0B,  tt*)  =  ^  /(s,  x(s),  x(s  -  r,  u*(s),  u^(s  -  /i))ds,  t0  <  t  <  ti  +  r. 

to 

Taking  partial  derivative  about  £,  we  have 

J{t)  =  ?ta{A{s)J{s)  +  B{s)J{s  -  r)  +  C{s)^fk=0 

+D{s)du%l®-\(=o)ds. 

t 

Differentiating  gives 

j(t)  =  A(t)J(t)  +  B(t)J(t  -  T)  yc(t)^^  +  D{t)du{t~~-^.  (10) 

That  is  when  t  G  (ti  —  ft,ti],the  solution  of  equation  (10)  is 
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J(t)  =  C h[X{t,  s)C(s)  +  X(t,  s  +  h)D{s  +  fe)]^°)rfg 
+  flhX(t,s)C(s)^^ds 
=  C~h[X(t,  s)C(s )  +  X(t,  s  +  h)D{s  +  /i)) 

x  [Cr(s)XT(i,  s)  +  Dt(s  +  h)XT{t,  s  +  h)]ds 
+  f{_hX(t, s)C(s)CT(s)XT(t,  s)ds. 

From  condition  (i),we  have  det(J(ti))  ^  0.  Moreover, on  the  interval  (ti,  ti+ 
t),  (10)  is 

At)  =  (11) 

so  that  J(t)  is  a  fundamental  matrix  solution  for  (11). It  follows  that  det(  J(t))  ^ 
0  for  t  e  [tuti  +  r]. 

By  the  definition  of  J(t)  and  the  implicit  function  theorem,  above  facts 
show  that  one  may  solve  x(t}fo,  ^>0  =  0,  t\  <  t  <  ti  4-  r,  for  £  as  a 
function  of  tp. 

Similar  to  the  proof  of  Theorem  3.1,  we  can  prove 
Theorem  3.2  System  (1)  is  locally  controllable  to  a  functions  a(-)  €  JC  with 
respect  to  the  space  of  initial  functions  B  if  its  first  variation  (2)  about  the 
trajectory  x( ■,  t0,<pa,  ua)  as  defined  in  Definition  1.4  satisfies 

(i)  for  ti  >  to  defined  in  Definition  1.4,  (6)  holds; 

(ii)  for  (p  e  Bj with  ti  as  above  and  for  some  admissible  control  tx] 

such  that  x(ti,  t0,  U[t0-Mi])  =  a(*i  +  -  r),the  equation 

B(t)x(t  -  r)  +  C(t)u(t)  H-  D(t)u(t  -  h)  -  ^a(t  -  ti  + 10  -  r) 
+A(t)a(t-tl  +  to~r)  =  0 

has  an  admissible  solution  u( •)  on  the  interval  (ti,  t\  -f  r). 
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Stability  and  instability  criteria  are  found  for  nonlinear  systems  of  ordinary  differ¬ 
ential  equations  by  the  methods  involving  the  Lozinskii  measures  of  matrices.  The 
results  obtained  are  different  from  those  by  the  Liapunov  function  method  and  by 
the  variation  of  constants  formula,  and  they  are  relatively  easy  to  apply. 


1  Introduction  and  preliminaries 

It  is  well-known  that  the  stability  properties  of  the  system  of  linear  differential 
equations 

x '  =  Ax  k  (1) 

where  A  G  CnXn  is  a  constant  n  x  n  matrix,  is  completely  determined  by 
the  Jordan  canonical  form  of  A ,  or  the  eigenvalue  structure  of  A.  However,  if 
A  =  A(t)  is  a  variable  matrix,  the  eigenvalue  criterion  fails.  Among  various 
approaches  such  as  the  Liapunov  function  analysis  and  the  Lasalle  invariance 
principle,  the  Lozinskii  measure  method  has  been  used  for  stability  of  the 
non-autonomous  linear  system  (1.1),  and  several  results  on  stability  have  been 
found,  see  [1,3,4].  However,  the  Lozinskii  measure  method  has  not  been  exten¬ 
sively  applied  in  the  literature  to  the  stability  of  nonlinear  differential  systems. 
In  this  paper,  we  will  establish  stability  and  instability  criteria  for  nonlinear 
differential  systems  utilizing  the  Lozinskii  measures.  Our  new  results  are  dif¬ 
ferent  from  those  by  other  classical  approaches  such  as  the  Liapunov  function 
method  and  the  variation  of  constants  formula,  and  they  are  relatively  easy  to 
apply.  Furthermore,  they  improve  some  recent  work  on  stability,  see*[2]  and 
the  references  therein. 

Throughout  this  paper  we  let  R  be  the  set  of  all  real  numbers,  C  the  set  of 
all  complex  numbers,  and  R+  =  [0,oo).  Let  X,  Y  be  two  Banach  spaces.  By 
C(X,  Y),C1(X,  Y),  and  LioC(&,  Y)  we  denote  the  collections  of  all  operators 
mapping  X  into  Y  which  are  continuous,  continuously  differentiable,  and  lo¬ 
cally  integrable  over  X,  respectively.  By  C*(X,  Y)  we  denote  the  collection  of 
all  operators  which  are  in  C(X,  Y)  and  are  continuously  differentiable  except 
possibly  on  a  closed  subset  of  X  with  a  zero  measure. 
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In  order  to  establish  our  stability  criteria  for  nonlinear  systems  we  need 
the  following  notations  and  definitions  for  matrices. 

For  any  nxn  matrix  A  we  denote  by  Aj(^4),  i  =  1,  •  •  • ,  n,  the  eigenvalues 
of  A  satisfying  the  ordering 

ftA X(A)  >  &\2(A)  >  •  •  -  >  fRXn{A). 


Definition  1.1  (see  [4])  We  define  \A\i  = 
where  x  =  (xi,  —  -  ,xn)T , 


X 


sup 

eC",i?!o 


1,2, 


n 

Mi  =  (Y^  ^  <  oo}  and  |x|oo 

J=i 


max  flxJ}. 


T/ie  Lozinskii  measures  pi(A)  and  Vi(A)  are  defined  by 

m(A)  =  lim  \I  +  h(\t — I,  Vi{A)  =  i  =  1,2,  •  ■  •  ,00. 

n— n 

has  6een  shown  that  Pi(A)  and  U{(A ),  i  =  1, 2,  •  •  • ,  oo,  exist  for  any  nxn 
matrix  A  and  can  be  explicitly  evaluated  for  i  =  1, 2,  oo; 


Mi (-4)  =  sup(5 lajj  +  V"  |ay|), 
3  h&j 

H2(A)  =  \i(\(A  +  A*)), 

Hoo(A)  -  sup(9ia,,  +  V'  |ay|), 

3,3^3 


v\{A)  =  inf(9^ajj  -  |ay  |), 

3  .  ... 

M5*7 

MA)  =  \n{\{A  +  A*)), 
Voo(A)  —  inf(9ftaii  ^  I  ®ij  I )  ? 

i 

3>3& 


(2) 


where  A*  is  the  complex  conjugate  transpose  of  A. 

In  the  following ,  without  specification,  we  denote  by  p(A)  and  v(A)  any 
pair  of  pi(A)  and  ^(A),  i  =  1, 2,  •  •  • ,  oo.  The  following  properties  of  p  and  v 
are  well  known:  for  any  A,  B  €  Cnxn  and  any  Lozinskii  measures  p  and  v  we 
have 

(i)  p(A  +  B)  <  p(A)  +  p(B),  v{A  +  B)>  v{A)  +  v(B)\ 

(ii)  p(aA)  =  ap(A)y  u(aA)  =  av(A),  a  >  0, 

(hi)  -|A|  <  u(A)  <  9£An(A)  <  3feAi(;4)  <  p(A)  <  \A\. 
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2  Stability  by  first  approximation 

Consider 

x*  =  A(t)x  + f(t,x)  (1) 

where  A  E  <7(R+,  Cnxn),  /  €  C(R+  x  Cn,  Cn). 

The  next  two  theorems  are  for  the  non-uniform  stability  and  instability  of 
Eq.  (2.1)  which  are  difficult  to  derive  from  the  variation  of  constants  formula. 

Theorem  1  Assume  there  exists  a  nonsingular  C  E  C*(R+,  Cnxn)  such  that 
C-1  is  bounded  for  t>  0,  and  there  exists  a  >  0  and  (p  €  I/zoc(R+,R+)  such 
that 

(i)  \C(t)f(t,x)\  <  (p(t)\C(t)x\  for  \x\  <  cr,  t  €  R+  (2) 

(»;  ^  +  Cj4C_1)  +  V1  =  -00.  (3) 

0 

Then  Eq.  (2.1)  is  asymptotically  stable. 

Proof:  Let  a:  be  a  solution  of  (2.1)  and  let  r(t)  =  C(t)x(t).  Then  for  |x|  < 
cr,  t  €  R_j_  a.e.  from  (2.2) 

D+\r(t)\  —  lim  ^  [\Cx  +  h(Cx)'\  -  \Cx\} 
h— »o+  h 

=  lim  h\Cx  +  h(C'x  +  CAx  +  Cf)\-\Cx\] 
o+  h 

<  lim  \{\Cx\  [|I  +  h{C'C~l  4-  CAC_1)\  —  ll  +  h\Cf\} 
h—*0+  h 

<\Cx\  lim  \  [|/  +  /i(C"C'-1+C'J4C-1)|-ll  +<p\Cx\ 
h—*o+  h 

=  \Cx\  IfiiC'C-1  +  CAC -1)  +  tp 1 
=  |r(t)|  +  CAC-1)  +  ip]  (t). 

If  \x(to)\  <  cr,  then  from  (2.3) 

|r(t)|  <  |r(t0)|  exp  ^  \p(C'C-1  4-  CAC-1)  +  <p]  —>  0,  as  t  oo. 

to 

By  the  boundedness  of  C _1  we  see 

|a;(£)|  =  \C-1(t)r(t)\  <  |C'_1(t)||r(t)|  — *  0,  as  t  — ►  oo. 

This  implies  that  (2.1)  is  asymptotically  stable.  I 
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Theorem  2  Assume  there  exist  a  nonsingular  C  e  C£(R+J  Cnxn),  a  > 
0  and  (p  6  I/j0C(R+,R+)  such  that  (2.2)  holds,  and  for  some  to  €  R+ 

r t 

limsup  | C(t)\  1exp  '  \u(CfC  1  +  CAC  -  <p]  =  oo.  (4) 

t-4O0  to 

Then  Eq.  (2.1)  is  unstable. 

Proof :  Assume  the  contrary,  i.e.,  (2.1)  is  stable.  Then  there  exists  a  solution 
x(t )  of  (2.1)  satisfying  |rr(t)|  <  a  for  t  €  R+.  Similar  to  the  proof  of  Theorem 
2.1  we  can  show  that  for  t  >  to  >  0 

\(Cx)(to)\  <  \(Cx)(t)\  exp  ^  \u{CfC~l  +  CAC~l)  -  <p]  . 

t 

That  is 


\(Cx)(t)\  >  |(Crr)(fp)|exp  ^  \u(CfC  1  A  CAC  *) -</?]. 

to 

Then 

\x{t)\  >  |(Cz)(£0)|  !<?(£)  |_1  exp  ^  \v{Cf C~l  +  CAC"1)  -  p ]  . 

to 

From  this  and  (2.4)  we  see  that  |rr(t)|  is  unbounded,  contradicting  the  assump¬ 
tion.  I 


As  a  special  case  of  Eq.  (2.1)  we  consider  equations  of  the  form 

xr  =  A(t)x  +  B(t)g(x)  (5) 


%( 0) 
dxj 


where  A,  B  €  C(R+,  Cnxn),  g  €  C1( Cn,Cn)  satisfying  #(0)  =  0, 

0  for  i,  j  =  1, n,  i  ^  j.  Denote  G(x)  =  diagf^l, s^},  xt  ^  0,  i  = 
l,...,n,  and 

c  _Hinr  fa5i(0)  dgn(0) ) 

Go_diag  ' 

It  is  easy  to  see  that  g(x)  =  G(x)a:  and  lim  £?(#)  =  Go*  The  following  results 

x— »0 

are  directly  from  theorems  2.1  and  2.2. 
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Corollary  1  Assume  there  exist  a  nonsingular  constant  C  G  Cnxn  and  a  S  > 

0  such  that 

rOO 

1  \fj,(C(A  +  BG0 )C_1)  +  <5|A?|]  =  -oo.  (6) 

0 

Then  Eq.  (2.5)  is  asymptotically  stable. 

Corollary  2  Assume  there  exist  a  nonsingular  constant  C  G  Cnxn  and  a 
5  >  0  such  that 

r* 

lim  sup  1  W{C(A  +  BGc)C~l)  -  5\B\)  =  oo.  (7) 

oo  o 

Then  Eq.  (2.5)  is  unstable. 

Remark  2.1  In  (2.6),  p,  ( C(A  +  BGo)C~1)  can  be  replaced  by  pi(CAC~l)  + 
^(CRGoC-1),  and  in  (2.7),  v  {C(A  4-  BGq)C~1)  can  be  replaced  by  v(CAC~l)+ 
v^CBGoC-1).  Some  special  forms  of  the  Lozinskii  measures  are 

(i)  for  A  =  diag(ax, ...,  an )  and  C  =  diag(ci, Cn) 

p,( CAC _1)  =  max  {^a*},  v{ CAC -1)  =  min  {SftaJ; 


(ii)  for  C  =  7 


fniCBGoC-1)  =  fjn(BGo)  =  max 

j 


j  (0) 

^  &xj 


( 

\ 


$tbjj  +  S  A  bij  j 


(iii)  for  C  =  Gq 


HooiCBGoC-1)  =  Hoo (GoB)  =  max  /  +  V  |6yL  ^ 

*  i  uXi  \  ....  I  i 

{  J 


3  Stability  of  general  nonlinear  equations 
In  this  section  we  investigate  the  equation 

m 

x'  =  Y'  Ak(t)gk(x) 
k= 1 


(1) 


where  Ak  €  C'(R+,R"xn),  gk  =  €  C(Rn,Rn),  A:  =  1 

and 

Xig^\x)  >  0  for  ^  7^  0,  i  A:  —  1,  (2) 
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Obviously,  (3.2)  implies  that 

Xi~  0  for  some  i  <£=>  g^\x)  =  0  for  the  same  i ,  k  =  1, (3) 
All  results  in  this  section  involve  only  the  Lozinskii  measures  fi\  and  v\,  cor- 

n 

responding  to  the  £i  -  norm  in  Rn  :  |jc|  =  V'  la:^.  Recall  that  for  a  real 

i—  1 

matrix  A 

Mi  (A)  =  sup (ay  +  V  |ay|),  v^A)  =  inf(ow  +  V"  |ay|). 

3  i,i&  3  i,i^j 

The  following  lemma  will  be  used  in  the  proofs. 

Lemma  1  Let  x,y,z  €  Rn  be  such  that 

(i)  Xiyi  >  0,  i=  1 

(ii)  Xi  =  0  for  some  i  <£=>  yi  =  0  for  the  same  i. 

Then  for  a  >  0  and  small  h  >  0,  |z|i  =  a|y|i  implies  that 

\x  +  hz\i  =  ot\y  4-  — z|i. 

a 


Proof:  Let  h  =  {i  €  {1,  ...,n}  :  xt  ±  0}  and  I2  =  {i  €  {1,  ...,n}  :  xt  =  0}. 
From  the  conditions  we  see  that  yi  =  0  for  i  €  /2  and  sgny*  =  sgnxt  for  i  e  h, 
and 

V  XiSgnx*  =  a  Y^  j/i sgny*. 

*€/i  ie/i 

For  h  >  0  small  enough 

n 

|x  +  hz\i  =  Y^  4-  /i^|  =  Y^ (s*  4-  hZi)sgn.Xi  4-  Y^  ^  sgnz* 

^=1  i€Ii  i£l2 

v — h  ^ h  1 

=  Oi  >  (y»  4-  —  JKi)sgnj/i  4-  >  -  ZiSgnZi 

Oi  OL 

i€/x  te/2 

V-1  I  I  ft  , 

=  a  >  |yt  +  -Zi|  =  a  y  +  -21 
.  ,  a  a 

i=i 

The  proof  is  complete.  I 
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Theorem  1  Assume  there  exist  C  =  diag(c, ...,  cn)  and  D  =  diag(di, dn) 
where  Ci  >  0  and  di  >  0  for  i  =  1, ...,  n,  such  that  fix  ( CAk(t)D )  <  0,  for  t  >  0 
and  k  —  1  ,  Then  Eq.  (3.1)  is  uniformly  stable. 

Proof :  Choose  a  Liapunov  function  V(x)  —  \Cx\i.  Then  the  Dini-derivative 
of  V  along  any  solution  x  of  (3.1)  satisfies  that 

D+V(x) |(6  !)=  lim  -  [\Cx  +  hCx'\\  -  \Cx\x] 
h->o+  h 

1  r  m  ] 

=  lim  -  \Cx  +  h'S' CAkgk{x)\i-\Cx\i  (4) 

h— *o+  ri 

k= 1 

1  [  ] 

=  lim  —  \mCx  +  CAk9k(%)\ -  m\Cx\i 

h^o+  h 

K=  1 

m  i 

<  V  lim  -  \\Cx  +  h(CAkD)D~l gk(x)\i  -  px\i] .  (5) 

h->o+  h 

k— 1 

Note  that  (3.2)  and  (3.3)  imply  that  conditions  i)  and  ii)  of  Lemma  3.1  are 
satisfied  with  x  and  y  replaced  by  Cx  and  D~1gk(x),  k  =  1, m,  respectively. 
Define  functions  c^/c  =  1  by 

afcW  “  1,  if  *(t)  -  0.  w 

Then  by  Lemma  3.1  we  have  that  for  k  —  1,  ...,m 

|Cx  +  /i(Cj4fc£>)£>-15fc(x)|1  =  OklD-^^a)  +  — (CAfcI))ir1<?fc(x)|1 

<  afc| I  +  E(CAkD) |!  |J?-1Sfc(a)|i.  (7) 

Substitute  (3.6)  and  (3.7)  into  (3.5)  we  obtain  that 

D+V (x) |(3.x)  <  V  lim  ^  r|7  +  —  (CAM  ~  |£>_1<?fc(z)li 

fc=i 

771 

=  VMi(^fcD)|r>-15fc(a:)|1  <0. 


Therefore,  Eq.  (3.1)  is  uniformly  stable. 
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Theorem  2  Let  Ak{t)  =  Ak  £  Mnxn,  k  =  l,...,m,  are  constant  matrices . 
Assume  tfoere  exist  C  =  diag(ci,  ,.,cn)  and  D  =  diag(di, ...,  dn),  where  Ci  > 
0,  di  >  0,  i  =  1, ...,  n,  such  that 

(i)  /ii(C'AfcD)  <  0,fc  =  and 

(ii)  /^(CA^D)  <  0  for  some  fc  €  {1, 

Then  Eq.  (3.1)  is  uniformly  asymptotically  stable. 

Proof :  Choose  V(x )  =  |Cx|i.  Then  similar  to  the  proof  of  Theorem  3.1  we 
see  that  D+V(x) |(3il)  <  0.  This  concludes  the  theorem.  I 

Theorem  3  Assume  there  exist  C  =  diag(ci, ...,  cn)  and  g  =  (g^\  •••,  g^)T  € 
C(Rn,Rn)  satisfying  that  a>  0,  i  =  1,  and 

Xig®(x)>  0  /or  a*  /  0,  i  =  (8) 


Denote 

Hk(x)=  ^  di&S^9k\x)/9{1)(x),---,g{k)(x)/g(-n\x)\ ,  if  x  ^  0 


TTien  #g.  /3.1)  is  uniformly  stable  provided 

(  m  \ 

Mi  V CAk(t)Hk(x )  <0  (9) 

fc=l 


/or  £  €  R+,  |x|  <  (5  /or  some  £  >  0. 

Proof  :  (3.8)  implies  that  conditions  i)  and  ii)  of  Lemma  3.1  are  satisfied  with 

x  and  y  replaced  by  Cx  and  g(x).  Define  a  function  a  by 

n(f\  _  f  |C'rE(i)|i/|p(ai(£))|i  if  x(t)  /  0 

if  x(t)  =  0. 


Then  by  Lemma  3.1  we  have  that 

771  i  m 

IC'x  +  ZiV'  CAkgk(x) |i  =  a\g(x)  +  -  V'  C'J4fci?'fc(x)g(x)|i 
k=i  a  fc=i 

771 

<a|fl(*)|i  |I  +  £VCi4*J3ik(*)|i. 

fc=l 
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Prom  (3.1) 


f  h  171  "1 

£>+nz)l(3.i)  <  ftlim  £  \I  +  -  V  CAkHk( x)|i  -  1  |p(a;)|i 

fc=  1 

/  m  \ 

=  Mi  'T<^fc(i)Gfc(x)  |5(x)|!<0. 

k= 1 

Therefore,  (3.1)  is  uniformly  stable.  I 

Theorem  4  Let  Ak(t)  =  Ak  £  Rnxn,  k  =  1,  are  constant  matrices.  In 
addition  to  the  conditions  of  Theorem' 3.3  assume 

f  171  \ 

Mi  CAkHk{x)  <0  (10) 

fc= l 

for  0  <  |x|  <  5  for  some  6  >  0.  Then  Eq.  (3.1)  is  uniformly  asymptotically 
stable. 

The  proof  is  omitted. 

Remark  3.1  In  Theorems  3.3  and  3.4,  conditions  (3.9)  and  (3.10)  can  be 
replaced  by 

n 

V /XI  ( CAk(t)Hk(x ))  <  0 

k= 1 

and 

n 

T/X!  (CAkHk(x))  <  0, 

k= 1 

respectively.  Note  that  we  do  not  require  the  nonpositivity  of  each  mi  ( CAk  (t)Hk  (x)) 
individually. 

As  a  special  case  of  (3.1)  we  consider  the  equation 

m 

x'  =  A(t)x  +  Y' Ak(t)gk(x)  (11) 

k=l 


where  A,Ak  €  C(R+,R"xn),  gk  satisfies  (3.2)  and  (3.3),  k  =  l,...,m. 
Theorem  5  Assume  there  exist  C  =  diag(c!,  ...,c„)  and  D  =  diag(di,  ...,dn) 
where  a  >  0,  d,  >  0,  i  =  1,  ...,n,  such  that 
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(i)  fi i  ( CAk(t)D )  <  0  for  t  >  0,  k~  1,  ...,m  and 

/'OO 

1  m  (C'^(s)C-1)  ds  =  -00, 

0 

then  Eq.  (3.11)  is  asymptotically  stable; 

(ii)  fii  (CAk(t)D)  <  0  for  t  >  0,  k  =  1  and  jii  {CA{t)C~l)  < 

—a  <0,  t  >  0,  then  Eq.  (3.11)  is  uniformly  asymptotically  stable; 

(iii)  v\  (CAk(t)D)  >  0  for  t  >  0,  k  —  1,  ...,771,  and 

ft 

limsup  1  ui(CA(s)C  l)  ds  =  oo. 

t— *-  oo  0 

Then  Eq.  (3.11)  is  unstable. 

Proof : 

(i)  Let  V(x)  =  \Cx\i.  Then  similar  to  the  proof  of  Theorem  3.1  we  see  that 

771 

D+V(a:)|(3.ii)  <  miCAC-'yCxh  +  T  ^(CAkD^g^U 

i=l 

<  fix  (CAitfC-1)  V{x). 

Then  for  t  >  t0  >  0 

ft 

V  (x(t))  <V  (x(to))exp  1  iii  (CA(s)C~l)  ds  — ►  0  as  t  — >  oo. 

*0 

This  implies  that  (3.11)  is  asymptotically  stable. 

(ii)  Under  the  condition  we  have  D+V(x) |(3.n)  <  -aV(x).  The  conclusion 
is  then  obvious. 

(iii)  The  proof  is  similar  to  the  proof  of  Theorem  2.2  and  hence  is  omitted. 

I 

Finally  we  remark  that  all  the  above  stability  criteria  can  be  extended  to 
the  more  general  form  of  equations 

771 

t/  =  B(y)V'  Ak(t)fk(y ) 

fc=l 

where  B(y)  =  diag  (61(2/1), bn(yn)) ,  bifa)  >  0  for  y,  €  M,  i  =  1, 

Ak  €  C'(R”,Mn><n),  /i=^1),..,/ln)^€C(EMn)l  &  =  1, 


(12) 


and 

Vifk\y)  >  0  for  yi  ^  0,  i  =  l,...,n,  k  =  l,...,m. 


In  fact,  if  we  make  the  substitution  xt  = 


fy  ds 

o 


then  (3.12)  becomes  (3.1) 


with  gk(x)  =  fk  (y(x)).  It  is  easy  to  see  that  gk  G  C(Rn,Rn)  and  satisfies 
(3.2)  for  k  —  1  ,  Therefore,  Eq.  (3.11)  has  exactly  the  same  stability 

properties  as  Eq.  (3.1).  We  omit  the  details  here. 
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THE  GLOBAL  AND  LOCAL  C2-SOLUTIONS  FOR  THE  WAVE 
EQUATION  IN  THREE  SPACE  DIMENSIONS 
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Chengdu,  610066,  P.  R.  China 

In  this  paper  we  study  the  global  and  local  C2 -solutions  for  the  semilinear  wave 
equations  without  spherical  symmetry  in  three  space  dimensions. 


1  Introduction 

This  paper  deals  with  the  Cauchy  problem  for  semilinear  wave  equations  with 
small  data  in  three  space  dimensions  of  the  following  form 

f  ua  -  Au  =  G(ut,Du),  xeR3,  t  >  0,  ,  * 

u(sc,0)  =  €/(x),  ut(x,0)  =  eg(x),  ^ 
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where  u  is  a  real  valued  unknown  function,  e  is  a  positive  parameter. 

John1  has  shown  in  the  case  G  =  \ut\ 2  that  the  classical  solutions  of  (1) 
blow  up  at  finite  time  under  certain  conditions  on  the  Cauchy  data.  We  can 
derived  from  his  proof  that  the  blow-up  result  obtained  in  ref.  1  is  still  valid 
for  1  <  p  <  2  in  the  case  G  =  \ut\p.  Ref.  2  obtained  that  the  global  C 2 
solutions  of  (1)  with  spherical  symmetry  in  the  case  G  =  \ut\p  (p  >  2)  without 
the  assumption  that  the  support  of  f(x)  and  g(x)  is  compact.  Also  ref.  3 
has  studied  that  the  global  existence  of  solutions  in  weighted  L°°-  space  for 
problem  (1)  with  the  spherical  symmetry  by  assuming  that  G ,  /  and  g  satisfy 
some  hypotheses.  The  spherical  symmetry  means  that  the  unknown  u(x}t)  is 
the  function  of  variables  (r,t)  where  r  —  \x\.  For  more  general  nonlinear  term 
G(ut ,  Du)i  ref.  4  has  shown  the  global  C 2  solution  existence  and  nonexistence 
of  (1)  with  the  spherical  symmetry  by  removing  the  compactness  assumption 
of  the  support  of  initial  data. 

The  aim  of  this  paper  is  that  we  study  (1)  instead  of  spherical  symmetry. 
Actually  we  assume  that  f(x ),  g(x)  £  C3(R3)  satisfy  the  following 

(i) \D°f(x)\,  \D*g(x)\<Ca/(l  +  \x\y+k, 

where  a  is  an  arbitrary  multi-integer,  Ca  and  k  are  positive  constants.  In  fact 
we  can  assume  0  <  k  <  1  throughout  in  this  paper,  since  for  any  k'  >  1,  the 
inequality  (1  +  |z|)_fc/_1  <  (1  -f  |o:|)“A;“1  (0  <  k  <  1)  holds. 

(ii)  G(v,w)  €  C2(R 2), 

(iii)  There  exist  p  >  3  and  A  >  0  such  that 

\d?dZ>G(v,u)\  <  i4(|«r  M  +  lup-N),  \a\  =  aa  +  a2  <  2 

for  all  (v^u)  £  R2  with  |u|,  |u|  <  1. 

(iv) For  |a|  =  2,  there  exists  a  positive  constant  B  satisfying 

\d5'8S*G(v,w)  -  dZ'd%>G(v',w')\  < 

|v|  +  -  v’\ +  (M  +  l^'D^lu;  -  w'\p'} 

for  all  (v>w),  (vf,wf)  £  R?  with  |v|,  |tu|,  \v'\,  |tn'|  <  1,  where 

(Mo./J i)  =  0  —  3, 1),  p>  3. 

Note  that  assumptions  admit  the  nonlinear  terms  \Du\p,  \ut\p  and  wt|wt|p-1. 

Under  the  hypotheses  (i)-(iv)  and  p  >  3,  k  >  2/(p  -  1),  we  shall  show 
that  the  global  small  C 2  solution  of  (1)  exist.  In  additoin,  we  shall  obtain 
that  if  p  >  3,  0  <  k  <  2/{p  -  1)  and  the  assumption  (i)-(iv)  holds,  then  for 
small  e  >  0,  the  lifespan  Te  of  corresponding  local  solution  exceeds  the  number 
C€-(p-i)/(2-fc(p-i))j  where  c  is  a  positive  constant  which  is  independent  of  e. 
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We  should  note  that  the  results  obtained  in  this  paper  are  in  some  sense 
weaker  than  those  we  are  supposed  to  get,  because  ref.  4  has  shown  that  the 
global  small  C 2  solutions  of  (1)  with  spherical  symmetry  exist  for  p  >  2  and 
k  >  l/(p  -  1),  the  lifespan  T€  of  corresponding  local  solution  for  the  spherical 
symmetric  version  of  (1)  exceeds  the  number  ce-(p-1)/(1“fc(p-1))i  Whether  the 
global  C 2  solutions  of  (1)  exist  for  p  >  2,  k  >  l/(p  -  1),  and  the  local  C 2 
solutions  are  available  for  p  >  2  and  0  <  k  <l/(p-  1)  still  remains  open. 

It  is  very  meaningful  to  compare  results  in  this  paper  with  those  for  the 
equation 

f  utt  -  Au  =  |u|p,  xeR3}  t  >  0. 
u(x,0)  =  e<p(x),  ut(x,0)  =  eip(x),  ^  ' 

where  p  >  1.  When  initial  data  are  suitably  smooth  and  compact  support,  the 
existence  result  by  ref.  6  and  nonexistence  results  by  ref.  6  -7,  together  with 
Keller’s  comparison  theorem  (see  ref.  8),  lead  to  the  fact  that  problem  (2)  with 
p  >  1  +  \/2  has  global  small  solutions  and  that  1  <  p  <  1  +  y/2  has  blow  up 
solutions  for  the  data  satisfying  some  additional  positive  conditions  no  matter 
how  small  e  >  0  is.  Also  ref.  9  obtained  the  more  refined  results  than  ref. 
6-7.  Moreover,  ref.  5  has  shown  that  if  the  support  of  the  Cauchy  data  is  not 
compact,  then  there  are  two  cases,  blow-up  or  global  existence,  according  to  the 
decay  of  the  data  as  \x\  tend  to  infinite  evev  though  p  >  1  -f-  \/2-  More  precisely, 
ref.  5  proved  the  existence  of  global  small  solution  to  (2)  with  p>  1  -f  ^/2  for 
the  data  satisfying 

I \Da<p{x)\,  \D^(x)\  =  0(\x\-l~k)  (|a|<3,|/?|<2)  |*|  —  oo  (3) 

with  k  >  2/ (p—  1).  He  has  also  shown  the  nonexistence  of  global  solutions  to  (2) 
with  the  data  satisfying  <p{x)  —  0,  ^(x)  >  l/(l  +  |a;|)1+;c  with  0  <  k  <  2/(p-l), 
even  if  p  >  1  -f  y/2. 

■  For  simplicity,  we  still  denote  by  C  any  positive  constant  appearing  in  our 
paper,  which  may  depend  on  /c,p,  Ca,  A  and  £?,  but  never  depends  on  e. 

2  Lemmas 

In  order  to  prove  the  existence  and  uniqueness  in  the  classical  sense  of  C 2  for 
problem  (1),  by  ref.  1  we  know  that  the  equivalent  integral  equation  for  (1) 
has  the  following  form 


V 


where  a;  is  a  unit  vector  in  R3  and  da w  is  an  area  element  on  a  sphere  of 
radius  1.  Let  Jfc  be  given  by 

f  (t,x),  (t,x)  €  [0,oo)  x  R3,  k  >  2/(p  —  1), 

fc  ( t ,  a),  (t,  a)  €  [0,  T]  x  i?3,  0  <  fc  <  2/(p  -  1). 

We  define  C2(Jk)  be  the  space  of  all  real-valued  and  twice  continuously  differ¬ 
entiable  functions  W  on  Jk  with  norm  ||.||  jfc  given  by 

\\W\U=  sup  [(l  +  t+|x|)fc||W(t,x)||]<00, 

(t,x)GJk 


where 


\\W(t,  x)|| 


0  <  j  +jl  +72  +, 7*3  <  2 


gj+ji+h+js  W(t,x) , 
dVd^dxtfdxf 


By  the  definition  of  space  C72(Jfc),  we  know  that  C2{Jk)  is  a  Banach  space, 
and  for  any  u  €  C2(Jfc),  ||u||jfc  is  bounded.  We  shall  use  the  iteration  scheme 
called  a  variant  contraction  mapping  theorem  to  construct  solutions  of  (1)  in 
the  space  C2(Jfc). 

Now  we  introduce  the  following  two  lemmas  which  can  be  found  in  ref.  5. 

Lemma  1  If  0  <  k  <  1,  then 

et  f  _ dau _  Ce 

4?T  |W|  =  1  {l  +  \x  +  tu\)1+k  ~  (l  +  t+\x\)k* 

e  f  da^ _  Ce 

47 r  jwj=1  (1  +  \x  +  tu\y+k  ~  (1  + t  +  |z|)fc  * 

Lemma  2  Suppose  that  f(x),  g(x)  satisfy  (i),  then 

(0<t<1)'  (5) 

Lemma  3  Suppose  that  the  function  K(x,t)  take  following  form 


K{x,t) 


^  (t  —  r)  ^  G(u®i  Du°)(r,x  +  (t  -  r^daudr, 
47r  o  M=i 


where  G  satisfies  assumptions  (ii)-(iv),  =  u^{x,t)\t=r .  Then 


m*,m  < 


k> 


Cep 

(l+t+\x\)k 

(l+t+|a|)fc  » 


The  proof  of  Lemma  3  is  similar  to  that  of 


2/ (p  1), 

0  <  fc  <  2/(p  -  1). 

ref.  7,  we  omit  it. 
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3  Main  results 

Theorem  1  Suppose  that  p  >  3,  k  >  2/(p  -  1)  and  the  initial  value  f(x), 
g(x)  satisfy  assumptions  (i).  Then  there  exists  Co  >  0  such  that  for  any  e  with 
0  <  e  <  €o  the  problem  (1)  have  a  unique  global  solution  u(x,t)  which  is  twice 
continuous  differentiable  with  respect  to  any  {x,t)  E  R3  x  i?+. 

Theorem  2  Suppose  that  p  >  3,  0  <  k  <  2/(p  -  l)  and  the  initial  data 
satisfies  (i).  Then  there  exists  eo,  for  any  e  with  0  <  e  <  eo,  the  problem 
(1)  has  a  unique  local  C 2  solution  u(x,t).  Furthermore ,  for  all  the  e  with 
0  <  e  <  €o,  the  lifespan  Te  of  the  corresponding  solution  exceeds  the  number 
C,e”(p-i)/( 2~kP+k) }  where  C  is  a  positive  constant  independent  of  e. 

In  order  to  prove  above  theorems,  we  define  . 

un(t,x)  =  u°(x,t) 

If 1  f 

+  Gf((wr)n-i,T)u)n_i)(T,rr-h(t-T)a;)dcra;dr) 

47r  o  m=i 

where  u0(x,t)  =  u°(xtt ),  (ur)n- 1  =  dtun-i(x} i)\t=T- 

By  Lemma  2,  we  can  choose  e  be  sufficiently  small  such  that 

||u°(:M)||  <  eC  <  1/2. 

By  Lemma  2  and  3,  we  know 


K0M)||  < 


f  (l+t+|x|)fc  +  (l+t+|x|)fc  ’  k>2/(p  1), 

)  eC  ,  Cep(l+T)2”fc^-1) 

(i+t+|*|)*  (i+t+jxj)fc  » 

{  0  <  k  <  2/{p  —  1),  0  <  t  <  T. 


(6) 


In  fact,  if  0  <  k  <  2/(p  -  1),  we  can  choose  T  >  0  and  small  positive  e  so 
that  the  inequality 

Cep-l(l+T)2~k(p-V  <  1/2  (7) 

holds.  From  (6),  we  can  choose  e  be  sufficiently  small  such  that  for  k  > 
2/(p  —  1),  p  >  3  that 


IMM)IU  <Ce  +  Cep  <1/2. 

Therefore,  we  can  choose  sufficiently  small  e  >  0  such  that  for  both  cases 
k  >  2/{p  —  1)  and  0  <  k  <  2 /(p  -  1)  that 

K|U  <  Ce  +  e/2<  1/2.  (8) 
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By  Lemma  3,  we  have 


y 


\\u\{x,t)  —  u0(a;,£)||  < 


f  (i+t+|i|)fc’  k>2/(p  1), 

0<k<2/(p-l),0<t<T 


<Ce  +  e/2  <  1/2. 


(9) 


Similar  to  the  estimates  as  above,  by  induction  and  Lemma  3,  we  have 


\\un\\jk<Ce  + e/2  <1/2.  (10) 

By  repeating  essentially  the  same  argument  as  in  Lemma  3,  (7)-(10),  as¬ 
sumption  (i)-(iv),  and  the  definition  of  norm  ||  *  ||  jfc,  it  follows  from  the  same 
idea  of  ref.  5  that 

IK+i  -  «„IL  <  C{\)n  +  Cn(|)»  +  Cn\\)n-'  +  (11) 

We  know  {un}  is  a  Cauchy  sequence  in  C2(Jk),  then  there  exists  a  function 
u(x ,  t)  €  C2(Jk)  such  that  un(x,  t)  is  uniformly  convergent  to  u(x,  t)  in  C2(Jfc). 
If  k  >  2 /(p  —  1),  we  complete  the  proof  of  Theorem  1.  If  0  <  k  <  2/{jp  —  1), 
we  notice  the  inequality  (7),  we  complete  the  proof  of  Theorem  2. 
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THE  BLOW-UP  RATE  FOR  A  SYSTEM  OF  SEMILINE AR 
HEAT  EQUATIONS  WITH  NONLINEAR  BOUNDARY 
CONDITIONS 
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Chengdu,  610066,  P.  R.  China 
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In  this  paper  we  prove  that  max  u(x,t)  (resp.  max  v(x,t ))  goes  to  infinity  like 
*€[0,1]  *€[0,1]  "  &  J 

( T-t)a i/2  (resp.  (T~t)a2/2),  where  cti  <  0  are  the  solutions  of  (P-Id)(ai,  <22)*  = 
(-1.-1)*. 


1  Introduction 

In  this  paper  we  consider  the  blow-up  rate  for  the  following  system  of  semilinear 
heat  equations  with  nonlinear  boundary  conditions: 

(ut  =uxx+ul\  vt  =  vxx+vh,  (x,t)  €  (0, 1)  x  (0, T), 

JWx(0,i)  =  0,  v,(0,t)  =  0I  *e(0,T),  m 

ux(l,t)  =  vx(l,t)  =  (uP"v?™)(l,t),  t  €  (0 ,t),  W 

[u(x,0)  =u0(x),  v{x,0)  =v0(x),  X  6(0,1). 

Here  0  <  li  <  1, 0  <  fa  <  1  and  the  matrix  P  =  (pij)  satisfies  the  following 
assumption 

(A) .  P  =  (p^)  is  a  matrix  with  non-negative  entries  such  that 

max{pn,p22}  <  1,  det(P  -  Id)  <  0. 

Under  this  hypothesis  there  exists  a  unique  vector  (<21,0:2)  with  a*  <  0 
such  that 

Here,  without  loss  of  generality  we  assume  that  ax  <  a2  <  0.  Further,  we 
suppose  that  l\,l2  satisfy  the  following  hypothesis: 

(B) -  h  >  [ai  -  (1  -  l2)a2]/ai. 

We  also  suppose  that  the  initial  data  satisfy  the  following  conditions 
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(C).  u0(x),  v0{x)  e  C3([0, 1]),  u'i'  >  0,  <  >  0,  u’0  >  0,  v'0"  >  0,  v'0'  >  0, 
v'0  >  0,  u0(x)  >  1,  and  v0(x)  >  1  for  any  x  €  (0, 1). 

Under  Condition  (C),  by  the  minimum  principle  we  have  u{x,t)  >  1  and 
v(x,t)  >  1  for  any  (x,t)  €  [0,1]  x  [0 ,T).  Under  hypothesis  (A)  it  is  proved 
in  [10]  that  the  solution  (u(x,t),v(x,t))  of  (1)  blows  up  in  finite  time  T.  As 
t  — ►  T  we  have 

1imsup{||u(.,<)||i«=([0ii])  +  ||t»(.,«)||i»([0fl])}  =  +oo. 

We  can  also  prove  that  both  functions  u(x,  t)  and  v(x,  t)  go  to  infinity  a st-*T. 

Over  the  past  two  decades  blow-up  problem  of  the  solutions  for  nonlinear 
parabolic  equations  with  nonlinear  boundary  conditions  has  deserved  a  great 
deal  of  interest  (see  ref.  2,  3,  5,  7,  10-12).  For  this  kind  of  problems,  some  of 
those  results  close  related  to  ours  are  as  follows.  In  ref.  1,  9, 11  considered  the 
following  system: 

(ut  =  Au,  vt  =  Av,  (x,t)  e  £i(0)  x  (0,T), 

)  =  uPiiwPii,  |£  =  (x,t)  e  8B1( 0)  x  (0,37),  (3) 

(  u(®,  0)  =  uo(x)  >  0,  v(x,0)  =  vo(x)  >  0,  xeBi(0), 

where  the  matrix  P  =  (py )  satisfies  hypothesis  (A),  the  inital  functions  u0,  v0  € 
C3  {Bi  (0))  are  radially  symmetric  and  satisfy  the  boundary  conditions,  and  the 
first  three  derivatives  of  uo(r),  vo(r)(r  =  ||a:||)  are  non-negative.  In  ref.  11 
the  author  proved  that  there  exists  positive  constants  c  and  C  such  that 

c  <  max  u(x,  t)(T  -  t)~a^2  <C  for  0  <t<T, 
c  <  max  v(x,  t)(T  - 1)-0*/2  <  C  for  0  <  t  <  T, 

x£Br(0) 

where  a\  and  ct2  are  given  by  (2). 

In  the  paper,  by  a  modification  of  the  method  given  in  [11],  we  establish 
the  following  results. 

Theorem  1.1  1}  assumptions  (A)-(C)  hold,  then  the  solution  (u(x,t),v(x,t)) 
of  (1.1)  blows  up  at  finite  time  T  and  there  exists  positive  constants  c  and  C 
such  that 

c  <  max  u(x,t)(T  -t)~ai/2  <  C  for  0  <  t  <  T, 

*€[0,1] 

c  <  max  v(x,t)(T  -  f)~“2/2  <  C  for  0  <  t  <  T, 
x€[0,l] 

where  cti(i  ~  1,2)  are  given  by  (2). 
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Theorem  1.2  If  the  assumptions  (A),  (B)  and  (C)  hold,  then  for  anyr  G  [0,1) 
there  exists  a  constant  C  =  C(r)  such  that 

max  u(x,t)  <  C,  t  G  [0,T), 

x€[0,r) 

max  v(x,t)  <  C,  t  G  [0,T), 

xe[o,r] 

(i.e.  the  blow-up  set  is  localized  in  boundary  x  =  1). 

2  Auxiliary  Propositions 

In  this  section,  we  state  some  propositions  that  play  an  important  role  in 
Sections  3.  We  begin  with  some  results  of  ref.  9  (also  see  ref.  4,  6  and  ref.  10). 
Proposition  2.1  Let  z  be  the  positive  solution  of  the  problem 

zt  =  Zxx,  0 Z ,  t)  €  (0, 1)  x  (0,  T), 

zx(0,t)=0,  zx(l,t)  =  zk{l,t),  t£{0,T), 
z(x,  0)  =  zq(x)  >0,  x  E  fi, 

where  k  >  1,  zq  G  C3  satisfies  the  inequalities  z'0  >  0,  z'f  >  0,  z'f'  >  0  and 
boundary  conditions.  Then  there  exist  positive  constants  c  and  C  such  that 

c  <  max  u{x ,  t)(T  —  t)a  =  u(l,  t)(T  —  t)a  <  C,  for  0  <  t  <  T, 

*€[0,1] 

where  a  —  1/(2 (k  —  1)). 

Proposition  2.2  Let  w(x,t)  be  the  positive  solution  of  the  problem 

wt  =  wxx  +  w\  in  (0,l)x(0,T), 

wx(0 ,t)  =  0,  wx(l ,t)  =  wq(l,t),  t  G  (0.T), 

w(x,  0)  =  tyo(rr)  >  0,  in  [0, 1], 

where  l  >  0,  q  >  0,  max{/,  q}  >  1,  the  initial  data  wo(x)  satisfies  the  inequali¬ 
ties  w'q  +wl0  >  0  and  w'0  >  0,  and  T  is  the  blow-up  time.  Then  blow-up  occurs 
only  at  x  =  1  and  there  exist  positive  constants  c  and  C  such  that 

c  <  max  w(x,t)(T  —  t)a  —  w(l,t)(T  —  t)a  <  C  for  0  <  t  <  T, 

*€[0,1] 

where  a  =  1/(1  —  1)  ifl>2q—l,a—  1/(2 (q  —  1))  if  l  <  2q  —  1,  T  is  blow-up 
time. 

By  Proposition  2.1,  2.2  and  mimimum  principle,  we  can  prove  a  result  that 
has  independent  interest  for  a  single  equation. 


Proposition  2.3  Let  U ( x ,  t)  be  the  positive  solution  of  the  problem 

Ut  -  Uxx  +  U\  in  (0, 1)  x  (0 ,T), 

Ux(0,t)  =  0,  Ux(l,t)  =  Co!0$,  t  €  (0.T), 

U(x,0)  =  Uq(x))  in  (0,1), 

where  0  <  l  <  1,  s  >  1/2,  0  <  r  <  1,  and  the  initial  data  U0  £  Cs.  Then 
U(x,t)  blows  up  as  t—>T  and 

where  (3  =  (s  -  l/2)/(l  -  r). 


3  Blow-up  Rate  for  the  System 


In  this  section,  we  prove  Theorem  1.1  and  1.2.  To  this  end,  we  start  with  a 
result  on  comparison  for  the  functions  u(x,t)  and  v1{x,t)  (where  (u,v)  is  the 
solution  of  (1)).  The  proof  of  this  result  is  similar  to  that  of  Lemma  3.1  in 
[10]. 

Lemma  3.1  Under  assumptions  (A),  (B)  and  (C),  there  exists  a  constant 
C  >  0  such  that  Cu  >  vQl^a2 ,  where  (it,  v)  is  the  solution  of  (If 

Proof  of  Theorem  1.1  We  begin  with  v(x,t).  By  Lemma  3.1,  we  obtain 

(vt  =  vxx  +  vh  >  vxx  in  (0, 1)  x  (0,  T), 

f  vx(0,t)  =  0,  «x(l,f)  =  uPai(l,*)«P!‘i,(l»*)>cw,’1(l,*).  (4) 

l  v(x,0)  =  vo(x),  in  (0,1), 

where  pi  =  ^P2i  +  P22  =  1  -  ~  >  1.  By  Proposition  2.1,  we  can  conclude 
that  there  exists  a  constant  cj  such  that 


v(x,y)  > 


_ £1 _ 

(T-t)  1/(2(P1-1))- 


But  l/(2(pi  —  1))  =  —0:2/2,  then  we  have 


xmax  v(x,t)  >  ci  (T  -  t)ai/2  (t  ->  T).  (5) 

Prom  (5)  we  get 

(ut=uxx  +  ul\  in  (0,  l)x(0,T), 

'«*(0,t)  =  0,  U*(l,t)  =  UPu(l,t)vPl2(l,t)  >  C2^r^pl,  (6) 

[u(x,0)  =  u0(x),  in  (0,1), 
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where  0  <  L\  <  1,  n  =  Pu  and  Si  =  ~(a2p  12)/ 2-  By  hypothesis  (A),  we  have 
sx>  1/2  and  n  <  1.  Therefore,  by  Proposition  2.3,  we  obtain 

u(x,t)  >  cz(T-t)-^-1/2)/{1-ri). 


We  remark  that 

1  -  fl 

and  we  have  obtained  the  lower  bound  for  u(x,t ), 

max  u(ir,t)  >  c^(T  -  t)ai^2  (t—>T).  (7) 

*€[0,1] 

Next  we  prove  the  reverse  inequalities  in  Theorem  1.1.  Now  we  start  with 
u(x,t).  By  Lemma  3.1,  we  have 

ut  =  uxx  +  ul\  in  (0,1)  x  (0,T), 

ux(0,t)  =  0,  ux(l;t)  =  fiP“(My>»(l,i)  <  C’mP^M), 
u(x,0)  =  uq(x),  in  (0,1), 

where  0  <  l\  <  1  and  p2  =  {&ipn  +  &2pi2}/&i  =  *”1  /ai  +  1  >  1-  Thus,  by 
Proposition  2.2,  we  get 

C2 

max  «(x,t)  <  {T_t)1/2(2&—)  (*  T)‘ 


But  l/(2(p2  -  1))  =  -ou/2,  hence 


max  u(x,t)  < 

*€[0,1] 


C2 

(T  -  t)-Ql/2 


By  the  above  estimate  for  u(x,t ),  we  have 


(8) 


C  Vt  =  Vaa,  +  t/2  in  (0, 1)  X  (0,  T) , 

1  vx (0,  t)  =  0,  vx{l,t)  =  uP21(l,t)vp™(l,t)  <  (9) 

v(x, 0)  =  vo(x),  in  (0, 1), 

where  0  <  l2  <  1,  r2  =  P22  and  s2  =  {-a1p2i)/2.  Using  again  assumption  (A), 
we  get  s2  >  1/2  and  r2  <  1.  Thus,  by  Proposition  2.3  we  obtain 


We  observe  that  (s2  —  l/2)/(l  —  r2)  =  (—q;2)/2.  Therefore,  we  have 

<‘-T>.  (10) 

Combing  this  with  (5)  (7)  (8)  (10),  we  complete  the  proof  of  Theorem  1.1. 
The  proof  of  Theorem  1.2  is  similar  to  the  proof  of  Theorem  1.1,  we  omit. 
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The  invariance  of  differential  equation  w'  =  o^{z)wx  /  J^i-o  bi(z)wl  under 

fractional  transformation  group  are  given.  According  to  the  invariance,  a  method 
to  judge  the  integrability  under  such  transformations  is  presented. 


1  Introduction 

Many  problems,  both  in  practice  and  in  theory,  require  the  researchers  to  find 
the  exact  solution  or  to  judge  the  integrability  of  some  given  differential  equa¬ 
tions.  Though  the  theory  of  Lie  group,  the  theory  of  monodromy  group  and  the 
theory  of  differential  algebra  have  played  important  roles  in  studying  the  inte¬ 
grability  of  differential  equations,  it  is  still  a  difficult  task  to  tell  the  system  is 
integrable  or  not  except  some  special  case,  one  of  the  authors  have  investigated 
the  integrability  of  equation  w'  =  £"=o  ai(z)wi  under  linear  transformation 
group  by  the  invariance 1 .  This  paper  will  study  the  more  general  equations: 


w 


£IU  <n(*V 

£"o bj(z)u)i  ’ 


n,  m  £  N, 


(1) 


where  aubj  :  D  ^  C,  <*(*),  &*(*),»  =  0, 1,  •  *  •  ,n,  j  =  0, 1,  •  *  •  ,m,  are  analytic 
in  D,  an{z),  bm{z)  ^  0  for  all  z  €  D,  and  D  is  a  connected  open  subset  of  the 
complex  plane.  The  equations  of  this  form  include  a  large  class  of  important 
equations,  i.e.  Riccati  equation,  Abel  equation,  and  polynomial  system.  As  the 
special  case,  when  m  —  0,  the  relationship  between  invariance  and  integrability 
of  it  under  linear  transformation  has  been  studied 1 .  It  is  easy  to  see  that  the 
form  of  Eq.  (1)  is  invariant  under  fractional  transformation, 


T(p,g,r,s)  : 


_  p{z)W  +  q(z) 
W  r(z)W  s(z) 


(2) 


where 

Det(z)  —  p(z)s(z)  -  q(z)r(z)  ^  0  \fz  £  D.  (3) 

(Without  loss  of  generality,  we  will  assume  that  Det(z)  =  1  hereinafter.)  Fur¬ 
ther  more,  we  will  assume  that  n  =  m  4-  2,  since  under  simple  transformation, 
the  equation  can  take  the  form  that  n  =  m  +  2. 


2  Invariance  and  Integrability  under  Fractional  Transformations 


Let  qi(z),  (i  =  1, 2,  •  ■  • ,  t)  are  distinct  roots  of  b(z ,  tu)  =  0,  with  multiplicity  h 
respectively.  Then  t  is  invariant  under  transformation  Eq.  (2).  While  t  >  3, 
denote  by  Rkyi  (k  ^  l)  the  dimension  of  linear  space  generated  by  functions 


Qi(z)  ~  qk(z) 

Qi(z)  ~  qi(z) 


(i  =  1,2,  •••,*,*  ±  fc,Z). 
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Lemma  2  Rk<i  is  independent  of  the  choice  of  k,  l  (note:  we  will  denote  Rki 
by  R). 

Theorem  6  R  is  invariant  under  fractional  transformation  T. 

Let 


q(z)  =  qi(z),  r(z)  = 


1 

9i(*) -93(2) 


Then,  under  transformation 


n(z)  _  (9l(g) -92(^))(93(z)~  9l(g)) 
1  ’  92(g) -93(g) 


w  =  TW  ■■ 


p{z)W 

r(z)p(z)W  + 1 


+  9(g). 


the  denominator  of  right  hand  side  of  Eq.  (1)  converted  into  B(z,W)  = 
Wkl(W  -  l)k>TlU(W  -  q(z))ki,  where  q{z)  =  Q\^/Q\:i.  If  r  =  1,  q(z) 
are  constants,  and  B(z,  W)  is  exact  the  functions  of  W. 

While  t  =  1  or  t  =  2,  it  is  easy  to  find  transformation  such  that  Eq.  (1) 
can  be  converted  into  the  equation  expressed  as 


—  =  £”=0  a»(g)w* 
dz  B(w) 


where  B{w)  is  polynomial  of  w,  with  degree  n-  2.  And  the  discuss  tell  us  that 
the  condition  under  which  Eq.  (1)  can  be  changed  into  the  equation  as  Eq.  (5) 
under  fractional  transformation  is  invariant. 

Now,  consider  equation  Eq.  (5).  If  B(w)  =  (w  -  c)n-2(c  be  constant),  let 
W  =  1/ (w  —  c),  the  equation  W  satisfying  take  the  form: 


dW 

dz 


n 

V ai{z)W\ 

i=  1 


(6) 


which  have  been  discussed 1 .  The  results  can  be  summed  up  as  following: 
Theorem  7  For  equation  Eq.  (6),  these  is  a  linear  transformation 


W  =  p(z)u  +  q(z), 

where  p(z)  and  q(z)  can  be  obtained  from  ai(z ),  (i  =  0, 1,  •  •  •  ,n)  through  finite 
algebra  operations ,  such  that  Eq.  (6)  can  be  changed  into  the  standard  form: 

jfc-i 

v!  =  A{z)(un  +  uk  +  Y"  Ai(z K)  (0  <  k  <  n).  (7) 

z=0 . 

Ai(z),  i  =  0, 1,  •  •  • ,  k  —  1  and  A{z),  looked  as  functions  of  coefficients  ai(z ),  i  = 
0, 1,  •  •  • ,  7i,  are  invariant  under  linear  transformation.  And  Eq.  (6)  is  integrable 
under  linear  transformation  if  and  only  if  either 
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1 .  Eq.  (7)  is  a  Bernoulli’s  equation;  or 

2.  Ai(z ),  (t  =  0, 1,  •  •  ■ ,  *  -  1)  are  all  constants. 

When  B(w)  ^  (w  -  c)n~2,  rewrite  Eq.  (5)  as 

i 

w' =  Ai(z)gi(w ),  (8) 

i=l 

where  A*  (2),  (t  =  1,  •  •  • ,  l)  are  linear  independent  relating  to  constants.  Then 
this  form  is  invariant  under  transform 

W  =  TW  =  (ps-qr  =  l,p,q,r,s  are  constants) .  (9) 

rW  4-  s 

Denote  the  set  of  all  transformations  Eq.  (9)  by  Go-  We  have 

Theorem  8  If  9i(w),  (i  =  1,  *  *  * ,  0  can  be  spanned  into  a  Lie  algebra  {gi(w), 

•  •  •  °f  dimension  V(ll  >  l)  with  Lie  bracket 

V 

\9i  M  *  9 j  (^)l  =  9i  (u)gj  H  -  9i  (v)g'j  (u)  =  Y^  C-j  gk  (w) ,  * 

l 


(ij  =  1,2, -,0 

where  C fj  are  constants.  Then  s 

1) .  the  structure  constants  are  invariant  under  transformations  in  Gq. 

2) .  V  <  3,  and  the  equation  can  be  integrated  in  finite  steps  while  V  <  2. 

W7ien  V  =  3,  the  equation  can  be  changed  into  Riccati  equation.  (Note:  In  this 
case,  when  the  coefficients  are  rational  functions,  we  can  judged  the  integrability 
by  finding  its  algebraic  solution3,  which  can  be  realize  by  computer4). 

The  results  of  this  paper  give  a  method  to  estimate  whether  the  equa¬ 
tion  Eq.  (1)  is  integrable  under  fractional  transformations.  This  method  can 
be  realized  automatically  by  programming  under  the  software  environment  of 
Mathematica  system. 
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ON  THE  NON-CONSTANT  PERIODIC  ORBITS  OF  CUBIC 
KOLMOGOROV  SYSTEMS  OF  A  CLASS  IN  R3 
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In  this  paper, we  consider  the  Kolmogorov  system  which  are  the  interaction  of  three 
species  with  the  different  intrinsic  growth  rates.  We  obtain  the  sufficient  conditions 
to  the  existence  of  the  non-constant  periodic  orbits  of  a  Kolmogorov  system  in  R3. 


1  Introduction 


Systems  of  nonlinear  differential  equations  of  the  form 


dxi 

dt 


XiFiix i,£2,...,xn), 


(1) 


are  frequently  used  to  modelling  the  interaction  of  species  occupying  the  same 
ecological  niche. 

When  n  =  2, the  differential  equations  modelling  the  interaction  of  two 
species  have  been  studied  extensively, system  of  the  form 


^l  =  XlFl(x,y),^  =  x2F,(x,y)  (2) 

is  known  as  Kolmogorov  systems. In  the  classical  Lotka-Volterra-Gause  model, 
F\  and  F2  are  linear. 

When  n  =  3, May  and  Leonard  [l]were  the  first  to  study  the  symmetric 
case  of  the  Lotka-Volterra  models,  they  showed  that  there  exists  a  unique  inte¬ 
rior  equilibrium  which  is  a  saddle  point  and  they  also  give  an  example  of  L-V 
system  with  a  heteroclinic  cycle;A.Gaunersdorfer  [6]  studied  the  time  averages 
for  heteroclinic  attractors  of  L-V  system, the  time  averages  fail  to  converge  for 
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almost  all  initial  conditions,  but  spiral  closed  and  closed  to  the  boundary  of 
a  polygon;  [2]  studied  the  three  dimensional  competitive  L-V  systems  with  no 
periodic  orbits;  [4]  discussed  on  the  asymmetric  May-Leonard  model  of  three 
competing  species;  [3]  studied  for  general  Kolmogorov  system  with  same  intrin¬ 
sic  rates  which  has  non-constant  periodic  orbits. 

In  this  paper  ,we  shall  discuss  the  non-constant  periodic  orbit  of  a  class  of 
Kolmogorov  systems  with  different  intrinsic  growth  rates. 

Consider  cubic  Kolmogorov  systems  which  is  the  weak  coupled  as  follows 

=  u{Ai  +  A2U  4-  A3V  4-  A4u2  4-  A5UV  4-  AqV2], 

|f  =  v[Bi  4-  B2u  +  B3V  4-  B4U2  4-  B$uv  4*  Bqv%  (3) 

-  z{Ci  4-  C2u  4-  Czv  +  C4U2  +  C5uv  4-  C6v2  -  C7z2). 

2  The  Main  Results 

Without  loss  of  generality, let  C7  =  l.The  induced  field  of  the  system  (3)  will 
be  obtained  as  the  following  the  system  (4) 

xi(l  +  oiiXj  +  0,12X1X2  +  ai3x1x3+ 

022X2  +  <*23X2X3  +  033X3) 

Xi(l  +  i?i(x)), 

X2(l  +  bnxj  +  612X1X2  + 

613X1X3  +  622X2  +  623X2X3  +  633X3)  (4) 

X2(l  +H2(x)), 

X3(l  +  C11X3  +  C12X1X2  + 

C13X1X3  +  C22X2  +  C23X2  +  C33X§) 

X3(l  +  Hs(x)). 

Where  an  =  —Ci,  a\2  —  —C2,  an  =  — C3, 
a22  —  —  C4,  023  =  —  C5,  O33  =  —  C&, 

bn  =  Ai  -  Ci,  612  =  A2  -  C2,  613  —  A3  —  C3, 

b22  —  A4  —  C4,  b23  —  A5  —  C5,  633  =  ^-6  —  06, 

cn  =  B\  -  Ci,  C12  =  B2-  C2,  C13  =  B3  —  C3, 

C22  =  —  C4,  C23  —  B$  —  C5,  C33  —  Bq  —  Cq. 

Proposition  1  If  (4)  has  a  non-constant  periodic  orbit  when  x\  ^  0,then 
(3)  has  the  non-constant  period  orbit  when  u  0. 

Ht(x)  is  a  tangent  vector  field  of  homogeneous  vector  field 

H(x)  =  (xiifl(x),  X2f?2(x),X3F3(x), -X4), 

According  to  Poincare  central  projection, we  have 
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Proposition  2  The  flow  of  Ht(x)  on  S+  is  topological  equivalence  to  the 
flow  of  vector  field  defined  by  (4)  in  =  1). 

Consider  the  cubic  Kolmogorov  system  in  two-dimensions: 

^  =  Xi  (r  4-  ax  i  +  bx  2  +  cx\  +  exix2  4-  fx\) 

=  P(x  i,®2),  /5x 

^  =  £2(s  +  0£i  4-  hx2  +ixj  +jxix2  4-  kx\)  V  ; 

=  P(xi,x2)l 


where  r  =  033  —  033,0,  =  ai3  —  Ci3,6  =  a23  —  c23,c  =  an  —  cn, 
e  —  ai2  -  ci2,/  =  a22  -  c22,s  =  633  ~  C33,^  =  biz  -  C13, 

h  =  623  c23,i  =  &n  —  Cn  J  =  612  —  Ci2,A:  =  622  —  c22. 

Theorem  1  Suppose  that  a  critical  point  (o,  u)  in  the  first  quadrant  is  a 
center  (or  focus)  type, 

(i) .r  4-  au  +  bv  +  cu 2  +  euv  +  /u2  =  0, 
s  +  gu  +  hv  4-  m2  4*  juv  4-  fcv2  =  0; 

( ii) .u(a  +  2cu  4-  eu)  4-  v(/i  +  jv  +  2ta;)  =  0,  u,  v  ^  0 
and  one  of  the  following  sets  of  conditions  holds: 

1.  —  2c<7r  +  air  +  acs  =  0, 

ahr  —  ghr  —  abs  +  ah  s  — 

—  (egr)  +  ajr  —  gj  r  +  ajs  =  0, 
a  k  r  —  2  g  k  r  —  a  f  s  4-  2  a  k  s  =  0, 

—  ( gr )  -f  as  ^  0. 

2.  -(a/iT^-fghr  +  a&  s  —  ahs  —  0, 

— 2c/ir-(-/iir  +  26cs  —  efts  =  0, 

—  (e  h  r)  +  b  e  s  -  e  h  s  4-  h  j  s  =  0, 

—  (/ifcr)--//is-b2&fcs  =  0, 

—  (ftr)  4-  6  s  7^  0. 

3.  epr  —  aj  r  4*  r  —  a  j  s  =  0, 

eir  —  2c<;r  4-  ijr  4-  ces  —  cjs  =  0, 

ehr  —  bes  +  ehs  —  bjs  =  0, 

ekr  —  jkr  —  efs  —  fjs  +  2eks  =  0, 

~  {jr)  +  es  ^  0. 

4.  -(ofcr)  +  2</fcr  +  a/  s-  2afc$  =  0, 

—  (cfcr)4-ifcr  +  c/  s  —  c  A;  s  =  0, 
ftfcr4*//i5-26fes  =  0, 

—  (ekr)-fjfcr  +  e/  s  +  /js  —  2  e  A;  s  =  0, 

—  (fcr)  +  fs  ^  0. 
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5.  egr  —  aj  r  4-  gj  r  ~  a  j  s  —  0, 

—  (ceg)  +  acj  +  cgj  -aij  =  0, 
beg-  egh-  abj  +  bgj  -  0, 

efg  -  af  j  +  f  gj  -  2egk  +  ajk  =  0, 

-(eg)  +  ajy£  0. 

6.  —  (ahr)  +  g  hr  +  abs  —  a/zs  =  0, 

— 2bcg  +  ach  +  cgh  +  abi  —  a/iz  =  0, 

+  +  =  0, 

—  (a//i)  +  /^^  +  a6/c-26^fc  +  a/i/c  =  0, 

—  (6  g)  +  a  h  7^  0. 

7.  —  (afcr)  +  2g/cr  +  a/  s-  2a£;s  =  0, 

— 2c/<?-fa/z-fac/c-f2c<7&-2azA;  =  0) 

afh  — fgh  — abk-\-2bgk  — ahk  =  0) 

~(efg)  +  afj  -  fgj  +  2egk-ajk  =  ti, 

—  if  g)  +  ak^  0. 

8.  2chr  —  hir  —  2bcs  +  chs  =  0, 

—2bcg  +  ach-\-cgh-\-abi  —  ahi  =  0, 
ceh  +  bei  —  ehi  —  2bcj  -\-bij  —  0, 

2cfh  —  f  hi -  2bck-chk  +  2bik  —  0, 

—  (ch)  -\-bi  7^  0. 

9.  ezr  —  2c  jr  4*  z  jr  +  ces  —  cjs  =  0, 
ceg  -  acj  -  eg  j  +  aij  =  0, 
ce/i-b6ez  —  ehi  —  2b  cj  +  bij  =  0, 

egi  —  2cfj  +  fij  +  cek  —  2eik  +  cjk  =  0, 

—  (ez)  +  cj  0. 

10.  —  (cftr)+z/cr-fc/s  —  c  s  =  0, 

2cfg  —  afi  —  a  ck  —  2cgk  +  2aik  =  0, 

2cfh  —  fhi  —  2bck-chk  +  2bik  =  0, 

-  (efi)  +  2cfj  -  fi  j  -  cek  +  2eik  -  cjk  -  0, 

-  (/z)  +  ck  ^  0. 

11.  ehr  —  bes  +  ehs  —  bjs  =  0, 

-  (beg)  +  ep/i  +  abj  -  bgj  =  0, 

-(ce/z)-6ez  +  e/iz  +  26cj”6zj  =  0) 
efh  —  bek  —  ehk  +  bjk~  0, 

-(eh)+6j^0. 

12.  hkr  +  fhs  —  2bks  =  0, 

-  (a  f  h)  +  f  g  h  ab k  —  2b gk  +  ahk  =  0, 
-2cfh  +  fhi  +  2bck  +  chk-2bik  =  0, 

-  (efh)  +  bek  +  ehk  —  bjk  =  0, 

6/c^0. 
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13.  —  (e  k  r)+jkr  +  efs  +  fj  s  —  2eks  =  0, 
ffeg-afj  +  fgj -2egk  +  ajk  =  0, 
efi-2cfj  +  fij  +  cek~-2eih  +  cjh  =  0i 
efh-bek-ehk  +  bjk  =  0, 

~(fj)  +  ek^  0. 

Then  the  system  (5)  has  the  non-constant  periodic  solutions. 

Theorem  2.1f  the  vector  field  (x1Hi(x),x2H2(x),xsH3(x))  has  the  in¬ 
variant  closed  cones  ,t hen  there  exists  the  invariant  closed  cones  of  the  vector 
field  H(x). 

If  (5)  has  the  non-constant  periodic  orbits, then  (xiHi(x))X2H2(x)ix3H3(x)) 
has  the  invariant  closed  cones.Thus,  we  have 

Theorem  3. If  the  conditions  in  Theorem  1  hold,there  exist  non-constant 
periodic  solutions  of  system  (3).  * 
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GLOBAL  ATTRACTIVTTY  IN  DELAYED  HOPFIELD  NEURAL 

NETWORK  MODEL 

WITH  VARIABLE  COEFFICIENTS  AND  DELAYED 
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By  using  the  Lyapurov  function  ,some  stability  criteria  are  obtained  for  delayed 
Hopfield  neural  network  model 

n  n 

X '(t)  =  -Ci(t)xi(t)  +  V  +  V'  -  ry(t)))  +  Ii(t) 

i- 1  t-1 

with  variable  coefficients  and  delays. 


1.  Introduction  In  paper  [1  ],  Hopfield  first  proposed  neural  network 
model  for  n  neurons 

Ciu'(t)  =  +  V'  Tijfj(uj(t))  +  hit),  (l.i) 

^  i=i 

i  —  1, 2,  •  -  ■  ,n  with  an  electrical  circuit  implementation.  Even  since,  there  has 
been  increasing  interest  in  the  potential  application  of  the  dynamics  of  artificial 
neural  networks  in  signal  and  image  processing  (  see,  [2,3  ]),  they  have  studied 
the  system  (1.1)  with  delay 

au'(t)  =  aijfj(uj(t  -  r))  +  Ii(t),  (1.2) 

**  i=  l 

The  global  attractivity  of  system  (1.1)  or  (1.2)  is  of  great  importance  for  both 
practical  and  theoretical  purposes,  it  has  been  the  major  concern  of  most 
authors  dealing  with  (1.1)  and  (1.2),  and  their  generalizations,  for  example, 

n 

u'(t)  =  +  V"  a,ijgj(uj(t  -  ry)  +  T(t),  (1.3) 

i=  1 


xf  ( t )  =  —  Ci  ( t )  +  ciij  fj  ( Xj  (t) )  +  V  bij  fj  ( Xj  (t  rj))-\-Ii(t),  (1*4) 

i- 1  i=  1 
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i,j  =  1, 2,  •  •  • ,  n.  where  c*  >  0,  c*,  ,  bij,I{,  Vj  all  are  constants. 

Most  authors  have  been  obtained  some  results  on  the  stability  of  delayed  cel¬ 
lular  neural  networks,  (see, [4-6  ]).  Recently,  Jinde  Cao  and  Dongming  Zhou[16 
]has  considered  the  stability  of  the  delayed  cellular  neutral  network  model  (1.4). 
The  purpose  of  this  paper  is  to  derive  some  sufficient  conditions  for  the  global 
asymptotic  stability  of  the  following  delay  system 

n  n 

x'(t)  =  - Ci(t)xi(t)+Y '  ay  (t)  fj  (Xj  (t ) ) + V  bij  fj  {Xj  {t-Tij))+Ii{t),  (1.5) 

i= 1  i—1 

by  using  the  Lyapunov  function  method  and  some  analysis  technique. 

Where  n  is  the  number  of  units  in  a  neural  network,  Xi(t)  are  the  state  of  the 
ith  unit  at  time  t  ,  denotes  the  output  of  the  jth  unit  at  time  t9Oij 

denotes  the  strength  of  the  jth  unit  on  the  ith  unit  at  time  t ,  b denotes  the 
strength  of  the  jth  unit  on  the  ith  unit  at  time  t  —  nj(t)  ,  Ii(t)  are  the  extend 
bias  on  the  ith  unit  at  time  t ,  (i t )  correspond  to  the  transmission  delay,  along 
the  axon  of  the  jth  unit  ,  c*(t)  represents  the  rate  with  which  the  ith  unit  will 
reset  it  potential  to  the  resting  state  in  isolation  when  disconnected  from  the 
network  and  extend  inputs  at  time  t  This  work  is  motivated  by  an  important 
significance  in  both  theory  and  application,  Hopfield-type  neutral  (1.1)  and 
(1.5)  have  attracted  the  attention  of  scientific  workers.  Let  R+  =  [0,  +oo), 
R  —  (— oo,  -j-oo),  t — i  —  Tnvri\ < Tij )■ ,  and 

Xi{t)  =  (j)i{t),t  £  [t- 1,0], &  €  C([t-i,0],fl)),z  =  1,2 (1.6) 

is  initial  condition  of  Eq.(1.5)  ,we  use  the  notion  x<f,(t)  or  x(t)  represents  the 
solution  of  Eq.(1.5)-(1.6),  Throughout  this  paper,  we  suppose  that: 

(Cl):  dij  (t),  /i(t),  C{(t)  are  continuous,  bounded  for  t  >  0,  bij,Tij  are  con¬ 
stants,  and 

liminft-,00a(i)  >  0,/ori,  j  =  1,2, 

(C2):  fj{x)  is  continuous,  jfj( 0)  =  0  and  satisfies 

0  <infx<zRfj(x)  <  supxeRfj(x)  <  -boo, j  =  1,2 
(C3):  There  exists  a  positive  number  Lj,  for  any  x,  y  6 
\fj{x)  -  fj(y)\  <  Lj\x  —  y\. 

(C4)  The  system  (1.5)  have  unique  equilibrium  Xi  —  Ni . 

Let 

yds)  =  Xi(t)  -  Nu  Fj(s)  =  fj (s  +  Nj)  -  fj(Nj), 
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then  Eq.(1.5)  can  easily  change  to 

(Vi(t)+V' hj  f  Fj(yj(s))ds)'  =  -ci(t)yi(t)+'V'{aij(t)+bij)Fj(yj(t)), 


2.  Main  Results 

Lemma  Assume  that  (C1),(C2)  hold,  then  all  the  solutions  of  the  Eq. 
(1.5)  is  bounded. 

Proof  We  observe  that  all  the  solutions  of  the  Eq.  (1.5)  satisfy  the  fol¬ 
lowing  differential  inequalities 

-Ci(t)xi(t)  -ai<  z'(t)  <  -Ci(t)xi(t)  +  aiy  (2.1) 

where  a<  =  supf€ii+(Ej=1((iaij (t)\  +  IM)suP*€rt|/j(s)l)  +  /i(t)|).  Using  the 
condition  (Ci),  we  can  easily  complete  the  proof. 

Theorem  In  addition  to  (Cl)-(C4),  assume  further  that  (HI):  for  i  = 
1, 2, • * • ,  n, 

liminft^+oo(2ci(t)  -  pi(t)  -  Qi(t)  -  Ri(t))  >  0,  v  (2.2) 

then  for  any  solution  of  Eq.  (1.5)  x(t)  =  (xi (£),  •  •  • ,  xn(t))T ,  we  have 
lim t—_ i-oo  | Xi(t)  -  N{\  ==  0,i  =  1, 2,  •  •  •  ,n.  where 

Pi(t)  =  |c,(t)|  T  \bij\Tij  +  f'(|fly(*)|  +  |6y|), 

i=i  j= i 

Qi(t)  =  (l  +  T  +  |6y|), 


Ri{t)  =  ^  l\cj(u  +  Tji)\  +  'V'(\ajk(u  +  Tjk)\  +  \bjk\)}du}, 


Proof  We  consider  the  Lyapunov  functional  as  following 

Vi  =  Y'(yi(t)  +  V' bij  f  Fj(yj(s))ds)2, 
j=  1  j- 1 


<  V'(-2)Ci(0y?(t)  +  '  (yz2(t)  +  F/(^(S)))dS 

i~  1  1=1  J  =  1 
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+  W  (|ay(<)|  +  \bij\)[yi(t)  +  Ff(yj(t))} 

+  VV>y(*)|  +  |6y|)V>ifc|  ft  (F}(yj(t))  +  Ft(yk(s)))ds 

i= 1  j-1  k- 1  t_r*i 

<  V {-2 d(t)  +  Y''  \bij\\ci(t)\Tij  +  V (|ay(t)|  +  \bij\)}yt{t) 

1=1  j=l  jss  l 

+  V'V'lMM  ft  Fj(yj(s))ds 

i=  1  j=l  ^~r*i 

+  V 'T(|ay(t)|  +  |6y|)F/(%(t))  +  Y"T  |6ifc|rifc  V(|ay(f)| 

t=l  .7=1  i=l  fc=l  j=l 

+  l^l)-P1/(%W)  +  VV(|ay(t)| 

®— 1  3= 1 

+  IM)^!M  ft  (FZ(yk(s))ds 
k=  1  *-r*fc 

<  V(-2ci(i)  +  (t)  +  Y'gi(%?(i)  +  Y'[|ci(<)| 


i=l 


t=l 


+  ^(|ay(t)|  +  |6y|)]f'|6y|  ^  *?(«,(«))*, 


3= 1 


i=i 


t-Ti, 


(2.4) 


Let 


V2(t)  =  W'|f>y|  ^  [| c, (u+ry ) I + V ( lay (u+7y ) I + 1 6y I )]  ^  Ff(yj(s))dsdu 

t~Ti 


i=  1  j=l 


J=1 


then 


400  <  Vfli(t)v?  -  W  |6y|[|c(t)| 

i=l  i=l  J=1 


+  V(|ay(i)|  +  |6y|)]  ^  F?(yj(s))ds, 

3=1  *"T« 


(2.5) 
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By  condition  (2.2),  there  exists  a  constant  a*  >  0  ,  for  large  t  ,  we  have 


v'(t)  <  -ctiyl{t),v  —  viJt-V2  (2.6) 

i- 1 

Integrating  both  sides  of  (2.6)  from  0  to  £,  we  have  v(t)  +  Ya=i  a *  fo  Vi(s)^s  — 
v(0),  so 

n  H-OO 

V  ai  '  y?(s)ds  <  +oo,  (2.7) 

<=i  0 

Notices  that  £*(t)  is  bounded  on  R  and  by  lemma  ,£■(£)  is  bounded  on  R+  .Therefore 
y[(t)  are  bounded  for  t  G  [0, +oo),so  yi(t)  is  uniformly  continuous  on  t  € 

[0, +oo),  form  (2.7), we  have  limt_>+00  yi(t)  =  0.  Thus,  limt_^+00  Xi(t)  =  iV*. 

The  proof  of  the  theorem  is  complete. 
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Consider  the  discrete  Lasota-Wazewska  model 

N„+i  —  Nn  =  —fiNn  +pe~rNn~k,  n  =  0,l,2,...  (*) 

where/x  G  (0,1),  r,p  G  (0,oo)  and  k  G  N.  We  obtain  a  sufficient  condition  for 
all  positive  solutions  of  (*)  to  be  attracted  to  its  equilibrium  N *.  It  improves 
correspondent  result  obtained  in  [11]. 
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1  Introduction 

Consider  the  delay  difference  equation 

Nn+i  -  Nn  =  -fiN„+pe~rNn-k,  n-  0,1,2,- •  •  (1) 

where  fi  e  (0, 1),  r,p  €  (Ooo)  and  k  6  N,  where  N  denotes  the  set  of  non¬ 
negative  integers. Equation  (1)  is  a  discrete  analogue  of  the  delay  differential 
equation 

^^  =  -fiN(t)+pe-rN^-T\  t>  0  (2) 

which  was  used  first  by  Wazewska-Czyzewska  and  Lasota  [1]  as  a  model  for 
the  survival  of  red  blood  cells  in  an  animal, see  also  Arino  and  Kimmel  [2]. 
Here  N(t)  denotes  the  number  of  red  blood  cells  at  time  i,  p  is  the  probability 
of  death  of  a  red  blood  cell,  p  and  r  are  positive  constants  related  to  the 
production  of  red  blood  cells  per  unit  time  and  r  is  the  time  required  to  p 
reduce  a  red  blood  cell,  see  also  [3,4]  and  [12,13]. 

Recently  there  have  been  a  lot  of  activities  concerning  the  oscillation  and 
asymptotic  behavior  of  delay  difference  equations,  see  for  example,  [5-10]  and 
the  references  cited  therein.  The  asymptotic  behavior  of  (1)  was  studied  by 
Chen  and  Yu  [11],  where  the  following  result  was  obtained.  ■ 

Theorem  A.  Assume  that 

M  =  rN*(l  —  (1  —  n)k+1)  <  1.  (3) 

Let  {iVn}  be  a  positive  solution  of  (1).  Then 

lim  Nn  =  N* . 

n— mx> 

By  a  solution  of  (1)  we  mean  a  sequence  {Nn}  which  is  defined  for  n  >  —k 
and  which  satisfies  (1)  for  n  >  0.  Clearly  if  a_fc,  a_ k+ir  *  ■  j  fl-i,  ao  are  fc+  1 
given  constants,  then  (1)  has  a  unique  solution  satisfying  the  initial  conditions 

Ni  =  di,  for  i  =  -fc,  — fc  +  1,-  ■  •  ,0.  (4) 

Furthermore, if  the  initial  values  are  such  that 

di  >  0,  for  i  =  —  k}  •  •  • ,  —  1,  and  do  >  0,  (5) 

then  the  unique  solution  {Nn}  of  the  initial  value  problem  (1  )  and  (5)  is 
positive  for  n  >  0.  The  unique  equilibrium  N*  of  (1)  satisfies  the  equation 

tiN*=pe~rN\  (6) 
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Our  aim  in  this  paper  is  to  obtain  a  sufficient  condition  under  which  all  positive 
solutions  of  (1)  are  attracted  to  N*.  We  will  establish  the  following  result. 
Assume  that 


M  <  1  + 


(i  -  m)*+1 

rN* 


(7) 


Let  {Nn}  be  a  positive  solution  of  (1),  then 


lim  Nn  =  N*. 

n— >oo 

Clearly, the  condition  (7)  is  much  weaker  than  (3). 


2  Some  lemmas 

The  central  problem  in  this  section  is  to  discuss  the  following  system  of  in¬ 
equalities 

f  y  +  (1  -  M)fc+1  ln(l  +  &)  <  M(e~x  -  1), 

)  (8) 

(x  +  (1  - M)fc+1  ln(l  +  >  M(e~y  -  1). 

We  will  point  out  that  (8)  has  a  unique  solution  x  =  y  =  0  on  the  proper 
condition  in  the  region 

D  =  {(x,y)  :  —  rN*  <  x  <  0  <.y  <  oo}.  (9) 


Lemma  1.  Assume  that  f(t)  and  g(t)  are  continuously  differentiable  on 
(t0,ti]  and  that  f(t)  <  0 ,g'(t)  <  0  and  g(t)  <  f(t)  for  t  €  (to>ti),  and  that 
g(t o)  —  /(to)  and  g'(t0)  ^  0.  Then 

^M<L  (10) 

9  (to) 

Proof.  Given  any  t  €  (to,  ti)  by  Cauchy  mean  value  theorem,  there  exists 
a  Ct  €  (to,t)  such  that 


f_M  zM  /'(CO  cl 

9 (to)  -  g(t )  g'(Ct) 

Let  t  — >  to  +  0,  we  complete  the  proof. 

Lemma  2.  If  M  >  1,  then  we  find 

(1  -  M)fc+1  „  1 
(• rN *)2  <  4' 


(11) 


/■ 
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Proof.  When  M  >  1,  we  have  ^7  <  1  —  (1  —  ii)k+l ,  which  implies  that 

<  (1  -  M)fc+1[l  -  (1  -  M)fc+1]  <  \,  and  so  (11)  holds. 

Lemma  3.  If  M  <  1,  then  (8)  has  a  unique  solution  x  =  y  =  0  in  the 
region  (9) . 

Proof.  When  M  <  1,  by  (8)  we  get 


[x>e  y  -  1. 


Combining  (a)  and  (b)  in  (12),  we  obtain 

y  <  ex~e  *  -  1,  y  >  0. 

Let  t  =  y  and  $(t)  =  e1_e  *  -  1  —  t  for  t  >  0.  Then  $'(t)  =  e_te1_e  *  -  1  and 
$"(t)  =  e“te1-e~t(e-t  -  1)  <  0  for  t  >  0.  It  follows  that  &(t)  <  $'(0)  =  0  for 
t  >  0.  Thus  <&(t)  is  strictly  decreasing  when  t  >  0.  And  so  <&(t)  <  $(0)  =  0  for 
t  >  0.  This  implies  that  the  inequality  $(t)  >0  has  a  unique  solution  t  =  0  in 
[0,  oo),  i.e.(12)  has  a  unique  solution  x  —  y  —  0  in  the  region  (9),  then  so  does 
(8). 

Lemma  4.  The  system  of  inequalities  (8)  has  a  unique  solution  x  =  y  =  0 
in  the  region  (9)  if  and  only  if  the  system  of  equations 

f  V  +  (1  -  M)fc+1  Ml  +  7%f)  =  M(e~X  -  1)  (i) 

J  (13) 

l  *  +  (!  -  M)fc+1  Ml  +  7§r)  =  M(e~*  -  1))  (ii) 

has  a  unique  solution  x  —  y  =  0  in  the  region  (9). 

Proof.  In  (13),  the  curve  Ci  is  denoted  by  (i): 

2/1  +  (l_/1)^ln(i  +  _|_)  =  M(e--l)  (14) 

and  the  curve  C2  is  denoted  by  (ii) 

x  +  (1  -  M)fc+1  ln(l  +  4r)  =  M(e-»  -  1).  (15) 


Assume  that  f(t)  =  t  +  (1  -  y)k+l  ln(l  +  ^v)  and  g(t)  =  M(erl  -  1).  Then 
(13)  can  be  written  as 


j  f(yi)  =  9(x), 
l  f(x)  =  5(2/2)- 
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Since  /'(£)  =  1  +  >  0  for  t  >  0,  which  implies  that  f(t)  is  strictly 

increasing,  thus  its  inverse  function  exists,  i.e.  we  have 

Then  (8)  can  be  written  as 

\yi<rlW)  ],  (i); 

)  (17) 

[x>f  1  [0(2/2)].  (ii)' 

In  (17),  (i)'  denotes  the  region  below  the  curve  C\  and  (ii)'  denotes  the 
region  on  the  right  of  the  curve  C 2.  Clearly,  both  (i)'  and  (ii)"  have  common 
points  distinct  from  the  origin  in  the  region  (9)  if  and  only  if  the  curve  C\  and 
C2  have  a  cross  over  point  distinct  from  the  origin  in  the  region  (9). 

Lemma  5.  If  (7)  holds,  the  (13) has  a  unique  solution  x  =  y  —  0  in  the 
region  (9) 

Proof.  In  view  of  (14)  and  (15),  we  have 


Vi 


- Me ’ 


(1  + 


<0, 


rN*+yi 


(18) 


n  +  (!— m)^.1  ) 

V-1  2.  rN^+x  >_ 
Me"» 


<0. 


(19) 


We  consider  the  following  two  cases: 

Case  1.  M  <  14-  •  In  this  case  by  (18)  and  (19),  we  have  —  1  < 

2/^(0)  <  0  and  2/2  (0)  <  —1,  which  implies  that  the  curve  C2  is  above  the  curve 
Ci  in  the  left-hand  neighborhood  sufficiently  small  at  the  origin.  And 


i4'(*)  = 


1  (1  -  fji)k+l 

Mery*  (rN*  4-  x): 


+  [2/2 (s)]2  >  0  for  -rN*  <x<  0.  (20) 


Thus  2/2 (£C)  <  02 (0)  <  “1  for  —rN*  <  x  <  0,  i.e.  the  curve  C2  is  above  the 
right  line  y  =  —  x.  Assume,  for  the  sake  of  contradiction,  that  the  curve  C2  have 
a  crossover  point  (xo,yo)  distinct  from  the  origin  in  the  region  (9),  and  that 
the  curve  C\  and  C2  have  no  crossover  point  in  (xo,  0).  Clearly  2/0  >  — >  0- 
In  view  of  (18)  and  (19), it  is  not  difficult  to  prove  that  2/2(2)  and  yi(x) 
satisfy  the  conditions  of  Lemma  1.  Thus  we  have 
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In  view  of  M  >  1  and  Lemma  2,  we  have 


24" (0)  -  2/1" (0)  <  3  •  (i)2  -  1  <  0. 

Let  f(x )  =  2/2(2)  —  2/1  (2).  In  the  neighborhood  at  x  =  0  we  can  write  /(x)'s 
Taylor  formula  with  Peano  remainder  term 

/(*)  =  m  +  /'(  0)*  +  \f"(0)x2  +  l/"'(0)a;3  +  of*3). 

Since  /(0)  =  /'(0)  =  /"(0)  =  0,  we  get 

f(x)  =  lf"'(0)x3  +  o(x3). 

For  a  positive  e  sufficiently  small,  when  x  G  (— e,  0)  sign  of  /(x)  is  identical  with 
sign  of  /,/,( 0)x3,  while  the  latter  is  positive.  Thus  f(x )  >  0,  i.e.,  2/2(2)  >  2/1(2) 
for  x  G  ( — er,  0) .  Combining  Case  1  and  2,  the  proof  is  completed. 

3  Main  results 

3. 1  Finding  solution  to  global  attractivity  problem 

Consider  the  delay  difference  model  (1).  The  change  of  variables  Nn  =  N*  + 
~xn  reduces  (1)  to  the  delay  difference  equation 

xn+i  -  xn  +  fjixn  4*  r/iiV*(l  -  e_Xn“fc)  =  0,  n  =  0, 1, 2,  •  •  ■  (23) 

Let  {xn}  be  an  strictly  oscillatory  solution  of  (23).  Then  there  must  exist  a 
sequence  {rn}  of  positive  integers  such  that 

k  <  ni  <  712  <  ”  -  Ui  <  ni+1  <  lim  m  =  00 

i— ►  00 

xniXni+1  <  0  for  i  =  1, 2,  ■  •  • 

and  for  each  i  —  1, 2,  •  •  •,  the  terms  of  the  sequence  Xj  for  Ui  <  j  <  rii+i  assume 
both  positive  and  negative  values.  Let  Af*  and  m*  be  integers  in  (n*,  n^+i)  such 
that  for  i  =  1, 2,  •  *  • , 

XMi  —  ma x{xj  :  m  <  j  <  n*+ 1}  and  xmi  =  min{xj  :  Ui  <  j  <  nni+1}. 
And 

Mi  -  1,  rrij  —  1  G  (n*,ni+ 1). 
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Then  for  i  =  1, 2,  •  *  • 


XMi  ^  9  and  xm±  —  9 

(24) 

while 

Xmi  <  0  and  xmi  ~  xmi-i  <  0. 

(25) 

Let 

/?  ^  lim  sup  xn  and  a  —  lim  inf  xn . 

i—>oo  i—>  oo 

(26) 

Clearly,  (3  =  lim*-, 

►oo  XMi  and  a  =  lim^oo  xmi.  In  a  similar  way  to  [12],  we 

can  prove  that 

— rN*  <a<0</3<oo. 

(27) 

Given  any  e  >  0,  by  (26)  there  exists  a  positive  no  such  that 

a  —  e  <  xn  <  P  +  £  for  n>no  +  k. 

(28) 

By  (23)  we  have 

XMt-i  +  fJ-XMi- 1  +  rfiN*(  1  -  e~XM‘-1~k)  =  0. 

(29) 

By  (24)  we  get 

xMi-i  +rN*{l  -  e~XMi~l~k)  <  0. 

(30) 

From  (30)  we  find 

XMi- 1  <  —m*(  1  —  e~XMi~1~k). 

(31) 

By(31),  (29)  can  be  written  as 

xMi  =  (1  -  n)x„t- 1  -  rfj.N*(l  -  e~XM‘~1~k)  . 

<(H-  l)rJV*(l  -  _  r/iJV*(l  -  e~XM-l~k) 

=  -rAT*(l-e-IM‘-1-,!).  (32) 

From  (32)  we  get 

<  —  ln(l  +  ^T^)-  (33) 

We  can  reduce  (23)  to 

(1  -  /r)-(n+1>xn+i  -  (1  -  p)-nx„  +  rfiN*(l  -  /i)-(n+1)[  1  -  e"*-1]  =  0.  (34) 
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By  summing  (34)  form  n  =  Mi  -  1  —  A;  to  n  =  Mi  -  1,  for  i  sufficiently  large 
in  view  of  (28)  and  (33),  we  obtain 

(1  -  fJ,)~MiXMi  =  (1  -  /J.)~<-Mi~1~k)XMi-l-k 

Mi-1 

Y'  (1  -  M)_(j+1)[l  -  e"*'-*] 

j=Mi-l-k 

+rN*(e~a+e  -  1)[(1  -  (1  -  /x)"(Mi~1_fc)]. 

And  so 

^  +  (1  -  m)*+1  ln(l  +  g£)  <  rN* (e-“+£  -  1)(1  -  m)**1)- 

Let  i  — >  oo  we  have  /?  +  (1  —  yb)k+1  ln(l  +  ^r)  <  M{e~a+e  —  1).  Since  e  is 
arbitrary,  this  implies 

/?+(l  —  M)fc+1ln(l  +  ^)<  M(e"“-1).  '  (35) 

In  the  same  way  as  above, we  can  prove 

a+(l-M)fc+1ln(l  +  ^)>M(e"^-l).  (36) 

Connecting  (32)  with  (33)  to  a  system  and  letting  y  —  (3  and  x  =  awe  obtain 

(8). 

Clearly  every  oscillatory  solution  of  (23)  tends  to  zero  as  n  — ^  oo  provided 
(8)  has  a  unique  solution  x  =  y  =  0  in  the  region  (9). 

3.2  Main  results 

Theorem  1.  If  {xn}  is  a  non-oscillatory  solution  of  (23),  then  we  have 

lim  xn  =  0. 
n— >oo 

The  proof  is  easy  by  noting  its  monotonic  behavior. 

By  Lemma  5  and  (A)  in  this  section  3.1,  we  get 

Theorem  2.  Assume  that  (7)  holds  and  that  {a:n}  is  an  oscillatory  solu¬ 
tion  of  (23),  then 

lim  xn  =  0. 
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By  Theorem  1  and  2,  we  obtain  the  following  result. 

Theorem  3.  Assume  that  (7)  holds,  then  N*  is  a  global  attractor  of 
Eq.(l). 

Clearly, Theorem  3  improves  Theorem  A. 

Example  1.  Assume  that  (1  —  fi)k+1  =  |  and  rN*  =  \/2  + 1,  we  calculate 

"  =  1  +  »  1- -2071. 

The  conditions  of  Theorem  3  are  satisfied. 

Remark  1.  Let  us  try  to  find  out 

a  (1  -  a)k+1 

Mo  =  max{M.:  M  <  1  +  - }. 

By  Example  1,  we  know  M0  >  >/^"1 .  And  when  M  >  ,  we  have 


(1  <  -JL_[i  -  (1  -  m)*+1](1  -  M)fc+1  <  ~T—  ■  2 

rN*  ~  V2  +  1  -\/2  +  1  4 


1  _  V2-  1 

4  “  2 


And  so 


rN *  2 


which  implies  M0  <  v^2fl.  Thus  M0  =  . 
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OSCILLATION  AND  GLOBAL  ATTRACTIVITY  OF 
GENERALIZED  NICHOLSON’S  BLOWFLY  MODEL 

MEILI  LI,  JURANG  YAN 
Dept.  of  Mathematics,  Shanxi  Univ., 

Taiyuan,  Shanxi  030006  R.P.  China 
E-mail:  Sunhong@public.  ty.  sx.  cn 

In  this  paper  we  investigate  the  oscillation  and  the  global  attractivity  of  generalized 
Nicholson’s  blowfly  model.  The  results  we  obtain  here  extend  some  conclusions 
given  in  the  relative  literature. 


1  Introduction 

In  [1],  Kocic  and  Ladas  investigated  the  delay  difference  equation 

Nn+i  -  Nn  =  -SNn  +  PNn^ke~aNn~k ,  n  =  0, 1,  •  •  • ,  (1) 

where  k  €  N,  and  a  €  (0,  oo),  S  €  (0, 1),  P  e  (S,  oo).  (2) 
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Eq.(l)  is  a  discrete  analogue  of  the  delay  differential  equation 

N(t)  =  —SN(t)  +  PN(t  -  r)e-aN^-r\  t  >  05  (3) 

which  was  first  used  by  Gurney,  Blythe,  and  Nisbet[2]  to  model  the  dynamics 
of  Nicholson’s  blowflies  (see  also[3,4,5]). 

In  this  paper,  we  extend  Eq.(l)  to  the  following  equation 

m 

Nn+i  ~Nn  =  -5Nn  +  V PiNn_kie-aiN^ ,  »  =  0,1,---,  (4) 

i— 1 

where 

m 

ki  €  N,  and  ai  6  (0,oo),  S  6  (0, 1),  V'pi  >  J,  i  =  1,2, « •  •  ,m.  (5) 

i~  1 

Let  a  =  max  {a*},  =  max  {/c*}.  If  c_jfc,--*,Co  are  (k+1)  given  con- 

l<z<m  1  <i<m 

stants  such  that,  Cn  >  0,  for  n  =  —h,  and  Co  >  0,  then  Eq.(4)  has  a 

unique  positive  solution  satisfying  the  initial  conditions 

Nn  ~  Cn  for  n  =  — fc,  •  •  • ,  0.  (6) 

By  a  solution  of  (4)-  (6)  we  mean  a  sequence  {Nn}  which  satisfies  (4)  and 
(5)  for  n  =  0, 1, 2,  •  •  •  as  well  as  the  initial  condition  (6).  Eq.(4)  has  a  unique 

m  m 

equilibrium  N*.  Furthermore,  N* is  a  solution  of  the  equation  <5  =  £  pie~aiN  . 

i=l 

2  The  Oscillation  of  jV* 

Proposition  2.1  Let  {iVn}  be  a  solution  of  (4)-(6).  Then 

m 

lim  sup  Nn  <  (7) 

n— >oo  .  -  OCCLi 

i~l 

Proof  Let/(x)  =  xe_ax,  then  max{f(x)  :  x  >  0}  =  By  (4),  we  see 

m 

immediately  that  7Vn+1  <  (1  —  S)Nn  +  2  PiTe-  Define  a  sequence  {wn}  by 

i=l  * 

(  m 

\  Wn+1  =  (1  -  6)wn  + 

*  <=1 

^  w0  =  N0. 

By  Lemma  1.6.1  and  1.6.2W,  Nn  <  wn  —  (l  -  6)nw0  +  +  Y,Pi^7- 

i=  1 

Letting  n  — ►  oo,  we  obtain  the  desired  result. 
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Theorem  9  Assume  that 


aiN*>  1,  i  =  1,2, •  •  *,m,  (8) 

and 

T\pie-aiN' (aiN*  -  1)](1  -  g)-fc«-i(^+j)fc<+1  >  i.  (9) 

i~l  ^ i  1 

Then  every  positive  solution  of  (4)-(6)  oscillates  about  the  positive  equilibrium 
N*. 

Proof  Let 

Nn  =  N*  +  -xn,  n  =-*,-*  +  l,***-  (10) 

a 

Then  {zn}  is  a  solution  of  the  delay  difference  equation 

771 

zn+1  -xn  +  fe;n  +  a<W-  Y>ir +in_fcj]pie-°<JV‘-^x"-*‘  =  0,n  =  0, 1,  •  •  • . 

i=l 

(li) 

Since  Nn  >  0  for  n  sufficiently  large,  it  follows  that  xn  >  —aN*  for  n 
sufficiently  large.  By  Proposition  2.1,  {xn}  is  bounded  above.  Now  set 

fi  =  limsupxn  and  A  —  liminf  xn.  (12) 

n-oo 

Then  —aN*  <  A  <  p  <  oo.  Assume  for  the  sake  of  contradiction  that  Eq.(4) 
has  a  positive  solution  {Nn}  which  does  not  oscillate  about  N*.  Then  {xn} 
is  a  nonoscillatory  solution  of  Eq.(ll).  Without  loss  of  generality,  we  assume 
that  {xn}  is  eventually  positive.  Eq.(ll)  can  be  rewritten  in  the  form 

^n+l  =:  H“  F(xn,  Xn— fcj ,  *  -  *  ,  Xn—)Zrn  )  (13) 

m  m  a. 

where  F(xn,xn-kl>- ■  ■  ,x„-km)  =  T,laN*  +  xn-ki)Pie~aiN  ~^Xn~ki  -  6xn  - 

i-1 

aSN *,  and  F  €  C[(0,  oo)rn+1,  (— oo,  oo)].  Since  —  pie~aiN*~~^Xn-ki  [1  — 

aiN*  —  ^ xn-ki ],i  =  1,2,  it  follows  from  (8)  that  Q^_k  <  0,i  = 

1, 2,  *  ■  • ,  m,  which,  together  with  —  —  <5  <  0, yields  that  F{uq)  •  •  • ,  um) 
is  nonincreasing  in  each  of  its  arguments.  Thus 

xn+ 1  =  xn  +  F(xn,xn-klJ"  •  J®n-fcm)  <  xn  +F(0,0,-  --,0)  =  xn. 

Hence  { xn }  is  monotonic  for  n  >  no  -f  k  and 

lim  xn  =  0.  (14) 
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Eq.(ll)  can  be  rewritten  in  the  form 


771 

Xn+i  —  xn  +  6xn  H-  S  Pi(n)xn-ki  ^  0, 

l=rl 


it«  —  a.  •  (V  *  ■kt*  —  a;  N  *  —  x  t. .  —  dsN* x  j  . 

i  /  \  a-N  pie  **  -aN  pie  *  a  n"kt  -xn-k.pit  *  *  n-kt 

where  PAn )  =  - - - - - - - - ,  and 

"71  — 

lim  Pj(n)  =  pie~aiN*  (diN*  -  1).  One  can  see  that  the  hypotheses  of  Lemma 

n — >oo 

7.4.1^  are  satisfied  and  so  the  linear  equation 


Vn+1  -Vn  +  Syn  +  y^[p<e  aiN ’ ( OiN *  -  l)]^-**  =  0,  n  =  0, 1,  •  •  ■ ,  (15) 

i-l 


has  an  eventually  positive  solution.  Let  {yn}  be  an  eventually  positive  solution 
of  Eq.(15).  Then  zn  =  (1  —  6)~nyn  is  an  eventually  positive  solution  of 


m 

zn+i-zn  +  Y'\pie~aiN'(aiN*-l)](l-S)~ki~1z„-ki=0,  n  =  0,1, -v.  (16) 

i- 1 

According  to  Theorem  7.3. 1^,  Eq.(16)  has  no  nonoscillatory  solutions  and  this 
contradiction  complete  the  proof. 


3  The  Global  Attractivity  of  N* 

Theorem  10  Assume  that  (8)  holds  and 

aN*[(l  —  £)_fc_1  —  1]  <  1.  (17) 

Then  the  positive  equilibrium  N*  of  (4)- (6)  is  a  global  attractor . 

Proof  The  proof  will  be  accomplished  by  introducing  the  transformation 
(10)  and  by  showing  that  (14)  is  satisfied.  A  slight  modification  of  Theorem 
1  shows  that  (14)  is  true  when  xn  >  0  or  xn  <  0  eventually.  Therefore  it 
remains  to  establish  (14)  when  {xn}  is  strictly  oscillatory.  To  this  end,  let 
{xfj+i,Xfj+2r  "  ^hj}  be  the  ith  positive  semicycle  of  {xn}  followed  by  the 
ith  negative  semicycle  {x^.+i ,  Xhj+2i  *  ■  ■ ,  xfj+1 },  and  ,  xm.  be  the  extreme 
values  in  these  two  semicycles,  respectively,  with  the  smallest  possible  indices 
Mj  and  mj.  It  is  easy  to  see  that 


Afj*  —  fj  ^  k  1 ,  ixtj  hj  ^  fc  *4*  1. 
189 


(18) 


Let 


A  =  lim  inf  xn  —  lim  inf  xm. 


:<o) 

n— >oo  j—>oo  I 

/i  =  lim  sup  xn  —  lim  sup  XMj  >  0 

n—>oo  j—*oo  J 


(19) 


Clearly  -aN*  <  A  <  /x  <  oo.  To  proof  that  (14)  holds  it  is  sufficient  to  show 
that 

.  A  =  fi  =  0.  (20) 

From  (19)  it  follows  that  for  any  e  >  0,  there  exists  no  €  N  such  that 


A  —  e  <  xn  <  /j,  +  e  for  n  >  no  +  /c,  (21) 

Furthermore  we  have 

xn-kie‘Xn-ki  <  M  4-  e  for  n  >  no  +  M  =  1> 2,  ■  •  • , m.  (22) 

Eq.(ll)  can  be  written  in  the  form 

m 

zn+i  -  (1  -  <5)xn  =  SaN*  +  V'(oAr*  +  zn_fcj)pie-°iAr-^’‘-fc‘.  (23) 

i=l  1 

By  multiplying  Eq.(23)  by  (1  -  S)~n~l  and  summing  up  from  n  =  fj  to  n  — 
Mj  -  1,  for  j  sufficiently  large,  we  obtain 


(1  -  8)  MjxMj  -  (1  -  <5)  f’xfj 
=  [SaN*  +  Z(aN*  +xn_ki)pie-aiN'-^-ki} 


Mj—1 


b=fi 


Since  x f.  <0  and  xn-kie  Xn~ki  <  n  4-  e,  i  =  1, 2,  •  •  • ,  m,  it  follows  that 
XMj  <  [SaN*  +f>N* Pie-ai N' ~ % ^  +(p+e)pie-^N' ]] 1  ~  (1  ~  ^ 

i=l 

Noting  that  Mj  —  fj  <  k  +  1  and  e  is  arbitrary,  we  have 


m 

p  <  [SaN*  +  Y^[{aN*Pie-aiN’-^x 

i—  1 


+ 


-ciiN' 


1  -  (1  -  J)fc+1 


Because  A  <  0,  it  follows  that  e  ~*x<e  x,  i 
we  find 


m  0 

1,2,-  --,771.  As  8  =  Y^Pie^aiN  » 

i=l 
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p  <  [aN* (e~x  -  1)  +  m][1  -  (1  -  <5)fc+1]. 

So  it  yields  that 

p  <  aN*(e~x  -  1)[(1  -  <5)~fc_1  -  1]. 

Combing  this  with  (17),  we  have 

p<e~x-l.  (24) 

Prom  (19),  we  obtain 

xn-kie~Xn-ki  >  A-e,i=  l,2,***,m.  (25) 

After  multiplying  Eq.(23)  by  (1  -  5)-71-1  and  summing  up  from  n  =  hj  to 
n  =  rrij  —  1,  for  j  sufficiently  large,  we  obtain 


nj 


m.;  —  1 


=  [~5aN*  +  E(aiV*  +  xb-ki)Pie-aiN'-*Xh-ki}  E  (1  “  6)~b~l ■ 

i=l  b=hj 

Since  >  0,  and  e  is  arbitrary,  it  holds  that 


A  >  [—6aN*  +  y'[(aN,pie-aiN'e-^li  +  Apie~a‘w*]] 


1  -  (1  - 


i=  1 


Since  }i  >  0,  we  get  that 


A  >  [— 5aAT*  +  Y'[(aN*pie~aiN'e "**  +  \Pie-aiN'\ 


1  -  (1  - 


i=l 

Solving  for  A,  we  have 

-A  <  aN* [(1  -  -  1](1  -  e-"), 


which,  together  with  (17),  yields 

A  >  e_M  —  1.  (26) 

It  is  not  difficult  to  prove  that  A  =  fx  =  0  by  (24)  and  (26)  (see[4]).  This 
complete  the  proof. 
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HOPF  BIFURCATION  IN  A  THREE-UNIT  NEURAL 
NETWORK  WITH  DELAY 
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A  system  of  the  three-unit  network  with  no  self-connection  is  investigated,  the 
general  formula  for  bifurcation  direction  of  Hopf  bifurcation  is  calculated,  and  the 
estimate  formula  of  period  for  periodic  solution  is  given. 


Dynamical  characteristics  of  neural  networks  have  become  recently  a  sub¬ 
ject  of  intense  research  activity.  J.Belair  and  S.Dufour 1  investigated  a  system 
of  neural  networks  introduced  by  Hopfield5. Especially,  they  studied  the  three- 
unit  network  system  with  no  self- connection 


dxj(t) 
'  dt 


3 

—X{  (t)  4-  Tij  fj  ( Xj  (£  —  r)) ,  i  =  1,2,3. 

i=i 


(1) 


where  /j(0)  ==  0,  j  =  1, 2, 3  and  Tu  —  0,  i  =  1, 2, 3,  gave  the  stability  properties 
of  the  null  solution.  [2]  discussed  the  linear  stability  regions  of  the  system  (1) 
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with  fj(x)  =  f(x)  =  (3  tanh(x(t)),j  ~  1,2,3,  and  showed  a  supercritical  Hopf 
bifurcation  to  occur. 

In  this  paper,  the  method  of  Hassard4  is  used  to  study  the  system 
dx  ( 1 'j  ^ 

=  ~Xi{t)  -f  aijf3  tanh(xj(t  -  r)),  i  =  1,2,3,  (2) 

i 

where  an  =  0,  i  =  1, 2, 3.  The  general  formula  for  bifurcation  direction  of  Hopf 
bifurcation  is  calculated  and  the  estimate  formula  of  period  for  bifurcation 
periodic  solution  is  given. 

Consider  System  (2).  The  linear  parts  of  this  system  are 

=  -Xi(t)  +  V a,ijf3xj (t  - r),  i=  1,2,3.  (3) 

i=i 

The  characteristic  equation  of  Eq.  (3)  is 

det[A7  +  1-  f3Ae~Xr]  =  (A  +  l)3  -  P/33e~3XT  -  Q(32  (A  +  l)e“2Ar  =  0,  (4) 

where  P  =  ai2^23a3i  +  ai3a32a2u  Q  =  a23a32  ■+*  013031  -f*  O12O21.  As  a  general 
case,  we  consider  P  ^  0  and  Q  ^  0.  [1]  and  [2]  made  Pf33  and  Q(3 2  as 
parameters  to  discuss  the  stability  region  of  null  solution.  Here  we  use  (3  to  be 
parameter  to  give  two  lemmas  for  the  existence  of  Hopf  bifurcation. 

Lemma  1.  For  any  fixed  positive  value  of  r.  (i)  If  u  is  not  a  root  of 
the  equation  lj  =  —  tan(W)  and  1  -fa;2  +  2(1  -  oj2)  cos(2  ljt)  -  4oj  sin(2a;r)  ^  0, 
then  (4)  has  a  pair  of  purely  imaginary  roots  A  =  ±iu,  when 

_  2Q(1  +  oj2){oj  sin(a?r)  -  cos(6jt))  .  . 

P(l  +  u2  4-  2(1  —  oj2)  cos(2o>t)  —  4oj  sin(2u;T)  ’ 

(ii)  If  u;  is  a  root  of  the  equation  oj  =  —  tan(ojr),  then  (4)  has  a  pair  of  purely 
imaginary  roots  A  =  ±ioj,  when  (3  is  the  root  of  the  following  equation 

P3Psm(3ujr)  +  f32Q(sm(2ur)  —  oj  cos(2a;r))  +  3a;  —  oj3  =  0.  (6) 

We  denote  /30  for  (3  in  (5)  or  satisfying  (6).  Letting  A  be  the  function  of  f3 
in  (4) ,  the  derivative  is  obtained 

-  772 T Tt2  {AT [3^q P  cos(3o;t)  +  2/30Q(cos(2ut)  +  oj  sin(2tJT))] 
/3=/5o  M  ^ 
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(7) 


+N[—  3/3qP  sm(3(jor)  4-  2poQ(co  cos(2u;t)  —  sin(2arr))]}, 
where 

M  —  3(1  -  u?)  4  3t(3qP cos(3ujt)  4-  0qQ((2t  -  1)  cos(2o;t)  4  2 tlj  sin(2cjr))} 

N  =  6u>  -  3t/3qP sm(3ur)  4  PqQ(2ljt cos(2cjt)  -  (2r  -  1)  sin(2cjr)). 

We  denote 

^  0=0o 

and  obtain  following  result. 

Lemma  2.  For  any  fixed  positive  value  of  r,  suppose  that  (3  =  /30, 
all  roots  in  (4)  have  negative  real  parts  except  a  pair  of  pure  imaginary  roots, 
and  a'(/?o)  7^  0,  then  there  exists  a  periodic  solution  of  Eq.  (2)  which  bifurcate 
from  (3  =  Pq. 

Next,  we  discuss  the  direction  of  Hopf  bifurcation  and  the  stability  of 
bifurcation  periodic  solution.  We  write  delay  differential  equation  (2)  to  a 
form  of  ordinary  differential  equation 

Xt  =  A[p)Xt  4  RXt  1  (8) 


using  Riesz  expressing  theorem,  and  the  method  of  Hassard  [5],  we  give  the 
formulas  of  Hopf  bifurcation  periodic  solution  as  follows. 

Theorem.  If  g2\  i1  0,  the  bifurcation  periodic  solution  of  equation  (2)  at 
origin  can  be  described  by  following  formulas 

(i)  The  bifurcation  direction  of  periodic  solution  is  determined  by  the  sign 
of 

fi(e)  =  H2£2  H - , 

where  [i2  =  -Reg2\/2a,{Po).  Here  cd{Po)  is  given  in  (7)  .  If  a'(/30)  >  0,  then 
when  fi2>  0  (/i2  <  0),  equation  (2)  has  supercritical  (subcritical)  bifurcation. 

(ii)  The  period  of  the  bifurcation  periodic  solution  can  be  estimated  by 

O/7 y 

T(e)  =  — (1  4-  t2s2  4 - ), 

OJ 


where 


J  1  (\ T  dlmX(P)  \ 

*2  =  +  M2  - T^T  ” 

W  2  dP  8=8. 


(iii)  The  stability  of  bifurcation  periodic  solution  is  determined  by  the  sign 


B(e)  =  b2e2  4  ■ 
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where  62  =  Reg2i .  when  62  >  0  (&2  <  0),  the  bifurcation  solution  is  unstable 
(stable),  where 

921  =  -2f3oe-tu}T[qlD(ai2q2q2+ai3)+q2D(a2iqiqi+a23)+D(a3iqlqi+a32ql'q2)\J 


D  ~  [gf(gi  +  ai2re~iu)T 0Qq2  +  ai3re~iWTA)  +  g^^ire-^ Agi  +  g2 

+a23re~iurP 0)  +  a3iTe~iu,rAgi  +  a32Te_iu,T  A92  +  l]-1,  ; 

here  gi  (g*)  is  the  conjugate  of  <ft(g*). 

For  a  example,  let  matrix  A  in  (2)  be  (see  [2]) 

/  0  10\ 

A  =  ,  -1.25  0  1  , 

1  1.25  1  0  1 

r  =  4.265  and  u  =  0.3899  .  From  (5),  A,  =  0.96  and  from  (7)  ,a'(A)  = 
0.202, which  is  not  equal  to  zero  .  We  calculate  that  Re  921  =  —0.07  ,and 
Img2i  =  0.3433.  Then  /z2  =  0.1732. 

Since  a' (A)  >  0  and  ^2  >  0?  Equation  (2)  has  supercritical  bifurcation 
.The  bifurcation  periodic  solution  is  stable.  The  period  of  the  bifurcation 
solution  is 

0<7 r 

T(e)  =  — (1  —  0.446e2  +  •••). 

U) 
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ASYMPTOTIC  BEHAVIOR  FOR  A  CLASS  OF  DELAY  2-D 
DISCRETE  DYNAMIC  SYSTEM 
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Guang  Zhou,  510640  P.R.  China 

In  this  paper,  we  discuss  the  asymptotic  behaviour  of  solutions  for  a  class  of  delay 
2-dimension  discrete  dynamic  system 

Am—l,n  4*  —  Amn  4* Pmn^m+ff,n+ t  —  0, 

where, m,n  —  1,2, and  we  also  obtained  sufficient  conditions  for  the  oscillation 
of  all  solutions  of  the  above  Eq. 


1  Introduction 

Oscillation  criteria  for  a  class  of  delay  2- dimension  discrete  dynamic  system  of 
the  form 

Am+l,n  “f  Am,n-\~1  Am,n  4"  PTn,n-^m—cr,n—r  ^  71  =  1,  2,  •  •  • .  (1) 

have  been  derived  in  [l].This  paper  is  concerned  with  a  class  of  advanced  type 
delay  2-dimension  discrete  dynamic  system  of  the  form 

Am_i,n  4"  ~  ^m,n  4“  Vm^n^m+cr^n-^T  —  0?  TYl,  71=  1,  2,  •  ■  •  (2) 

f  Correspondence  address:  Departement  of  Mathematics  Binzhou  Normal  College 
Binzhou, Shandong  256604 ,P.R. China 
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where  <7,  r  are  non-negative  integers  and  pm,n  >  0  for  m,  n  >  O.This  equation 
can  be  regarded  as  a  discrete  analog  of  the  elliptic  partial  differential  equation 


d2A  d2A 
dx 2  dy 2 


+-A(a:,l/)  +p(x12/)J4(aH-(T,j/  +  r)  =  0. 


We  first  settle  the  question  of  existence  and  uniqueness  of  solutions  of  our 
equations  (2).  For  the  sake  of  convenience,  let  us  denote  the  set  {a,  <2+ 1, 
of  consecutive  integers  by  [a,  6], the  ray  {a,  a  +  1,  *  •  • ,  }ofr  integers  by  [a,  00), 
and  the  cross  product  [0, 00)  x  [0, 00)  by  Z.  In  case  a  =  r  =  0,  we  may  write 
(2)  in  the  form 

A  +  Am^n—i 

A-mn  —  1  ^  > 

1  —  Pmn 

provided  that  pm,n  ^  1  for  m,  n  >  0.  Furthermore,  if  the  values  of  Am, o  and 
Ao,n  are  given  for  m  >  1  and  n  >  1  respectively,  then  we  may  successively 
calculate 

Aii,A21,Ai2,A3i,A22,Ai3,--‘ 

in  a  unique  manner.  The  following  result  is  now  clear. 

Theorem  1.1  Assume  that  a  =  r  =  0  and  that  pm,n  7^  1  for  m,  n  >  0. 
Then  given  any  two  sequences  1  an &  ^ ere  * 5  a  un^Que  s0~ 

lution  { Amn }  of  (2)  which  is  defined  for  (m,n)  €  Z\{(0, 0)}  and  satisfies  the 
conditions 

Amfi  —  (firm  rn  —  1,2, 

and 

Aq^u  —  'Iprii  n  =  1,  2, 

In  case  one  of  the  non-negative  integers  fj  or  r  is  positive,  the  by  writing 
equation  (2)  in  the  form 


Am+<j,n+T  —  {Amn  An-1, n  An, n  — 1)5 

P 771 71 

it  is  also  easy  to  see  that  the  following  result  holds. 

Theorem  1.2  Assume  that  at  least  one  of  the  non-negative  integers  a  and  r 
is  positive.  Then  given  any  functions  {ij) mn }  defined  for 


(m,  n)  e  Cl  -  Z\  {(0, 0)}  \[cr  +  1,  oo)  x  [r  +  1,  oo), 

there  is  a  unique  solution  {Amn}of  (2)  which  is  defined  for  ( m,n )  6  Z  {(0,0)} 
and  satisfies  the  conditions 

Amn  =  'Ipmrii  (m,  7i)  (E  fh 
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In  view  of  these  Theorems,  it  will  be  understood  that  a  solution  {Amn}  is 
always  defined  for  (m,  n)  £  Z\  {(0, 0)}.  Furthermore,  a  solution  {Amn}  will  be 
said  to  be  eventually  positive  or  eventually  negative  if  Amn  >  0,or  respectively 
Amn  <  0?  for  all  large  m  and  n.  It  will  be  said  to  be  oscillatory  if  it  is  neither 
eventually  positive  nor  eventually  negative. 

An  elementary  result  will  be  used  repeatedly  in  the  sequel. 

Lemma  1.1  For  any  integers  a,6,c.  and  d  wcich  satisfy  a  <  b  and  c  <  d, 
the  following  formal  identity  holds  for  any  double  sequence  {xmn}  defined  for 
(m,  n)  £  [a  -  1,  b]  x  [c  -  1,  d],  we  have 

b  d 

V* (xm-l,n  +  Xm,n—1  Xmn) 
m—a  n~c 

6-1  d-1  b  d 

Xbd  ^  ^  ^  Xmn  “f”  ^  ®m,c— 1  ^  ^  32a— l,n* 

m—a  n=c  m—a  n—c 

We  omit  the  proof  here. 

2  Preparatory  Lemmas 

We  will  be  interested  in  obtaining  oscillation  criteria  for  solutions  of  (2).  There 
are  several  preparatory  results  which  will  be  useful  for  achieving  our  goals. 
First  of  all,  it  is  easy  to  see  that  eventually  positive  solution  of  (2)  is  increasing 
in  m  and  in  n. 

Lemma  2.1  Let  {Amn}  be  an  eventually  positive  solution  of  (2),  Then 
{Amn}  is  strictly  increasing  in  m  and  in  n  for  all  large  m,  n. 

Lemma  2.2  Assume  that  there  is  a  positive  number  S  such  that  for  all  large 

m  and  n,  we  have  £m=i+i  YZ^j+i  Pmn  >  5. 

Let  {Amn}  be  an  eventually  positive  solution  of  (2).  Then  for  all  large  s  and 
t > 

As+cr,t+T  ^  16 
AS)t  ~  ¥' 

Lemma  2.3  Suppose  r  =  0 .Assume  that  there  is  a  positive  number  S  such 
that  for  all  large  i  and  j,  we  have 

t+CT 

^  Pmj  ^  d. 

m—i+1 
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Let  {Amn}  be  an  eventually  positive  solution  of  (2).  Then  for  all  large  s  and 


As+iyt  S2 


3  Oscillation  Theorems 

In  case  both  a  and  r  are  zero,  an  oscillation  theorem  is  easily  obtained.  The 
idea  [l,Theorem  3.1  ]  of  the  proof  is  well  known  and  is  thus  omitted. 
Theorem  3.1  Assume  that  a  =  r  =  0,  and  that  1  —  pmn  w  not  eventually 
negative ,  then  every  solution  of  (2)  is  oscillatory. 

Theorem  3.2  Assume  that 


i+er  j+r 

lim  SUp  V  V  Pmn  >  1, 


771,71 — ►OO 


771—1  n=j 


then  every  solution  of  (2)  is  oscillatory. 
Theorem  3.3  Assume  that  cr,  r  >  0,  and  that 


lim  inf 

771,71 — ►  OO 


z+a 


J-r 


l 

Pmn  ^  o 


Aa 


77i=i-fl  n=j+l 


2  (A  +  I)**1 5 


where  A  =  “j— r.  Then  every  solution  of  (2)  is  oscillatory. 

By  means  of  Lemma  2.3  and  the  same  reasoning  used  in  the  proof  of 
Theorem  3.3,  we  may  also  obtain  the  following  oscillation  criterion. 

Theorem  3.4  Assume  that  a  >  0  and  r  =  0 ,and  that 


lim  inf 

771,71 — *00  <J 


-I  i+c 

-  V 


771=1+1 


Pmj  >  (a  +  IF+J ' 


Then  every  solution  of  (2)  is  oscillatory. 
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In  this  note,  we  are  concerned  with  the  following  problem 
(  Fi(t ,  x;  u ;  dtuuDxUi ,  Dim)  =  0,  ( t ,  x)  e  Q, 

J  2/)  9)  (fi  2?)  C  r,  /- \ 

m(o,x)  =  (j>{x),  x  e  f2,  '  ' 

[  i  —  1, 2,  •  •  •  ,m. . 

Here  Q  -  (0,T)  x  H,  F  =  (0,T)  x  90  in  which  (0,T)  is  an  interval  in  R 
and  O  is  a  bounded  open  subset  of  Rn,  u  =  (m,  *  *  •  .ixm)  :  Q  — >  Rm  is  the 

unknown  function,  F  =  (Fi,  •  •  • ,  Fm)  :  Q  x  R771  x  R  x  Rn  x  S(n)  — >  Rm  is  a 

given  function  which  is  locally  bounded,  S(n)  denotes  the  set  of  real  symmetric 
n  x  n  matrices  equipped  its  usual  order.  Dxm  and  Dim  denote  the  gradient 
and  Hessian  matrix  of  the  function  m  with  respect  to  the  argument  x. 

A  scalar  equation  F{  —  0  in  (1)  is  said  to  be  degenerated  parabolic  if 

Fi(t,x;u;a,p,X)  -  Fi(t,x;u\a,p,Y)  >  0  (2) 

for  all  ( t , x; u\a,p)  G  Qx  Rm  x  Rx  Rn  and  X  <  Y  6  S(n),  and  there  is  Si  >  0 
such  that 

Fi(t,x;w,  b,p,X)  —  Fi(t,x;  w,a,p,X)  >  6i{b-a)  (3) 
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for  all  (t,x;u]p,X)  €  Q  x  Rm  x  Rn  x  S(n)  and  a  <  b  e  R.  A  system  (1) 
is  said  to  be  degenerated  parabolic  if  all  components  JF*  =  0, 2  =  1,  •  •  ■  ,m  are 
degenerated  parabolic. 

The  theory  of  viscosity  solution  depends  on  the  comparison.  Unfortu¬ 
nately,  the  comparison  does  not  hold  true  in  general  for  systems.  In  the  pre¬ 
vious  works  ([1],[4],[5]),  only  quasi-decreasing  system,  for  which  comparison 
holds  true,  was  discussed.  By  using  of  Perron’s  method  and  combining  with 
the  technique  of  coupled  solution,  we  extend  the  technique  of  viscosity  solution 
to  the  general  quasi-monotone  system  and  the  non-quasi-monotone  systems. 

For  a  function  u  :  Q  — ►  Rm ,  u*(t9x)  =  (ttf,  •  *  •  and  u*(tyx)  = 
(zzi*,  •  •  •  ,um*)  denote  its  upper  and  lower  envelopes,  we  know  that  u*  and 
it*  are  upper  and  lower  semi-continuous  functions  (USC  and  LSC  in  short), 
respectively,  on  Q  with  value  in  Rm  U  {±oo}m  and  u*  <  u  <  u*  on  Q.  And 
we  know  that  if  F  is  quasi-monotone,  so  are  F*  and  F*,  and  converse  is  not 
necessary. 

To  give  the  definition  of  sub  and  super-solution,  we  first  put  that  A  = 
{1  ,  *  •  •  ,m}  and  Ai  c  A\{i}  is  called  the  decreasing  index  set  of  F*,  i.e.,  F*  is 
decreasing  with  respect  to  the  coupled  argument  Uj  as  j  e  Ai  and  increasing 
with  respect  to  Uk  as  k  £  Ai.  Then,  we  define 

W\u,V]Ai):RrnxRmx2A~>Rm-1  ' 

as  W*(u, ti;  Ai)  =  {W{,  •  •  • ,  •  • ,  W*}  in  which 

Wjiu.viA^^Uj,  a sjeAi,  Wj(uJv;Ai)  =  vj ,  as  j£  A{. 

The  set  Vq +u(t,  x)  (or  x))  and  u{t,  x)  (or  u(t ,  x))  denote 

the  parabolic  superjet  (or  sub  jet)  of  the  second  order  for  the  function  u  at  (£,  x) 
and  its  closure  defined  as  that  in  [2]. 

Definition  1  Suppose  that  F  is  degenerated  parabolic,  locally  bounded 
and  quasi-monotone.  U(t,  x)  —  (Ui>  •  ■  ■ ,  Um)  and  V(t> x)  =  (Vi ,  •  •  • ,  Vm)  are 
called  a  pair  of  viscosity  coupled  sub-solution  and  super-solution  of  (1)  if  they 
are  locally  bounded  in  Q  such  that,  for  i  =  1,  •  •  • ,  m, 

Fu (i, x; Wi(U*iV*)Ai)yU£;aiypi,Xi)  <  0 
<  F?(t,  x;  W*(V.,  U*;Ai),  V* ;  bu  qh  «),  (4) 

V(t,x)  €  Q, 

(ai,Pi,Xi)  €V£+U?{t,x),  (buquYi)  €  7$  Vit(t,x), 

U* (£, x)  <  0  <  I 4*(£,x),  for  (£,x)  G  T, 

(5) 

{7/(0,  x)  <  4>{x)  <  Vi*(0,x),  for  x  e  fly 
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Definition  2  {[/,  V}  is  called  a  viscosity  coupled  solution  of  (1)  if  {U,  V} 
and  {V,  17}  are  both  couples  of  viscosity  sub  and  super-solutions  of  (1). 

Definition  3  u(t,x)  is  called  a  viscosity  solution  of  (1)  if  is  a 

viscosity  coupled  solution  of  (1). 

It  could  be  called  the  technique  of  coupled  solution  for  such  a  way  to  define 
the  sub  and  super-solutions.  In  fact,  the  set  of  sub  and  super-solutions  defined 
like  above  is  a  totally  ordered  subset  of  that  in  the  classic  sense.  It  is  a  useful 
tool  to  deal  with  systems  (cf.  [3],  [7],  [8]). 

Then,  by  the  Perron’s  method,  we  prove  the  following  theorem. 

Theorem  4  Let  the  system  F  be  degenerated  parabolic,  locally  bounded, 
quasi-monotone.  Suppose  also  that  the  comparison  for  (1)  holds.  If  U  and  V 
are  a  pair  of  viscosity  coupled  sub  and  super-solution  of  (1),  then  the  problem 
(1)  has  unique  viscosity  solution  u(t,x)  €  C(Q)  satisfying  U*  <  u  <  V*  on  fi. 

To  prove  the  comparison,  we  need  the  following  three  conditions. 

(HI)  There  are  modular  functions  :  (0,  oo)  —>  (0,  oo)  that  satisfy  o;;(0+)  =  0 
such  that,  for  each  fixed  t  6  R, 

(j'f  V )  t'i >  Ol{x  y),  T)  3?,  Wf)  T% ,  CZ{,  a(x  y)>  X ) 

n  (6) 

<  Ui(a\x  -  y\2  +  \x  -  y\), 

whenever  x,  y  €  Cl,  ri,a  6  R,  Wi  6  llrn~l  and  X,Y  6  S(n)  satisfying 


“3a 


fio\ 

01 


< 


(X  0  a 
0  -Y 


<3a 


(  I  ~I\ 

-I  I  ' 


(H2)  There  are  non-negative  constants  3zj  (Pa  =  0),  i,j  —  1  ,  such 

that 


\Fit(t,x;v\r-,a,p,X)  -  F*{t,x\u\r,a,p,X)\  <  V' Pij\vj-Uj\,  (8) 

for  u, veRm,  (t,x\r\a,p,X)  6  Qx  Rx  Rx  Rn  x  S(n). 

(H3)  there  exist  real  numbers  7*  >  0  such  that 

Fi*  (t,  x,  ,  fi,  cl,P)  X'j  7}  (t,  x)  W{ ,  Si,  o, p,  7C) 

> -7 tin- 

for  77  >  Su{t,x\Wi\a,p,X)  €  Q  x  .ff71-1  x  Rx  Rn  x  S(n),i  =  l,---,ra. 

Theorem  5  Let  the  system  F  be  degenerated  parabolic,  locally  bounded, 
quasi-monotone.  Suppose  that  the  conditions  (Hl)-(H3)  hold.  If  U  and  V 
are  a  couple  of  viscosity  sub  and  super- solution  of  (1),  then  U*  <  V*,  in  Q. 
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For  the  non-quasi-monotone  system,  we  give  the  following  concept  like 
that  in  [1], 

Definition  6  Suppose  that  F  is  degenerated  parabolic,  locally  bounded. 
XJ  and  V  are  called  a  pair  of  viscosity  sub-solution  and  super-solution  in  strong 
sense  of  (1)  if  they  satisfy  the  condition 
(C)  there  is  a  h(t,x)  E  C(Q)  between  U  and  V, 

such  that,  for  every  w(t,  x)  E  C(Q)  between  U  and  V(  i.e.,  U  <  w  <  V  as 
U  <V  ovV  <w  <U  asV  <U), 

Fu{t,x]w\UZ-,ai,pi,Xi)  <0 
—  ^  i  Vi* y  Qii  (10) 

V(t,x)ee, 

(< Oi,Pi,Xi )  €  V%+U*(t,x),  (bi,qt,Yi)  e  Vit(t,x), 

where  wl  =  (wi>  •  •  •  •  •  •  ,  u>m),  and  (5)  holds. 

We  prove  the  following  results  by  the  comparison  for  the  scalar  parabolic 
equations  and  fixed-point  theorem. 

Theorem  7  Let  the  system  F  be  degenerated  parabolic,  locally  bbunded 
and  satisfy  (HI),  (H2)  and  (H3).  Suppose  that  U  and  V  are  a  couple  of 
viscosity  sub  and  super-solution  in  the  strong  sense  of  (1).  Then, 

i)  U{  <  VUy  i  =  1,  •  •  •  ,m,  on  Q; 

ii)  there  is  a  unique  viscosity  solution  u(t}  x)  E  C(Q)  satisfying 

U*  <u<  V*,  on  Q. 


Concerning  to  viscosity  sub  and  super-solutions  in  the  strong  sense  of  (1), 
we  have 

Theorem  8  Suppose  that  the  system  F  is  degenerated  parabolic,  locally 
bounded  and  satisfies  (H2)  and  (H3).  If  U  and  V  are  a  couple  of  viscosity 
sub  and  super-solution  in  the  classic  sense  of  (1).  Then,  there  is  a  couple  of 
viscosity  sub  and  super-solutions  in  the  strong  sense  for  (1). 

In  fact,  a  couple  of  viscosity  sub  and  super-solutions  in  the  strong  sence 
of  (1)  are 

U(t,x)  =  U(t,x)  —  h(t ),  V(t,x)  =  V(t:x)  +  h(t) 

where  h(t)  is  a  non-negative  solution  of  linear  system  of  ordinary  differential 
equations 

fh'-(T  +  B)h=Bd,  , 

h(  0)  =  c>0, 
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where  T  =  diag(7*),  B  =  (Pij )  are  m  x  n  matrices  in  which 

_  li  h..-hL 

7*  6i'  Si 

7 i,  =  1,  •  •  • ,  m  are  constants  in  conditions  (H3),  (H2)  and  (3),  while 

d  =  (di,---,dm),  di=  sup  Vt  Ut  >  0. 

(t,s)€G 


Thus,  we  have 

Theorem  9  Let  the  system  F  be  degenerated  parabolic,  locally  bounded 
and  satisfy  (Hi),  (H2)  and  (H3).  Suppose  that  U  and  V  are  a  couple 
of  viscosity  sub  and  super-solution  in  the  strong  sense  of  (1),  which  satisfy 
the  condition  (C).  Then,  there  is  a  unique  viscosity  solution  u(t,x)  £  C(Q) 
satisfying 

17*  —  h  <  u  <  14  +  h)  on  Q, 
where  h(t)  is  a  function  mentioned  above. 
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1  Introduction 

This  work  was  motivated  by  the  papers  of  Lorenz6  and  Kopell5.  Lorenz6  stud¬ 
ied  a  homogeneous  incompressible  fluid.  By  truncating  the  governing  partial 
differential  equations,  he  obtained  a  9-dimensional  ordinary  differential  equa¬ 
tion  model.  A  further  reduction  to  a  3-dimensional  quasi- geostrophic  model 
was  then  made  formally.  Kopell 5  developed  a  result  on  the  continuation  of 
normally  hyperbolic  invariant  manifolds  of  problems  involving  singularities  and 
applied  the  result  to  justify  the  reduction.  Unfortunately,  there  is  a  gap  in  the 
proof  of  the  abstract  result 1.  In  this  paper,  we  give  a  similar  version  of  the 
result  and  apply  it  to  the  Lorenz  model. 

The  situation  encountered  here  can  be  explained  as  follows.  Roughly 
speaking,  the  problem  with  parameter  e  considered  is  either  singular  at  e  =  0 
for  certain  time  scales  or  the  manifold  interested  is  not  normally  hyperbolic 
at  e  =  0  for  other  time  scales.  The  standard  persistence  results  of  normally 
hyperbolic  invariant  manifold  (see  the  works  of  Fenichel  2  and  Hirsch,  etc.  4) 
do  not  apply  directly.  Following  the  idea  of  Kopell,  we  introduce  an  auxiliary 
system  with  two  parameters,  which  reduces  to  the  original  one  when  the  two 
parameters  agree.  Normally  hyperbolic  invariant  manifold  theory  can  be  ap¬ 
plied  when  one  of  the  parameters  is  fixed  away  from  the  singular  value  and 
the  other  is  set  to  the  singular  value.  To  continue  the  singular  parameter  to 
the  fixed  one,  the  method  developed  by  Chicone  and  Liu 1  is  employed.  This 
method,  combining  the  normally  hyperbolic  theory  and  a  continuation  argu¬ 
ment,  seems  very  useful  in  treating  problems  with  singularities  caused  by  the 
parameters. 

The  paper  is  organized  as  follows.  In  Section  2,  we  recall  the  definition 
and  the  results  of  normally  hyperbolic  invariant  manifolds.  Our  results  are 
stated  in  Section  3  followed  by  a  proof.  We  then  apply  the  results  to  the 
9-dimensional  atmospheric  model  in  Section  4. 

Acknowledgements  The  author  thanks  Carmen  Chicone  for  valuable 
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discussions. 


2  Normal  hyperbolicity 

Let  us  recall  the  definition  of  normal  hyperbolicity2.  Consider  a  smooth  dif¬ 
ferential  equation 

x  =  F(x ),  xeHn 

with  flow  (jf  that  has  an  overflowing  invariant  manifold  M  —  M  U  dM.  Let 
TM  denote  the  tangent  bundle  of  M  and  let  N  denote  the  bundle  orthogonal 
to  TM.  Thus,  TmFJ1  =  TM  ©  N .  Let  II  :  TmFT1  — >  N  be  the  orthogonal 
projection.  For  each  m  £  M  and  t  >  0,  define  two  operators 

At(m)  :  =  :  TmM  -> 

Bt(m)  :  =  UmDtf  {<jT* (m)) |^_t (m) M  -  NmM,  (1) 

and  define  the  Lyapunov  type  numbers 

i/(m)  :=  limsup  ||gt(m)||1/t,  <r(m)  :=  limsup  ■  (2) 

t- oo  t_oo  -ln||Bt(m)||  , 

The  invariant  manifold  M  is  called  normally  hyperbolic  if  i/(m)  <  1  arid 
<7(771)  <  ~  for  m  6  M. 

Theorem  2.1  (Fenichel  2 ,  Hirsch,  etc.  4)  If  M  is  a  k -normally  hyperbolic 
invariant  manifold,  then  it  is  Ck  and  persists  under  C 1  perturbations. 

3  The  main  results 
Consider  the  system 

x>  =  fi(z,y,e),  y' =  ehi{x,y\e)  (3) 

where  x  €  lZn ,  y  E  M  and  M  is  a  m-dimensional  smooth  compact  manifold 
without  boundary  or  a  compact  ball  in  ft771;  fu  hi  are  Cr  (r  >  2)  in  x,  y ,  and 
e  >  0,  except  that  /i  and  hi  might  be  singular  at  e  =  0. 

We  assume  that,  for  6  ^  0,  there  exist  functions  x  —  x(y\e ),  with  xy 
bounded  uniformly  in  e  such  that  /i(®(y;e),y;c)  =  0.  Making  a  change  of 
variables 

u  =  x-x{y,e),  (4) 

the  transformed  system  becomes, 

u' =  f(u,y,e)-exy(y;e)h(u,y;e),  y'  =  eh(u,y;e),  (5) 
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where  f(u,y;e)  =  fi(u  +  x(y,e),y,e),  h(u, y\ c)  =  hi(u  +  x(y;e),y,c)  and 
f(0,y;  e)  =  0  for  0. 

Theorem  3.1  Consider  system  (5).  Assume  that,  for  y  6  M,  f(0,y;e)  =  0 
for  e  0;  and  Dxf(0, y; e)  =  diag{Aj(y;e),  ■  ■  ■  ,Ak(y;e)},  where 


Mv>  e) 


f-ai(y;e)  Pi(y,e)  ^ 

-Pi(y;e) 


or  Ai{y ;  e)  =  -on(y;  e) 


and  My,  e)  >  t*o  >  0  is  smooth  in  e  and  y,  pi(y;  e)  >  0  is  smooth  in  y  but  might 
be  singular  at  e  =  0,  \dyai(y;e)\  <  C,  and  \dy(3i(y;e)\  <  C.  Then,  for  e  /  0 
small,  (5)  has  a  normally  hyperbolic  invariant  manifold  M(e)  parametrized  by 
M,  and  M(e)  — ►  M  as  e  — »  0. 

Proof.  It  is  a  corollary  of  Theorem  3.2  to  follow.  □ 

Consider  a  slightly  general  system 


x'  =  f{x,y,e)  +  R(x,y;e),  y'  =  H(x,y;e)  (6) 

where  /  and  H  might  be  singular  at  e  =  0.  Following  Kopell  5,  we  now 
introduce  the  auxiliary  family  of  systems  as 

X1  =  f(x,y;6)  +  R(x,y;e),  y’ =  H(x,y,5).  (7) 

Theorem  3.2  Consider  system  (7).  Assume  that,  there  exist  constants  80  > 
0,  ao  >  0,  L  >  0  and  Co  >  0  such  that 

f{0,y,6)  =  0,  R(x,y;e)<  L(|x|2+e),  ( x,Dxf(x,y\6)x )  <  -a0\x\2  (8) 


for  0<6<<V0<J<  S0,  \x\  <  Co,  and  all  y  €  M.  Moreover,  assume,  for 
some  k  >  2,  M(6, 0)  =  {(x,y)  :  x  =  F°(y)  =  0}  is  a  k-normally  hyperbolic 
and  stable  invariant  manifold  of  the  system  (7)  corresponding  to  e  =  0,  and 
there  exist  0<A<1 ,  r  >  k  and  T  >  0,  such  that  for  S  6  (0,  Jo]  and  for 
(0  ,y)  €  M(J,  0)  the  operators  in  (1)  satisfy 

P$(0,V)||<A>  Hgggi,  <  i  (9) 

Then,  there  exists  Ji  >  0  such  that  for  6  €  (0,  Ji]  and  0  <  e  <  J,  the  cor¬ 
responding  system  (7)  has  a  k-normally  hyperbolic  invariant  manifold  M(J,  e) 
parametrized  by  M,  and  M(J,  e)  — ►  M  as  6  — ►  0.  In  particular,  system  (6)  has 
a  k-normally  hyperbolic  invariant  manifold  for  0  <  e  <  Ji  small 
Proof.  We  follow  the  idea  of  Kopell5  and  the  procedure  used  by  Chicone  and 
Liu 1  to  give  a  proof. 
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Fix  5  >  0  small  and  let  A6  denote  the  set  of  e;  £  [0,5]  such  that,  for 
e  E  [0,  e'],  the  corresponding  equation  (7)  has  a  fc-normally  hyperbolic  invariant 
manifold  M(5,  e)  given  by  the  graph  of  a  function  x  =  F€(y).  We  will  prove 
that  A6  is  nonempty,  open  and  closed  if  5  is  small  enough.  The  fact  that  A6  is 
nonempty  follows  from  the  assumption  that  M  (5, 0)  is  a  ^-normally  hyperbolic 
invariant  manifold  of  the  system  (7)  for  e  =  0.  That  A6  is  open  is  a  consequence 
of  Theorem  2.1.  Proposition  3.3  below  claims  that  A 6  is  also  closed.  Assuming 
Proposition  3.3,  the  proof  is  then  completed.  □ 

Proposition  3.3  There  exists  5\  >  0  such  that  the  set  A 6  is  closed  in  [0,5] 
for  0  <  5  <  5i . 

Let  e*  =  sup  A^ .  We  must  show  that  e*  £  A6.  To  accomplish  this,  first,  we 
show  that  there  is  a  Cl  invariant  manifold  M(5,  e*)  continued  from  M(5,  e)  for 
0  <  e  <  e*.  Secondly,  we  check  directly  that  M(5,  e*)  is  ^-normally  hyperbolic. 

Suppose,  for  0  <  e  <  €*,  the  normally  hyperbolic  invariant  manifold  of 
the  corresponding  system  (7)  is  given  by  M(5,  e)  =  {(x,y)  :  x  =  F€(y)}.  The 
invariance  of  M(5;  e)  is  equivalent  to 

F*(y)H(F*(y),y;6)  =  f(F*(y),y;S)  +  R(F*(y),y]e).  ^  (10) 

For  k  >  0  small,  consider  the  cylinder  CK  {(x,y)  ;  \x2\  <  k 2}. 

Lemma  3.4  Assume  the  conditions  (8)  in  Theorem  3.2.  If 


Kt 


qq  _  r&i 

2  L  4  L2 


(which  is  of  order  of  e  as  e  — ►  0),  then  the  invariant  manifold  M(5,  e)  C  CKt. 
Proof.  This  is  because  CK  is  positively  invariant  for  k  >  Ke.  □ 

Let  (F€(y€(siq))i  y€{s,q))  be  the  solution  of  (7)  with  the  initial  condition 
(. Fe(q),q ).  The  linear  variational  equation  of  (7)  along  this  solution  has  the 
form 

w'fr)  =  ffx  +  Rx  fv  +  Ry^  (n) 

where  the  functions  fx,  fy ,  Hx  and  Hy  in  the  coefficient  matrix  are  evaluated  at 
(F%e(s,g)),ye(s,g);5),  Rx  and  Ry  are  evaluated  at  (Fe(ye(s,  q)),  y€(s,  q);  e). 
Lemma  3.5  The  variational  equation  (11)  has  the  following  set  of  indepen¬ 
dent  solutions: 


/■ 


Xe(.  a\.-(  Fy(ve(s^))  Yj(s,q;e)\ 


(12) 
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where  Y  (s,  q ;  e)  =  (Yi  (5,  <7;  e),  12(5,  g;  e),  •  ■  • ,  Y^s,  <7;  e))  is  the  principal  matrix 
solution  of 


Z'{s)  =  (HxFy(Fe(ye(s,  q))  +  Hy)  Z(s),  (13) 

and  the  argument  of  Hx  and  Hy  is  (Fe(y€(s,q))}ye(s,q)]S). 

Moreover  this  set  of  solutions  spans  the  tangent  space  of  M (6,  e)  at  each 
point  of  the  solution  (Fc(y€(s,q)),ye(s,q))  . 

Proof.  One  can  check  directly  by  differentiating  (10)  with  respect  to  y.  □ 
Lemma  3.6  There  is  a  constant  C  >  0  such  that  for  e  <  e*? 


|i^|<Ce,  \Fyy\  <  C. 


Hence,  lime_>e,  F€(y)  exists  in  C1  norm  and  the  graph  of  the  limiting  function 
is  an  invariant  manifold  of  system  (7)  for  e*. 

Proof.  To  prove  it,  we  will  use  the  graph  transform  to  derive  an  operator  for 
which  the  function  q  >  Fy(q)  is  a  fixed  point  and  then  use  the  resulting  fixed 
point  equation  to  obtain  the  desired  estimates. 

Let  ty€(s,q)  denote  the  principal  matrix  solution  of  (11)  at  s  =  0  and  let 
us  write  ^€($,q)  in  the  block  form  with  respect  to  the  x  and  y  coordinates 


&(s,q) 


ms,q)  V\(s,q) 


By  Lemma  3.5,  we  have, 


f  F^(s>q))Y(s,q-e)\  =  (  F*(q)\ 

Y(s,q;e)  V  ■  I 

where  I  is  the  identity  matrix  of  size  l.  From  which, 

F‘(y‘(s,q))  =  m(s,q)F‘(q)  +  %(s,q))  Y~l(s,q;e).  (14) 

Consider  the  space  Y  {r] :  M  —>  7Znyn,rj  £  C1}  and  define  a  graph  transform 
A6 :  T  — >  T  by 


(A  *ri)(p)  =  m(T  ,q‘)V(q‘)  +  n(T,qe))*-l(rqe-,c)  (15) 

where  T  is  as  in  Theorem  3.2,  0  <  e  <  e*  and  qe  is  related  to  p  by  p  =  yc(T,  qe). 
By  Lemma  3.4  and  an  application  of  Gronwall’s  inequality,  there  exists  C\{T) 
such  that,  for  s  £  [0,  T], 

\(F‘(y*(s,q‘)),y‘(s,q‘))  -  (0,y°(s,q°))\  <  C,{T)e, 
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and 


ll^e(s>9e)  —  \P°(s, g°) ||  <  Ci(T)e.  (16) 

In  view  of  the  definition  of  Y  (s,  q;  e)  in  Lemma  3.5  and  the  fact  that  \\Y  (T,  q\  0)  || 
and  its  inverse  are  bounded  away  from  zero  uniformly  in  q,  there  exist  Kq  >  0 
and  p  >  0  such  that,  as  long  as  \F*\  <  p,  ||y_1(T, ge;  e)||  <  Ko . 

We  will  show  that  if  5  >  0  is  small,  then  \F*\  <  p  for  0  <  e  <  e*.  In  doing 
so,  we  also  obtain  that  \F*\  <  Ce  for  0  <  e  <  e*.  Let  eo  =  sup{e'  :  \F*\  < 
p  for  e  €  [0,e']}.  Suppose,  on  the  contrary,  that  eo  <  e*.  The  relation  (14) 
says  that  the  function  F is  a  fixed  point  of  the  operator  Ae;  that  is, 

F‘(j>)  =  (niZq^F^  +  ^q^Y-'iT^e).  (17) 

By  the  estimate  (16)  and  also  noticing  that 

B°(0,q°)  =  \f'$(T’,50),  A°T(0,q°)  =  Y~\T,^;0), 
we  obtain  that 

\Fy(p)\  <  I  i'&ii'F,  <l°)Fy(qt)  +  y°2(T,q0))  Y-\T, «°;0)|  +  (1  +  p)K0Pi(T)e 
<  ||fl$.(0,p)||  ]|A§.(0,p)||  |Fye(<f  )l  +  (1  +  p)K0Ci(T)e 
<A|^|  +  (1  +p)K0C1(T)e, 

which  implies  that  \F*  \  <  (T)e,  Taking  the  limit  as  e  ->  eo,  due  to 

the  continuity  of  normally  hyperbolic  invariant  manifold  in  Ck  norm,  we  have 
W  <  {l+P\K_f1<T)eo-  lf5<S1<  min{^fco&r),M,  then,  for  €  €  [e0le.) 
and  close  to  eo,  \Fy\  <  P ■  This  contradicts  to  the  maximality  of  eo  and,  in  turn, 
we  have  eo  =  e*.  Since  now  \F*\  <  p  for  0  <  e  <  e*,  the  above  argument  also 
yields  |i^|  <  (T)  e  for  all  0  <  e  <  e*. 

We  now  verify  that  ||F^||  <  C(T)  for  some  C(T)  >  0.  Differentiating  (17) 
with  respect  to  p,  one  obtains 

\F^y(p)\  <  ||«r‘(T,g‘)H:  1^1  •  \\Y~HT,qe;e) ||  •  \F‘y(q<)\ +Tl(T), 

where  7 Z(T)  is  uniformly  bounded  in  0  <  e  <  e*.  From  p  =  y€(T)  qe),  we  have 
|^-|  =  ||T_1(T,  qe]  e)||.  Thus  there  exists  C^T)  >  0  such  that 

\F€yy{p)\  <  (K(T,9°)||  ■  ||y_1(T, g°;  0)f  +  C3(T)e)  \F*y(q')\  +  K(T) 

=  (\\B°  (O.p)H  •  ||A°  (0,p)||2  +  C3(T)t)  \F'y(qe)\+K(T) 

<  (A  +  C3(T)e)\Fyy\  +  F(T). 
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If  we  require  further  that  <5i  <  c3^ ,  then 

\Fe  |  <  m  <  gg) 

1  2/3/1  -  1  -  A  -  Cs(T)e  ~  1  -  A  -  C3(T)Si  ’ 

The  family  of  functions  {Fe  :  0  <  €  <  e*}  is  then  an  equicontinuous  family 
in  C 1  norm.  Hence  there  exists  a  C 1  limit  by  the  Ascoli-Arzela  Theorem 
and  its  graph  M(S,  e*)  is  an  invariant  manifold  of  the  system  (7)  at  e*.  □ 
Next,  we  show  that  M(<5,  e*)  is  ^-normally  hyperbolic. 

We  take  N  to  be  the  orthogonal  complement  of  TM  (S,  0)  in  Tm{s,  o)Kn+l. 
Let  v(M(S,  e*);  m)  and  a(M(S ,  e*);m)  denote  the  Lyapunov  type  numbers  de¬ 
fined  as  in  (2)  for  m  €  M(S)e o). 

Lemma  3.7  There  exists  Si  such  that  if  5  <  Si  (hence  e*  <  Si),  then,  for 
m  e  M(S,e*),  one  has  i/(M(S,  e*);' m)  <  1  and  a(M(S:  e*);  m)  < 

Proof.  Let  m€*  =  (Fe*(p),p)  be  any  point  on  M(S,e*)  and  let  m°  =  (0,p) 
be  the  corresponding  point  on  M(£,0)  for  e  =  0.  Since  |F£*|  <  Ce*,  we  have 
||nm«*  —7 ||  <  Ce*  where  7rme*  is  the  orthogonal  projection  to  Nmt*  M ( S ,  e*). 

If  T  is  as  in  Theorem  3.2,  then,  from  Lemma  3.4  and  using  the  Gronwall’s 
inequality, 

||®e*(T,ge')||  <  (1 +  C'i(T)e»r)||$0(T,50)|| 
for  some  C'i(T)  >  0,  and  hence,  there  exists  C2(T)  >  0  such  that 

II-B|.-(to£*)||  <  ||(nm«.  -  )'Sf£* (T, 4>e' (— T, mu ) || 

<C2(T)e,  +  \\B°(m°)\\.  (18) 

Similarly,  there  exists  Cs(T)  >  0  so  that  \\A%t (mc*)||  <  C(T)e *  +  ||J45’(m°)||. 

For  s  large,  write  s  =  dT  +  r  for  some  integer  d  and  0  <  r  <  T,  and 
denote  my  :=  (Fe'(pj),Pj)  :=  <p€-(~jT,m(-)  and  m°  =  (F°(j>j),pj)  =  (0,Pj) 
for  j  =  0, 1,  •  •  • ,  d.  Then 

Bt‘  (™£* )  =  sy  (my )  •  bct-  (mj., )  •  By  (my_2)  ■■■By  (m£* ), 

and  hence,  ||££*(me-)ll  <  ||B£*(m^)l|n^||B^(mV)||. 

Similarly,  ||>1£*  (mc-)||  <  ||A£-(m^)|| n^||^r(m£*)||. 

Therefore,  from  (18),  if  <5i,  and  hence  e*,  are  small, 

v(M(S,  e*);m6*)  =  limsup  \\Bes*  (m6*)!!1/5 

s — too 

<  limsup  (\\By(my) ||  n^||B^(me*)|03TT;: 

d— too 

<  (C2(T)et  +  \)?  <1. 
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To  estimate  a(M(6 ,  e*);  m€*),  let  us  note  that  for  each  j  =  0, 1,  ■  ■  • ,  d  -  1, 

In  11^(77^)11  ^  ln(C3(T)e,  +  ||^(mQ)||)  ^1  ,1fl, 

-ln||Bf(mV)||  "  —  ln(C2(T)e,  +  ||B§,(mP)||)  r’  ^ 


Thus, 


a(M(5,  e*);me*) 


=  lim  sup 

s— +00 


InMSKOll 

-In  ||B|(me*)ll 


<  lim  sup 

d— >oo 

—  lim  sup 

d— *  oo 


EtolnlMT,K)ll+lnll^(m^)|| 
-E,to1lnPfK')||-ln||B^(77a^)ll 
E£qM^K)I1  <1 
-Ej=olnII£fK*)ll " r’ 


where  the  last  step  uses  the  estimates  (19).  □ 

Corollary  3.8  The  invariant  manifold  M(S,  e*)  is  k-normally  hyperbolic  and 
Ck.  Hence  e*  €  A6  • 


4  A  quasi-  geostrop  hie  invariant  manifold  for  an  atmospheric  model 

In  this  last  section,  we  apply  our  result  to  justify  the  reduction  of  a  9-dimensional 
atmospheric  model  made  by  Lorenz6. 

Lorenz  6  considered  a  homogeneous  incompressible  fluid  of  average  depth 
H ,  moving  over  a  surface  of  variable  topographic  height  h,  under  the  force  Fy 
as  well  as  some  physical  conditions  assumed.  The  9-dimensional  atmospheric 
model,  derived  by  truncating  the  governing  partial  differential  equations  of  the 
fluid,  is 


c  c 

x'i  =  biXjXk - (a,  -  ak)xjVk  H - (a »  -  aj)xkyj 

ai  a{ 

2c2 

- -VjVk  -  VQCiiXi  +yi-  Zi, 

a<i 

/  Qik  h  bj  c  /  \ 

Vi  - - Xjyk - —XkVj  +  — (dfc  -  aj)yjyk  -  -  Vo OiVu 

Oi 

z'i  =  -bkXj(zk  -  hk)  -  bj(zj  -  hj)xk  +  cyj(zk  -  hk)  -  c(zj  -  hj)yk 

+g0aiXi  -  KodiZi  -  Fit  (20) 

and  the  other  six  equations  are  obtained  from  above  by  cyclic  permutations 
(i,j,k)  of  the  indices  (1,2,3).  In  the  system,  a»,  and  c  are  positive  di- 
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mensionless  constants;  vq,  «o»  and  go  are  the  kinematic  viscosity,  diffusivity 
coefficient,  and  the  acceleration  of  gravity,  respectively. 

To  further  reduce  the  model  to  a  3-dimensional  so  called  quasi-geostrophic 
one,  we  first  rescale  the  parameters  used  by  Kopell5. 

Let  e  be  the  Rossby  number  and  scale  the  space  variables  as  follows 

Xi  =  e2Xi,  yi  =  eYi,  z{  =  eZ{. 

The  scaling  of  the  others  is  made  under  the  assumption,  in  this  case,  that  v0, 
Fi  are  small  and  go  is  large.  So  they  are  scaled  as 


vq  =  eN,  Fi  =  eFi,  G  =  eg0. 

Using  these  scaled  variables,  the  system  is  transformed  into 
1  o  r2 

Xi  =  -  (Yi  -  Zt) - YjYk  +  eIZi  (X,  Y,  Z,  e), 

€  CLi 

Yf  =  eSi(X,Y,Z,e), 

Z\  —  —GciiXi  —  Ko diZi  —  cYjhk  +  chjYk  +  Fi  +  eQi(X,  Y,  Z,  e). 

One  observes  that,  to  the  lowest  order  of  e,  Yi  =  Zi.  Introducing  the  new 
variables  Wi  —  Yi  —  Zi,  the  system  becomes 

Xi  =  -Wi-  —YjYk  +  eRi  (X,  W,  Y,  e), 

€  0>i 

W[  =  -GaiXi  -  KoatWi  +  (-chkYj  +  chjYk)  +  F  +  eSt(X,  W,  Y,  e), 

Y?  =  eQi(X,W,Y,e).  (21) 


To  apply  Theorem  3.1,  we  first  make  a  change  of  variables  as  in  (4)  to 
transform  (21)  into 

X(  =  ^Wi  +  eRi(X,W,Ye), 

W[  =  -Ga^  -  KoatWi  +  eSi(X,  W,  Y,  e), 

Y'  =  eQi(X,W,Y,e).  (22) 

Secondly,  we  apply  the  linear  change  of  variables 

fui\  „pfXi\ 

Vi  Wi  ’ 


where 


P  = 


(  ~~K-oG'iyft  4*  Gdi 
\/4 Gdi  - 


2  I  Kpaj  \ 

yi +  2  \ 

l  A Gdi-  ~  ~ 


4e 


/■ 
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which  transfers  the  linear  part  to  its  Jordan  Form.  It  is  important  to  note 
that,  although  the  transform  P  is  singular  at  6  =  0,  the  inverse  P~l  is  regular. 
Thus,  the  system  becomes 


Vi  = 


- Ui  +  - 

2  *  46 

lAGdi  -  kI  ah  Kodi 


46 


Ui 


Vi  +  y/eRi(%v,Y,c), 
Vi  +  y/lSi{u,v,Y,e), 


Y(  =  eQi(u,u,y,6), 


(23) 


with  Ri{u,v,Y,e)  and  Si(u,v,Y,e)  being  regular  with  respect  to  e.  If  we  re¬ 
place  e  by  /x2  in  (23),  it  will  be  in  the  form  described  in  Theorem  3.1.  Hence,  a 
3-dimensional  invariant  manifold  parametrized  by  Yi  exists,  which  justifies  the 
reduction  of  the  9-dimensional  model  to  a  3-dimensional  system.  The  flow  on 
this  invariant  manifold  is  now  a  regular  perturbation  problem.  Furthermore, 
the  3-dimensional  invariant  manifold  is  normally  hyperbolic  if  it  is  overflow¬ 
ing  (otherwise,  it  is  locally  attracting  and  persistent).  Thus  nearby  solutions 
approaches  the  invariant  manifold  exponentially  and  the  rapid  oscillations  are 
damped  out. 
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GLOBAL  STABILITY  FOR  A  POPULATION  MODEL  WITH 

TIME  DELAY 

Yuji  Liu  and  Lilin  Zhou 

Yueyang  Teacher’s  College,  Hunan  4 14000,  China 

In  this  paper  ,  we  give  a  sufficient  condition  that  guarantees  every  positive  solution 
of  the  populution  model  with  time  delay 

convergence  to  the  equilibrium  N*  =  1  as  t  — ►  oo.  The  results  of  Joseph  and  Yu 
are  improved. 

1  Introduction 

Consider  the  following  population  Model  with  delay  (Hutchinson  in  [1]) 

N,(t)  =  rN(t)(l-N{t~T\t>0  ^  (1.1) 

where  N(t)  is  the  population  of  a  single  species  at  time  t.r  is  the  growth  rate 
of  the  population,  K  >  0  is  the  carrying  of  the  habitat  and  r  >  0  is  the  delay. 
Many  models  improved  from  (1.1)  were  proposed  by  biomathematicians.  One 
of  the  well-known  model  is 

N'm-rmt)  2^tzA,‘>0.  (1.2) 

When  the  growth  rate  r  in  (1.2)  depends  on  time  t ,  we  have 

N'{t)  =  r(t)N(t)  /  ,  t  >  0,  (1.3) 

where  r(£)  €  C([0, +oo],  (0, +oo)),  A  e  (0,1).  In  (1.2),  when  A  =  0,  (1.2) 
becomes  (1.1)  with  K  =  1.  The  global  stability  of  (1.1)  or  (1.2)  is  considered 
by  Gopalsamy,  Kulenovic  and  Ladas  [2],  Kuang,  Zhang  and  Zhao  [3],  Yu[4], 
Joseph  and  Yu  [6],  The  initial  value  problem  of  (1.3)  takes  the  form 

N(0)  =  m,0£[-T,  0],  (1.5) 

0  e  C([-r ,  0),  (0,  i)  with  0(0)  >  0.  (1.6) 

A 
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(1.7) 


We  now  state  our  main  result. 

Theorem  1.1  If 

1  r(s)ds  <  1  —  A,t  >  0, 

t—r 

/*+oo 

'  r(s)ds  —  oo,  (1.8) 

o 

then  every  solution  of  initial  value  problem  (1.3)  with  (1.4)  tends  to  1  as  t  — »  oo. 
In  this  case}  when  r(t)  =  r  >  0,  Thl.l  improves  the  results  in  [4]. 

2  Basic  lemmas 

Lemma  2.1  Assume  that  (1.4), (1.6), (1.7)  hold,  A  G  (0,1),  then  the 
solution  N(t\  0,<£)  of  IVP(1.3)  with  (1.5)  exists  on  [0,-foo)  and  satisfies' 

0<N(t-,0,4>)<j. 

Lemma  2.2  Assume  that  (1.4), (1.6), (1.8)  hold,  let  N(t)  be  the  solution 
of  IVP(1.3)  and  (1.5),  if  N(t)  is  eventually  greater  (reps.  Less)  than  1,  then 
\im(N(t)  —  1. 

Lemma  2.3  Assume  that  (1.4), (1.6), (1.7)  hold  and  A  G  (0,  l)JV(i)  is  a 
solution  of  IVP(1.3)  with  (1.5)  and  is  oscillatory  about  1,  then  N(t)  is  bounded 
above  away  from  1/A  and  is  bounded  below  a  way  from  0. 

Lemma  2.4  Assume  A  G  (0, 1)  then  the  system  of  inequalities 


(2.1) 

1  _  eu 

v>  (l  a)  1  *  , 

_  v  ’  1  -  Xeu 

(2.2) 

—oo  <  v  <  0  <  u  <  In 1, 

A 

(2.3) 

has  a  unique  solution  (u,  t>)  =  (0,0) 

Proof  from  (2.2),  we  have 


then 


u>  In 


v  —  1  +  A 
Av  - 1  +  A’ 


(l-A) 


l-ev 
1  -  Xev 


>  In 


v  —  1  +  A 
Av  —  1  4-  A 
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(2.4) 


/ 


If  v  7^  0  then  v  <  0,  set 


f(v)  =  (1  -  A) 


1  —  e” 
1-  Xev 


—  In 


v  —  1  4-  A 
Xv  —  1  *4*  A 


Clearly  /( 0)  =  0,  and 

_  (1  -  A)2(l  -  Ae^)2  -  (1  -  A)2(«  -  1  +  A)  (At)  -  1  +  A)e" 
/W_  (1  —  Aev)2(v  —  1  +  A)(Av  —  1  +  A) 


Set  g(v)  =  (1  -  Aev)2  -  (v  -  1  4-  A)(Av  -14-  X)ev ,  clearly  p(0)  =  0,  and 


g'(v)  =  -2Aev(l-Aev)~(Ai;-l+A)et;-A(t;-l4-A)eu-(i;-l4-A)(At;-l+A)etJ. 

Set  h(v)  =  — 2A(1  —  Aeu)  —  (At>  —  1 4-  A)  —  X(v  — 14-  A)  —  (v  —  14*  A) (At;  —  1 4-  A), 
clearly  fc(0)  =  0,/i»  =  2AV-2A-2Av4-l-A2; h'(0)  =  (a-1)2  >  0 }h”{v)  = 
2X2ev  -  2A  =  2A(aAv  -  1)  <  0,  hence  due  to  v  <  0,  we  have  hf(v)  >  hf(0)  >  0, 
then  h(v)  <  h(0)  =  0,  then  g'(v)  <  0,  and  then  g(v)  >  g( 0)  =  0,  thus  f(v)  >  0, 
then  f(v)  <  /( 0)  =  0.  Hence 

(1  -  A)  =  fracl  -  evl  -  Aev  <  ln~ — \  , 
v  '  Xv  —  1 4-  A 

contradicting(2A)}  thus  v  =  0.  Similarly  we  can  prove  u  =  0.  The  proof  is 
complete. 


3  Proof  of  Theorem  1.1 

To  complete  the  proof  of  Theorem  1.1,  all  we  need  is  to  show 
Lemma  3.1  If  (1.4), (1.6), (1.7)  hold  and  A  €  (0, 1),  then  every  oscillatory 
solution  of  IVP(L3)  with  (1.5)  about  1  tends  to  1  as  t  — ►  oo. 

Proof  Let  N(t)  be  an  oscillatory  solution  of  IVP(1.3)  with  (1.5).  By 
Lemma  2.3  N(t)  is  bounded  above  away  from  1/A  and  is  bounded  below  way 
from  0.  Set 


lnN(t)  =  x(t). 

(3-1) 

Then  (1.3)  becomes 

1  -  ez(t-r) 

(3.2) 

x'(t)  =  r(t)i_Xex{t_Tyt>  0. 

Let  lim  sup  x(t)  =  u, 

lim  inf  x(t)  =  v.  Then  we  have 

— oo  <  v  <  0  <  u  <  ln(  1/A). 

(3-3) 
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Let  t*  be  an  increasing  infinite  sequence  of  real  numbers  such  that 
x'(tn)  =  0  and  limx(tn)  =  u . 

We  may  assume  that  is  the  left  local  maximum  point  of  x(t ),  it  is  easy 
to  show  there  exists  £n  E  [t*n  -  r,t*)  such  that  x(£n)  —  0  and  x(t)  >  0  for 
t  £  (fn,tn)-  In  the  other  hand,  for  any  0  <  e  <  ln(  1/A)  -  it,  by  (3.3)  there 
exists  T  >  0,  such  that  Vi  —  v  -  e  <  x(t)  <  u  4-  e  —  iti  for  t  >  T.  Then  by 
(3.2)  we  have 

x  W  —  r(t)  2  _  ^eVi  ’  ^  (3*4) 

1  — 

,t  >  T,  (3.5) 

Integrating  (3.4)  from  £n  to  t* ,  and  let  n  — ►  oo,  e  — >  0,  we  have 

u-(1"A)r^-  (3-6) 

Again  set  s*  be  a  sequence  of  real  numbers  such  that  z'(s*)  =  0,x(s*)  <  0 
and 

lim  x(s* )  =  v. 

n—>oo 

We  may  assume  that  s*  is  the  left  local  minimum  point  of  x(t ),  it  is  easy  to 
see  that  there  exists  r)n  €  [s*  -  r,s*),  such  that  x(rjn)  =  0  and  x(t)  <  0  for 
t  e  ( r)n ,  s* ).  Integrating  (3.5)  from  r\n  to  s* ,  and  let  n  — >  oo,  e  -4  0,  we  have 

<3-7> 

Combining  (3. 3), (3. 6), (3. 7)  and  from  lemma  2.4,  we  have  u  —  v  =  0,  thus 
lim  x(t)  =  0,  then  lim  N(t)  =  1. 

t — ^00  v  '  t— ►  00  v  ' 

Remark  3.1  In  [4],  J.S.  Yu  proved  that  if 

/•*  3  r+oo 

'  r(s)ds  <  6  <  ~(1  —  Ae*)  and  '  r(s)ds  =  00,  (3.8) 

t— r  2  0 

then  every  positive  solution  of  (1.3)  tends  to  1  as  t  — >  00.  Our  result  improves 
condition  (3.8).  In  fact,  when  SAe*5  -  2A  >  1,  we  have  (3/2) (1  -  Xes )  <  1  —  A. 

Remark  3.2  It  is  easy  to  see  that  when  l/3<A<l,we  have  3A2— 4A-f  1  < 
0,  then  3Ae1-A  >  3A(2  —  A)  >  1  +  2A,  then  1  -  A  >  3/2(1  -  Ae1-*).  By  this 
view,  (1.7)  improves  (3.8). 


218 


Example  3.1  Consider  following  equation 


W'W-|«Wr1~|"(‘t~11)),»>0’  (3.8, 

2  1/**  1 
A=-,r=-,  '  r(s)ds  =  -  =  1  -  A. 

From  theorem  1.1,  every  positive  solution  of  (3.9)  tends  to  1  as  t  oo.  But 
(3.8)  is  not  satisfied. 
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DISTRIBUTION  OF  THE  ZEROES  OF  THE  SOLUTIONS  OF 
SECOND  ORDER  NEUTRAL  DIFFERENTIAL  EQUATIONS 


WEI  LI 

Huanggang  Teachers’  college, 

Huanggang  436100,  China 

In  this  paper,  we  first  prove  two  comparison  theorems  of  Sturm-type  by  which  we 
obtain  an  estimate  for  the  distribution  of  the  zeros  of  the  equation 

x(t)  +px(t  —  r)  —  g(t)x'(x  —  t)  F  a(t)x(t)  +  b(t)x(x  —  t)  =  0  (1) 

A  sufficient  condition  for  the  oscillation  of  the  solutions  of  equation  (1)  is  also 
obtained. 


1  Introduction 

The  oscillation  theory  for  the  solutions  of  neutral  differential  equations 
with  delay  has  been  developed  intensively.  However,  the  most  oscillation  re¬ 
sults  are  just  qualitative  ones.  From  these  results  we  only  knew  that  the  solu¬ 
tions  of  a  certain  differential  equation  have  zeroes  sequence  tending  to  infinity. 

But  no  information  about  distribution  of  the  zeroes  of  the  solutions  is  gained. 

The  study  of  the  distribution  of  the  zeroes  is  belong  to  quantitative  analysis 

and  hence  more  difficult.  It  is  well  known  that  Sturm  comparison  theorem  is 

for  the  zeroes  distribution  of  ordinary  differential  equations  [1].  Li  Bingtuan  [2]  < 

studied  the  distribution  of  the  zeroes  of  the  solution  s  of  first  order  differential 

equations  with  delay  of  the  zeroes  of  the  solutions  of  the  form 

d/dt[x(t)  +p(t)(t  —  t)]  -F  Q(t)x(t  —  cr)  =  0 

In  this  paper,  we  will  establish  some  theorems  estimating  the  distance  between 
the  zeros  of  the  solutions  of  second  order  neutral  differential  equation  with 
delay  as  follows 

l[x]  =  x” (t)+px” (t-T)-g(i)x' (t-r)+a(t)x(t)+b(t)x(t-T)  =  0  t  e  (1) 

where  r  >  0,p  >  0  are  constant,  a(t),b(t)  E  Cl[t\,t2[,  g(t)  E  C1[ti,t2  -Ft] 

Consider  the  neutral  differential  inequality 

L[y]  =  y”  (t)  +  py ”  (*  +  •>-)  +  (g(t  +  r)y(t  +  t)Y  +  A(t)y(t )  >  0  (2) 

where  r  >  Q,p  >  0  are  constant,  A(t )  €  C1[ti,t2],  g(t)  €  Cl[t\,  +  r] 

Definition  1  The  function  x(t)  is  said  to  be  a  solution  of  the  equation  (1)  if 
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x(t)  €  C2[ti  -  T,  t2]  and  x(t)  satisfies  (1)  for  t  €  [i i , *2] - 

Definition  2  The  function  y(t)  is  said  to  be  a  solution  of  the  differential 
inequality  (2)  if  y(t)  €  C2[ti  -  r,t2]  and  y(t)  satisfies  (2)  for  t  €  [ti,t2]. 

We  shall  give  a  new  Picone  identity  and  prove  two  comparison  theorem 
of  Sturmian  type.  By  using  them,  the  results  for  distribution  of  the  zeros  of 
equation  (1)  are  obtained. 

A  new  identity  of  Piconian  type 

Theorem  1  Let  differential  operators  1  and  L  be  defined  by  (1)  and  (2)  re¬ 
spectively.  We  have  the  identity  of  Piconian  type 

xL[y)  +px(t  -  r)y”  -  pxy”  (t  +  t)  +  x{t  -  T){g{t)y(t))'  -  x(g{t  +  r)y(t  +  r)' 
+[a(t)  -  A{t))xy  +  b{t)x(t  -  r)y  -  yl[x } 

=  d/dt{y'[x  +px(t  -  t)]  -  y[x'  +px'(t  -  r)  -  g{t)x(t  -  r)]}.  (3) 

Proof  In  fact,  the  left-hand  side  of  (3)  is 

x[y”  +  py ”  (t  +  r)  +  (g(t  +  r)y(t  +  t))'  +  A(t)}  +  px{t  -  r)y”  -  pxy ”  (t  +  r) 
+x(t  -  T)(g{t)y(t))'  -  x(g(t  +  r)y(t  +  r))'  +  [a(t)  -  A(t)]xy  +  b(t)x(t  -  r)y 
-y{x”  +  px”  (t  -  r)  -  g{t)x'{t  -r)  +  a(t)x  +  b(t)x{t  -  r)] 

=  xy”  +  px{t  -  r)y”  +  x(t  -  T){g(t)y)'  -x”y-  px ”  (t  -  r)y  -I-  g{t)x'{t  -  r)y 

The  right-hand  side  of  (3)  is 

y" [x  +  px(t  -  r)]  +  y'[x'  +  px'(t  -  r)]  -  y'[x'  +  px'(t  -  r)  -  g(t)x{t  -  r)] 
-y\x"  +  px "  (t  —  r)  —  g'(t)x(t  -  r)  -  g(t)x'(t  -  r)] 

=  xy”  +px{t  -  r)y”  -  x”y  -  px”  (t  -  r)y  +  g(t)x'{t  -  r)y  +  g(t)x(t  -  r)y' 
+g'(t)x(t  -  r)y 

Prom  the  equality  g(t)x{t -  r)y'  +  g'(t)x(t  -  r)y  =  x(t  -  T)(g(t)y)'  we  know 
that  the  left-hand  side  of  (3)  is  equal  to  the  right-hand  side  of  (3)  and  therefor 
(3)  is  true. 

Corollary  2  If  the  solution  of  the  equation  l[x]  -  0  is  positive  in  the  interval 
[ti  —  t, £2]*  we  have  for  any  nonnegative  function  y(t)  €  C2[t\,  t<i  +  r] 

rt2  rti+r 

1  xL[y]dt+  1  px{t  —  r)y”dt 

tl  ti 

rt2+r  rt2 

—  '  px(t  -  r)y”dt  H-  x(t  -  r)(g(t)y)'dt 


rt2+r  pt2  pt2 

-  '  x(t  -  r)(g(t)y)'dt  +  1  [a(t)  -  A(t)]xydt  +  1  b(t)x(t  -  r)ydt 

*2  tl  t ! 

>  y'(t2)[x(t2)  +px(t2  -  r)]  -  j/'(ti)[i(ti)  +px(ti  -  r)] 

+y(*i)[a+i)  +  P'x{ti  -  r)  -  g(ti)x(t!  -  r)] 

-y(t2)[x'(t2)  +px'(t2  -  r)  -  g(t2)x(t2  -  r)].  (< 

Proof  It  is  immediately  seen  that 

/**  2  /*^2 

px(t  -  r)y”dt  -  '  pzy”  (i  +  r)dt 


rt2  ft 

'  px(t  -  r)y”  dt  ~  ' 


tl+T 

/•ti+r 


-  r)y”dt 


/•I2  /*ti+r 

=  (  '  px(t  -  r)y”dt  *f  '  px(t  -  r)y”  dt) 

t\  t2 

-  r*i+T  /»t2+T 

-(  '  px(t  -  r)y”dt  +  '  px{t  —  r)y"dt) 

t2  tl+T 

/■tl+T  /-tl+T 

=  '  px(t  —  r)y"dt  —  1  px(t  —  r)y"  dt  ‘  (5) 

tl  t2 

Similar  to  (5)  we  have 

^  x{t  -  r)(g{t)y)' dt  -  ^  x(g(t  +  r)y(t  +  r))' dt 

ti  ti 

/■tl+T  /*tl+T 

=  x{t  -  T){g{t)y)' dt  -  '  x{t  -  r){g{t)y)' dt  (6) 

tl  t2 

Integrate  both  sides  of  inequality  (3)  with  respect  to  t  over  the  interval  [tl, 
t2]  and  take  into  account  that  (5),  (6)  and  yl[x]  —  0  we  know  that  (4)  is  true. 
This  completes  the  proof  of  the  Corollary  2. 

2  Comparison  Theorem 

We  shall  say  that  condition  (p)  are  met  if  the  following  conditions  hold: 
( Pi)y(ti )  =  y(t2 )  =  0,2/(i)  >  0,  for  f  6  (fi,f2) 

j/(f)  <  0  for  t  €  [f2)  <2  +  r]  (p2)y”  >  0  for  t  €  [fi,  fj  +  r] 
y”  <  o  for  f  e  [f2( f2  +  r]  (P3)(g(t)y)'  >  0  for  t  €  [fi, fi  +  r] 

(y(f)y)'  <  0  for  t  6  [t2,t2  +  t] 

Theorem  3  If  there  exists  a  solution  of  differential  inequality  L[y]  >  0  which 
meets  condition  (p)  and 


222 


(1)  a(t)  >  Aft)  for  t  €  [ti,t2] 

(2)  b(t)  >  0  for  t  e  [ii, *2]  and  at  least  one  of  (1)  (2)  is  fulfilled  strictly 
at  least  at  one  point  of  the  respective  interval.  Then  equation  l[x]  =0  has  no 
solution  x(t)  which  is  positive  in  the  interval  [ti  —  r,t2]. 

Theorem  4  Suppose  that  the  conditions  of  Theorem  3  hold.  Then  the  equa¬ 
tion  l[x]  =  0  has  no  solution  x(t)  which  is  negative  in  the  interval  [ti  —  r,t2). 

3  Distribution  of  the  zeroes  and  quantitative  conditions  for  oscil¬ 
lation 

Theorem  5  Suppose  that  there  exists  a  solution  of  differential  inequality 
L[y\  >  0  which  meets  condition  ( P )  and 

(1)  aft)  >  Aft ),  for  t  e  \t\,t2] 

(2)  b(t)  >  0,  for  t  €  \pi ,  t2] 

(3)  At  least  one  of  inequalities  (1),  (2)  is  fulfilled  strictly  at  least  at  one 
point  to  €  [ti  5 12\ .  Then  each  solution  of  equation  (1)  has  at  least  one  zero 
in  the  interval  [ti  —  t,  t2\ .  Theorem  6  Suppose  that  there  exist  two  increase 
sequence  {t'n}  and  {t”n}  such  that  (1)  tfn  — ►  oo,t”n  — ►  00  as  n  — 00  (2) 
t'n  -  r  <  t”n,  for  n  =  1, 2, 

Furthermore  suppose  that  there  exist  a  solution  yn  of  differential  inequality 
L[y}>  0  which  satisfies  the  conditions  of  Theorem  5  in  the  interval  [tfn —r,  t”n-{- 
r],  for  n  =  1, 2, then  all  solutions  of  equation  (1)  oscillate  and  they  have  at  least 
one  zero  in  the  interval  [tfn  —  r,  t'n]  for  n  ~  1, 2, 

Remark  In  Theorem  5  let  p  =  0,  g(t)  =  0,  b(t)  =  0,  we  get  well  known  Sturm 
Theorem  about  oscillation  for  second  order  ordinary  differential  equations. 
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A  necessary  and  sufficient  condition  is  obtained  for  existence  of  monotone  solutions 
of  a  quasilinear  differential  equation.  Relations  between  this  equation  and  an 
advanced  type  nonlinear  differential  equation  are  also  discussed. 


1  Introduction 


This  paper  is  concerned  with  a  class  of  quasilinear  differential  equation  of  the 
form 


[r(t)(y'{t))a]'  +  q(t)(y(t))a  =  0,  t>t0,  (1) 


where  a  is  positive  number,  q  :  [to,  oo)  — >  [0,oo)  is  a  continuous  function 
such  that  q(t)  0,  and  r  :  [to,  oo)  — ^  (0,oo)  is  a  continuous  function.  The 
oscillatory  behavior  of  (1)  has  been  studied  by  several  authors,  the  reader  is 
referred  to  the  papers  [1],  [4]  for  oscillation  results  and  [1],  [3]  for  nonoscillation 
results.  A  more  general  equation  than  (1)  has  been  investigated  by  Li  [2],  Wong 
and  Agarwal  [4].  In  these  papers,  some  sufficient  conditions  are  obtained  for 
oscillation  of  all  solutions  as  well  as  for  existence  of  positive  monotone  solutions. 

Recently,  Li  [3],  Kusano  and  Yoshida  [1]  considered  (1)  under  the  condition 


f°°  ds 
to 


(2) 


and  obtained  some  results  for  nonoscillation  of  all  solutions  of  (1).  Here  we 
are  interested  in  the  existence  of  a  S-monotone  solution  which  satisfies 


y(t)  >  0,r(t)(y'(t))a  >  0  and  (r(t)(y'(t))a)'  <  0. 

without  requiring  the  condition  (2).  Similar  questions  related  to  equation  of 
the  form 

[r(t)(y'(t))a)'  +  q(t)(y(t  +  r))“  =  0,  t  >  t0,  (3) 

are  also  considered  in  Section  2.  These  studies  show  that  there  are  some  subtle 
relations  and  differences  between  these  two  equations,  as  we  will  see  below. 

We  base  our  investigation  on  a  Riccati-type  transformation.  Monotone 
methods  are  then  used  to  derive  a  necessary  and  sufficient  condition  for  the 
existence  of  a  S-monotone  solution  of  (1).  As  applications,  an  existence  cri¬ 
terion  and  a  comparison  theorems  are  derived.  Finally,  we  will  consider  the 
relations  of  the  two  equations. 

2  Main  results 


Definition  A  n-times  differentiable  function  y(t)  defined  on  [to,oo)  is  called 
a  S-monotone  solution  if  it  satisfies 

y(t)  >  0,  (— 1  <0  for  1  <  i  <  n,  t>to. 
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A  slightly  more  general  type  of  function  can  be  introduced  by  requiring 
y{t)  >  0 ,r(t)(y'(t))a  >  0  and  (r(t)(y' (t))a)'  <  0. 

Let  y(t)  be  a  S-monotone  solution  of  (1),  and  let  the  function  w(t)  be 
defined  by 

w{t)  =  r{t){y't)Y/y{tY>  t>to ,  (4) 

then  yf(t)/y(t)  =  (w(t)/r(t))l^a, and 

w'(t)  +  w(t)a(w(t)/r(t))l!a  +  =  0,  t  >  t0,  (5) 

For  the  sake  of  convenience,  we  will  write  F(x,y>z)  =  which  has 

been  introduced  in  [3]  and  which  has  the  following  properties:  F(x,  y,  z)  >  0, 
Fx(x,y,z)  >  0  and  Fy(x,ytz)  <  0  for  x,y,z>  0.  Then  we  can  also  write  (5) 
in  the  simpler  form 

wf(t)  +w(t)F(w(t),r(t),a)  +  q(t)  =  0,  t  >  to-  (6) 

We  have  thus  shown  that  if  y(t)  is  a  S-monotone  solution  of  (1),  then  y(t) 
will  satisfy  (6)  and  hence  the  following  inequality 

u/(t)  +  w(t)F(w(t),r(t),a)  +q(t)  <0,  t>  t0.  (7) 

Note  that  w(t)  is  nonnegative.  Therefore,  if  we  now  integrate  the  inequality 
(7)  from  t  to  oo,  we  will  obtain 

rOO  rOO 

w(t)  >  w(s)F(w(s),  r(s),  a)ds  +  '  q(s)ds ,  t  >  to-  (8) 

t  t 

Theorem  1  Equation  (1)  has  a  S-monotone  solution  y(t)  for  t  >  to  if  and 
only  if  there  is  a  nonnegative  and  continuous  function  w(t)  for  t  >  to  which 
satisfies  the  integral  inequality  (8). 

We  remark  that  the  proof  is  similar  to  that  of  Theorem  1  [3]  and  we  omit 
it  here. 

As  a  direct  application,  we  deduce  a  comparison  theorem  for  the  existence 
of  a  S-monotone  solution  of  (1).  Consider,  together  with  (1),  the  following 
equation 

[fl(*)(y'(t)n'  +  Q(t)(y(t))a  =  0,  t>  to,  (9) 

where  R(t)  and  Q(t)  satisfy  conditions  similar  to  those  imposed  on  r(i)  and 
q(t).  The  following  is  now  clear  from  Theorem  1. 
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Theorem  2  In  addition  to  the  conditions  imposed  on  the  equations  (1) 
and  (9),  suppose  further  that  r(t)  <  R(t)  for  t  >  to  and 

r  OO  rOO 

'  Q(s)ds  <  q(s)ds ,  t  >  to-  (10) 

tt 

If  equation  (1)  has  a  S-monotone  solution,  then  so  does  equation  (9). 

As  another  application,  we  derive  an  explicit  existence  criterion  based  on 
Theorem  1. 

Theorem  3  Suppose  that  q(s)ds  <  oo  and  let  <p(t)  =  2'  ft°°q(s)ds  < 
oo,  t  >  to-  Suppose  further  that 


r<M 

to  Ms) 


)1/ads  < 


2  a 


(11) 


Then  equation  (1)  has  a  nonnegative  solution. 

.  Next,  we  will  consider  the  following  class  of  advanced  type  differential 
equation  of  the  form 


[r(t)(y'(t))a]'  +q(t)(y(t  +  T))a  =  0,  t  >  t0,  (12) 

where  r  >  0.  By  means  of  the  same  Riccati  transformation  (4),  we  may  proceed 
in  a  similar  manner  as  in  Theorem  1  and  obtain  the  following  extension  of 
Theorem  1. 

Theorem  4  Equation  (12)  has  a  S-monotone  solution  y(t)  if  and  only  if 
there  is  a  nonnegative  and  continuous  function  w(t)  which  satisfies  the  follow¬ 
ing  inequality 

w(t)  >  ^  w(s)F(w(s),r(s)>a)ds  4-  ^  g(s)[exp(  ^  ^ dv)]ads, 

t  t  s  r(v) 

for  t  >  to- 
Since 

^  q(s)ds<  r  ?(s)[exp(  I"  (^-)±dv)]ads, 
t  t  S  r(v) 

for  u  >  0.  We  immediately  obtain  from  Theorems  1  and  4  the  following 
corollary. 

Corollary  If  equation  (12)  has  a  S-monotone  solution,  then  so  does  equa¬ 
tion  (1). 
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This  paper  studies  asymptotically  stable  set  of  the  equilibrium  0  of  nonlinear 
neutral-type  large-scale  dynamical  systems.  Sufficient  conditions  are  given  for 
stable  set  of  the  systems. 


1  Introduction 

In  nonlinear  systems,  there  usually  exists  more  than  one  equilibrium.  Multiple 
equilibria  rule  out  global  stability  and  stability  (if  present)  is  restricted  to  a 
finite  region.  How  far  can  initial  conditions  be  allowed  to  vary  without  disrupt¬ 
ing  the  stability  properties  established  in  the  immediate  vicinity  of  equilibrium 
states?  In  the  last  a  few  years,  many  investigators,  such  as  Hale  et  al1,  Siljak3, 
Xu  et  al 4  and  Zhang  et  al 6,  respectively  studied  stable  set  of  the  equilibrium 
0  of  some  nonlinear  systems. 

In  this  paper,  we  will  discuss  the  stable  set  of  the  equilibrium  0  of  non¬ 
linear  neutral-type  large-scale  dynamical  systems  and  obtain  some  sufficient 
conditions  for  determining  stable  set. 
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2  Main  Results 


Throughout  the  paper,  R  =  (-00, -boo),  R+  =  [0,-foo),  and  Cl{Y,Z)  be  the 
class  of  continuously  differential  mappings  from  a  topological  space  Y  to  a 
topological  space  Z.  We  assume  that  C ^  =  Crl([— a,  0],  Rm)  where  a  could  be 
constant  or  +oo  and  m  is  some  positive  integer.  For  w  G  C^,  we  define 

IH|a=  SUP  IM|a  =  sup  |w(0)|,  (*) 

~a<e<o  -a<e<o 

where  |  •  |  is  some  vector  norm  in  Rm. 

For  matrices  (or  vectors)  A  and  B,  A  <  B  means  that  each  pair  of  corre¬ 
sponding  elements  of  A  and  B  satisfies  this  inequality  “<”.  For  x,  y  G  Rm ,  x  < 
y  means  if  Xi  <  y*  for  all  i  —  1,  •  •  •  ,m.  For  any  m  x  m-matrix  A  — 

Plloo  =  maxi<f<m  \a-ij\- 

The  symbol  p(A)  denotes  the  spectral  radius  of  a  square  matrix  A.  From 
Horn  and  Johnson2,  it  is  easy  that  if  A  is  a  nonnegative  square  matrix  (i.e., 
A  >  0),  then  p(A)  is  an  eigenvalue  of  A  and  there  is  a  nonnegative  vector  x  >  0 
with  x  7^  0  such  that  Ax  =  p(A)x  .  The  notation  WP{A)  is  used  to  denote  the 
characteristic  space  associated  with  p(A)  (the  collection  of  all  x  G  Wp(A)  such 
that  Ax  —  p(A)x). 

Consider  the  following  large-scale  systems  of  nonlinear  neutral  type 

±i(t)  =  Ai(t)xi(t)  +  fi(t,x{t),x(t  -  r(t)),x(t  -  r{t))),  t  >  t0i  (1) 
with  the  initial  value 

Xi(t0  +  s)  =  <j>i($ ),  ±i(to  +  s)  =  ^(s),  -a  <  s  <  0,  (2) 

where  i  =  1,  •  ■  ■ ,  r,  x  =  (x[ ,  • ,  xJ)T  G  Rn ,  Xi  G  Rni,  ni  4-  *  •  •  +  nr  =  n; 

Ai(t)  are  m  x  m  continuous  function  matrices,  a*  —  sup£>to  ||^4i(i) || oo  <  -boo, 
4>i  :  [—a,  0]  — >  RUi  are  n^-dimensional  continuously  differentiable  functions. 
/  =  (A,  •  •  • ,  fr)T,  fi  :  R  x  Rn  x  Rn  x  Rn  — >  are  sufficiently  smooth  with 
fi(t,  0,0,0)  =  0  so  that  for  any  initial  function  <j>  —  [</>f ,  •  •  •  ,0^]T  at  i  =  to, 
system  (2.10)  has  unique  continuous  solution  x(t).  r(t)  :  [to,  -boo)  —*>  R+  is 
continuous  function  with  0  <  r(t)  <  a  and  lim t^+OQ(t  —  r(t))  —  -boo. 
Definition  The  set  D  C  (ZA{0}  is  nonempty)  is  said  to  be  an  asymptoti¬ 
cally  stable  set  of  the  equilibrium  0  of  (2.10)  if  for  any  to  >  0  and  for  any  <j>  G  D, 
there  is  a  continuously  nonnegative  vector  function  v  :  Rr  x  Rr  — ►  Rr  x  Rr 
with  i/(0)  =  0  such  that 

[*(*)>  *(*)]+  <  4>]i),  t  >  to,  (3) 
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and 


(4) 


lim  [x(t),x(t)]+  =  0, 

f  — »+oo 

where 

[x(t),  x(t)]+  =  [|®1  (t) |,  •  •  • ,  |®r(«)|,  1*1  (*)|,  •  •  \,  |*r  WI]T 

and 

[d>,  fit  =  Mo,  ’  • ' ,  ||*r||a.  ll^llla,  •  ■  • ,  ll<M|a]T.  (5) 

We  make  assumptions 

(A,)  The  transition  matrices  Yi(t,  s)  of  the  linear  equations  Xi(t)  = 
Ai(t)xi(t)  satisfy 

\Yi(t,s)\<Mie-Ui{t-a)  for  t0<s<t 


where  M»  >  1  and  >  0  are  constants. 

(A2)  Functions  /,  satisfy 

r 

\fi(t,x(t),x(t  -  T(t)),i(t-r(t)))|  <  Va«([*(t),*(*)]+)||*i(t)IU 

r 

+  ^M[*(t)>i(t)]£)IM*)ll“>  for  t>to,i  =  1, 

5-1 


where  a^- ,  bij  :  R?+  — >  i?+  are  monotonically  nondecreasing  continuous  func¬ 
tions,  z,  j  =  1,  •  •  •  ,r.  and  [z(£),  £(*)]+  is  defined  by  (*)  and  (5). 

For  convenience,  we  set  that  H(K)  —  [hij(K)]2rx2r  is  a  2 r  x  2r-matrix, 
where 

hij(K)  =  for  i  =  1, ••  •  ,r\  j  =  1, ■  •  •  ,r, 


M*) 


bjj-AMK) 


,  for  i  =  1,  •  •  •  ,r;  j  =  r  +  1,  ■  •  • ,  2r, 


C  di-rMi-r  +  ai-r>j(MK)Mj,  for  i  -  r  =  j , 
hij (K)  =  t  di-rj (MK)Mj ,  for  i-r=£j; 

^  i  =  r  + 1,  •  •  •  ,2r;  j-  1, 

hij(K)  =  bi-rtj-r(MK),  for  i  =  r  + 1,  •  •  •  ,2r-,j  =  r  + 1,  •  •  •  ,2r, 

M  =  diag(Mi ,Mr,  1, •  ■  • ,  1)  is  2r  -  dimensional  diagonal  matrix. 

Theorem  1  Assume  that  (A,)  and  (A2)  hold,  and  the  set  Di\{0}  is  nonempty, 
where 


Di  =  {y  €  CS, :  |y,y]+  <  K  €  fl*  [y,y]+  €  W, (#(#)), />(#(#))  <  1}.  (6) 
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then  Di  is  an  asymptotically  stable  set  of  the  equilibrium  0  of  (2 AO). 

Sketch  of  the  Proof  By  the  variation  of  parameter,  we  have,  from  (2.10), 
for  t  >  to , 

rf 

Xi{t)  =  Yi(t,to)(t)i{Q)+  Yi(t,s)fi(s,x(s))x(s -r(s)),x(s-r(s)))ds.  (7) 

to 

In  view  of  the  assumptions  (Ai)  and  (A2),  we  obtain,  from  (7), 

MO  I  <  Af<c-“*(t-<o)|*(0)|  +  Ojj([®(s)>®(*)]a) 

‘o  j- 1 

r 

X  IM0IU  +  V'b„([a;(s),a:(s)]+)||x;,(s)||Q]ds)  (8) 

3= i 

and,  from  (2.10), 

r 

MO  I  <  ai\xi{t)\  +  V aij([x(t),a:(0]J)||a:j(0IU 

3- 1 
r 

+  ^M[*(0>*(0]£)IIM0lla,  t  >  t0.  (9) 

3=1 

First,  by  making  a  contradiction,  we  can  prove  that,  for  <j>  G  Di,  there 
exist  a  positive  vector  K  and  a  sufficient  small  positive  constant  e  such  that 

[x(t),x(t)}+  <  <j>)+  +  fie)  <  MK,  for  t  >  to,  (10) 

where  (5  is  a  constant  vector. 

Letting  e  — »  0,  we  get 

[s(0,i(0]+  <  Ml<t>,i>]+  <  MK,  t>  to.  (11) 

Secondly,  we  prove  that 

Kmjx(t),x(t)}+  =  0.  (12) 

From  (11),  there  is  a  nonnegative  constant  vector  a  =  [a,,  •  •  • ,  <r2r]T  such 

that 

lim  sup  M0 1  =  <  MiKi,  and  lim  sup  |i{(f)|  =  ar+i  <  Kr+i, 

t  >+00  t — »-+oo 

(13) 
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where  i  =  1,  •  •  • ,  r  and  K{  is  i-th  component  of  vector  K. 

According  to  definition  of  limsup  ,  limt~++oo(t  ~  t(£))  =  +oo  and 

r+ oo 

'  e~UiSds  =  1/w, 
o 

we  can  obtain,  by  estimating  \xi(t)\  and  \xi(t)\  and  letting  t  — >  +oo,  that 


1  r  r 
<  —  [V  aij  (MK)MjUj  +  V  bij  (M K)ar+j] , 


3= 1 


J=1 


(14) 


and 

r  r 

ov+i  <  diMiCTi  +  V* aij(MK)Mj(Tj  +  V'  6ij(MA)crr+:?-.  (15) 

j=l  J“1 

Combining  with  (14)  and  (15),  if  a  >  0  and  a  ^  0,  then,  by  Theorem 
8.3.2  of  Horn  and  Johnson2, 


p(H(K))  >  1. 

This  contradicts  p(H(K))  <  1.  Hence  (12)  holds  and  the  proof  is  complete. 
Ttheorem  2  Assume  that  (Ai)  and  (A%)  hold,  and  the  set  Z>2\{0}  is 
nonempty,  where 

D2  =  {y£C1m :  [y,y]+  <  kE2r,  \\H(kE2r) ||M  <  1},  (16) 

where  E2r  —  [1,  •  •  • ,  l]r  is  a  2r— dimensional  vector,  then  D2  is  an  asymptoti- 
cally  stable  set  of  the  equilibrium  0  of  (2.10). 

Corollary  In  addition  to  (Ai)  and  (A2),  if  there  is  a  positive  constant  vector 
K  such  that  p(H(K))  <  1,  then  the  equilibrium  0  of  (2.10)  is  asymptotically 
stable. 
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This  paper  considers  general  impulsive  functional  differential  equations.  Some  re¬ 
cent  results  on  existence  and  uniqueness  of  solutions  are  given.  Criteria  on  stabil¬ 
ity  and  boundedness  of  solutions  are  also  established  through  the  use  of  Lyapunov 
functions. 


1  Introduction 

The  theory  of  impulsive  systems  of  differential  equations  has  become  an  impor¬ 
tant  area  of  investigation  in  recent  years.  One  of  the  most  important  features 
of  such  systems  is  that  they  are  capable  of  modeling  both  continuous  evolutions 
and  discrete  events  occurring  in  a  physical  system.  Impulsive  systems  arise  in 
many  applications  such  as  orbital  transfer  of  satellites,  vibration  suppression 
of  flexible  structures,  inspection  and  quality  control.  For  a  detailed  discussion 
of  the  basic  theory  and  concepts,  we  refer  the  reader  to7.  There  is  a  relatively 
large  body  of  literature  on  impulsive  systems  involving  ordinary  differential 
equations.  However,  the  corresponding  theory  involving  functional  differential 
equations  has  not  yet  been  fully  developed. 

There  are  a  number  of  difficulties  one  must  face  in  developing  the  corre¬ 
sponding  theory  of  impulsive  delay  differential  equations.  For  example,  in  the 
Classical  theory  of  delay  differential  equations,  the  fact  that  the  continuity  of 
a  function  x(t)  in  implies  the  continuity  of  the  functional  xt  in  Cn  plays  a 
key  role  in  establishing  the  existence  of  solutions  of  delay  differential  equations 
5.  However,  if  a  function  x(t)  is  piecewise  continuous,  which  is  typical  for  so¬ 
lutions  of  impulsive  differential  equations,  then  the  functional  xt  need  not  be 
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piecewise  continuous.  In  fact  it  can  be  discontinuous  everywhere.  Thus  even  if 
f(t ,ip)  is  continuous  in  its  two  variables,  we  cannot,  in  general,  say  anything 
about  the  composition  function  when  x(t)  is  piecewise  continuous.  To 

avoid  this  difficulty,  Krishna  and  Anokhin6  recently  considered  a  special  case, 
namely,  an  equation  of  the  form  xf(t)  =  /(t,x(t  —  h(t)))  with  impulses,  and  es¬ 
tablished  some  interesting  existence  and  uniqueness  results  where  the  foregoing 
difficulty  does  not  arise. 

In  this  paper,  we  shall  consider  general  impulsive  functional  differential 
equations  and  discuss  some  recent  contributions  to  this  area.  They  include 
local  and  global  existence  of  solutions,  boundedness  and  stability  properties. 

2  Preliminaries 

For  a,b  €  R  with  a  <  b  and  for  S  C  9£n,  let  us  define  the  following  class  of 
functions. 

PC([a,b],S)  =  {$  :  [a, b\  — *  S\  ip(t+)  =  ip(t),  Vt  6  [a,  b),  ip(t~  exists  in 
5,  Vt  €  (a,  6]  and 

ip(t~)  =  ip(t)  for  all  but  at  most  a  finite  number  of  points  t  €  (a,6]V  PC([a,6),5) 
{ip  :  [a,  b)  — y  5|  ip(t+)  =  ip(t),  Vi  €  [a,  6),  ip(t~)  exists  in  S ,  Vi  €  (a,  V)  and 
ip(t~)  =  ip(t)  for  all  but  at  most  a  finite  number  of  points  i  G  (a,  and  !'■ 

PC^oo),#)  =  ^  :  [a,  oo)  — >  sj  Vc  >  a,  ^|[a,c]  €  PC([a,c],S). 

Given  r  >  0,  we  equip  the  linear  space  PC([— r,0],  9£n)  with  the  norm 
||  •  ||r  defined  by  \\ip\\r  =  sup__r<5<0  ||^(s)||.  If  x  €  PC([t0  -  r, oo),5Rn),  where 
i0  e  then  for  each  i  >  i0,  we  define  xt  €  PC([—r ,  0],  3$n)  by  x*(s)  =  x(t+s) 
for  —r  <  s  <  0. 

Let  J  C  be  an  interval  of  the  form  [a,  b)  where  0  <  a  <  b  <  oo  and  let 
D  C  be  an  open  set.  Then  we  consider  the  system  of  impulsive  functional 
equations  x’(t)  =  f(t,xt),  t  ^  ^(^(t-)), 

A x(t)  =  J(i,xt-),  i  =  Tfc(x(i-)).  The  initial  condition  for  system  (2)  is  given 
by 

xt0  =  0,  C1) 

where  i0  6  and  <p  e  PC([-r,0],  5Rn).  The  functions  Tk  are  assumed  to 
satisfy  0  =  tq(x)  <  Ti(x)  <  t2(x)  <  ...  and  lim^oo Tfc(x)  =  oo  for  each 

xer. 

Definition  2.1  A  function  x  6  PC([to  —  r,  to  +  <*],  L));  where  a  >  0,  D  C  9£n) 
and  [to  >  to  +  a]  C  J,  is  said  to  be  a  solution  of  (2)  if 

()  the  set  T  =  {t  €  (t0,  t0  +  a]|  t  =  r*.(x(t“))  /or  some  fc}  o/  impulse  times 
is  finite  (possibly  empty); 
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()  x  is  continuous  at  each  t  £  (to,  to  +  a]\T; 

()  the  derivative  of  x  exists  and  is  continuous  at  all  but  at  most  a  finite 
number  of  points  t  in  (to,  to  +  a); 

()  the  right-hand  derivative  of  x  exists  and  satisfies  the  delay  differential 
equation  (2)  for  all  t  G  [to,  to  -f  a)\T; 

()  x  satisfies  the  delay  difference  equation  (2)  for  all  t  G  T. 

If  in  addition  x  satisfies  the  initial  condition  (1),  then  it  is  said  to  be  a  solution 
of  (the  initial  value  problem)  (2)-(l)  and  we  write  x  =  x(t,to,<p). 

Definition  2.2  A  function  x  G  PC([to  —  r,to  +  /?),D),  where  0  <  ft  <  oo 
and  [to,  to  4*  0)  C  J,  is  said  to  be  a  solution  of  (2)  f solution  of  (2)-(l)^  if 
for  each  0  <  a  <  0  the  restriction  of  x  to  [to  —  r,  to  +  <*]  is  a  solution  of 
(2)  (solution  of  (2)-(l))  and  if  0  <  oo  then  the  derivative  of  x  exists  and  is 
continuous  at  all  but  at  most  a  finite  number  of  points  t  in  (to ,  to  -f  0)  and  the 
set  T  =  {t  G  (to,  to  +  0)\  t  —  Tk(x(t~))  for  some  k}  is  finite. 

Note  that  the  points  where  a  solution  fails  to  have  a  continuous  derivative 
will  generally  include  but  may  not  be  limited  to  impulse  times.  We  require 
that  there  be  at  most  a  finite  number  of  such  exceptional  points  on  any  finite 
interval  of  time.  In  our  definition,  we  do  not  explicitly  require  that  solutions 
have  a  right-hand  derivative  satisfying  (2)  at  the  impulse  times  in  T  although 
in  practice  they  usually  will. 

Definition  2.3  A  functional  f  :  J  x  PC([—r,Q),D)  — >  is  said  to  be 

composite-PC  if  for  each  t0  G  J  and  0  <  a  <  oo,  where  [to,  to  -f  a)  C  J, 
if  x  £  PC  ([to  —  r,  to  +  a),  D)  then  the  composite  function  g  defined  by  g(t)  — 
f(t,xt)  is  an  element  of  the  function  class  PC  ([to,  to  +a),5Rn). 

Definition  2.4  A  functional  f  :  J  x  PC([— r,  0],  D)  — *  3£n  is  said  to  be  quasi- 
bounded  if  for  each  to  G  J  and  a  >  0,  where  [to,  to  +  a]  C  J,  and  for  each 
compact  set  F  C  D  there  exists  some  M  >  0  such  that  ||/(t, <0)||.^  M  for  all 
€  po.io  +  a]  x  -PC([-r,0],F). 

Definition  2.5  A  functional  f  :  J  x  PC([—r,  0],  D)  —>  is  said  to  be  locally 
Lipschitz  in  ip  if  for  each  t0  G  J  and  a  >  0  ,  where  [to,  to+a]  C  J,  and  for  each 
compact  set  F  C  D  there  exists  some  L  >  0  such  that  \\f(t,ipi)  —  /(t,^? 2)  ||  ^ 
L||^i  -  ^2  ||r  for  all  t  G  [to,  to  +  a]  and  fa  6  PC([-r,  0],  F). 

If  /  is  locally  Lipschitz  in  %p  then  clearly  it  is  also  continuous  in  'tp.  If 
in  addition  /  is  composite-PC  then  it  is  also  quasi-bounded  since  ||/(t,^)||  < 
L\\fa\r  +  ||/(t,0)||  for  t  G  [t0,  t0 -fa]  where  ||^||r  <  sup{||^|||  z  £  F}  and  where 
||/(t,0)||  is  bounded  above  by  some  constant  since  /(t, 0)  is  a  piecewise  con¬ 
tinuous  (and  hence  bounded)  function  of  t. 
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3  Existence  and  Uniqueness 


One  of  the  fundamental  differences  between  continuous  delay  differential  equa¬ 
tions  and  impulsive  delay  differential  equations  follows  from  the  observation 
that  if  x  e  C([to  —  r,to  4-  a],J9)  (i.e.  x  is  a  continuous  function  mapping 
[to  —  r,  to  4-  a]  into  D)  then  xt  is  a  continuous  function  of  t  (with  respect  to 
||  *  ||r)  for  t  €  [to,  to  4-  a]  while  if  x  €  PC  ([to  -  r,  to  4-  a],  D)  then  xt  may  be 
discontinuous  at  some  (or  all)  t  6  [to,  to  4  a].  If  xt  is  a  continuous  function 
of  t  and  if  /(t,  ip)  is  assumed  to  be  continuous  in  its  two  variables,  then  the 
composition  of  functions  f(t^xt)  is  also  continuous.  If  x  happens  to  be  a  solu¬ 
tion  of  (2)  then  this  would  imply  that  x  is  in  fact  continuously  differentiable 
for  t  e  (to,  to  4-  a].  Since  impulses  cause  discontinuities  in  a  solution  x  and 
since  xt  need  not  be  even  piecewise  continuous  as  a  function  of  t  then  even 
if  we  were  to  impose  a  condition  on  /  that  /(t,  ip)  be  continuous  in  its  two 
variables  then  we  could  not,  in  general,  say  anything  about  the  composition 
f(tjXt)-  In  many  practical  examples  it  is  clear  that  f(t\xt)  is,  say,  piecewise 
continuous.  For  these  reasons  our  theorems  will  usually  impose  assumptions 
on  /  that  require  checking  properties  of  the  composition  /(t,  xt)  for  each  choice 
of  piecewise  continuous  function  x  rather  than  checking  the  smoothness  of  / 
itself. 


The  proof  of  the  following  lemma  can  be  found  in  many  texts  on  functional 
differential  equations  including  5  and 1 . 

Lemma  3.1  Assume  x  e  C([to  —  r,to  4-  <*],£>)•  Then  xt  is  a  continuous 
function  oft  ( with  respect  to  ||  •  \\r)  for  t  €  [to,  to  4-  &]. 

To  see  how  a  single  discontinuity  can  destroy  the  conclusion  of  Lemma  3.1, 


consider  the  function 


ro,  *  e  [-l.o]. 

Me  (0,1], 


(2) 


where  to  =  0,  r  =  1  and  a  =  1.  Suppose  ii,  t2  €  [0, 1]  and  6  >  0  with  0  <  ti  - 
t2  <  S.  Then  for  s  =  — 12  €  [— r,  0],  |x(tx+s)  — x(t2+s)|  =  |z(ti  —t2)  —  x(0)|  =  1 
which  implies  —  £t2||r  =  1.  So  clearly  xt  is  discontinuous  at  each  t  €  [0, 1]. 
Theorem  3.2  Assume  f  is  composite-PC,  quasi-bounded  and  continuous  in 
ip  and  that  t*,  €  C1(DJ^+)  for  some  (t* ,x*)  €  J  x  D  and  some  k  then  there 
exists  a  S  >  0,  where  [£* ,  t*  +  5]  C  J,  such  that 


Vrk(x(t))- (3) 

for  all  t  €  +  5]  and  for  all  functions  x  S  PC([t*  —  r,t*  +  <5] ,  D)  which 

are  continuous  on  (t*,t*  -J-  6}  and  satisfy  x(t*)  =  x*  and  ||x(s)  —  x*\\  <  S  for 
s  €  [t*,t*+8].  Then  for  each  (to,  <P)  €  JxPC([— r,  0],D)  there  exists  a  solution 
x  —  x(to,<p)  of  (2)-(l)  on  [to  —  r,to-f /?]  for  some  /3  >  0. 
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In  the  next  theorem,  we  give  conditions  which  will  ensure  that  as  a  solution 
of  (2)  evolves  it  will  intersect  each  impulse  hypersurface  at  most  once. 
Theorem  3.3  Assume  f  is  composite-PC,  quasi-bounded  and  continuous  in 
ip  and  that  Tk  6  C^D,  5R+)  for  k  =  1,2,...  and  the  limit  limfc_,oo  ^k{x)  =  oo 
is  uniform  in  x.  Furthermore ,  assume  that 

VTfc(V>(0))-/(t,V>)  <  1,  (4) 

for  all  ( t,%l> )  £  J  x  PC([-r,0],D )  and  k  =  1,2,....  Finally,  assume  that 
ip( 0)  +  J(rjt(^( 0)),^)  €  D  and 

n(ip( o)  +  i(Tk{ip(o)),i>))  <  Tfc(v>(0)),  (5) 

for  all  tp  €  PC([—  r,  0],D)  for  which  ip(0~)  =  ip( 0)  and  for  all  k  =  1,2, 

Then  for  every  continuable  solution  x  of  (2)  there  exists  a  continuation  y  of 
x  which  is  noncontinuous.  Moreover 7  any  solution  x  of  (2)  can  intersect  each 
impulse  hypersurface  (in  the  sense  that  t  =  Tk(x(t~)))  at  most  once. 

In  Theorem  3.3  we  assumed  that  ^(0)  +  /(^(^(O)),^)  €  D  for  all  k  and 
for  all  ip  (E  PC([— r,  0],  D)  for  which  ^(O^)  =  ^(0).  This  will  of  course  be 
necessary  if  we  want  solutions  to  be  defined  and  continuable  beyond  impulse 
times.  It  ensures  that  solutions  remain  in  the  domain  of  the  functional  / 
following  the  impulsive  action.  In  most  applications,  D  —  3£n  and  so  this 
condition  is  trivially  satisfied. 

Theorem  3.4  Assume  that  all  of  the  conditions  of  Theorem  3.3  are  satisfied 
and  let  x  be  any  solution  of  (2).  If  x  is  defined  on  a  closed  interval  of  the  form 
[io  —  Ty  to  4-  a],  where  a  >  0  and  [io,£o  4-  a]  C  J}  then  x  is  continuable.  If  x 
is  defined  on  an  interval  of  the  form  [io  —  r,to  +  P),  where  0  <  P  <  oo  and 
[to,  to  +  /?]  C  J,  and  if  x  is  noncontinuable  then  for  every  compact  set  F  C  D, 
there  exists  a  sequence  of  numbers  {s/c}^=1  with  to  <  $i  <  52  <  ...  <  Sk  < 
...<to+p  and  limfc_>oo  s*  =  to  +  p  such  that  x(sk)  &  F. 

The  first  part  of  Theorem  3.4  states  that  a  maximal  interval  of  existence  of 
a  solution  of  (2)  is  open  on  the  right.  The  second  part  says  that  a  noncontinu¬ 
ous  solution  x  is  either  defined  for  all  t  G  J  or  it  is  defined  on  a  bounded  proper 
sub-interval  of  J  and  in  this  latter  case  the  solution  either  becomes  unbounded 
as  t  —>  to  -f  P  (i.e.  limsupt_to+^  ||x(£)||  =  oo)  or  it  takes  on  values  arbitrarily 
close  to  the  boundary  of  D  as  t  — *  to+p.  In  the  special  case  where  J  =  and 
D  —  Theorem  3.4  essentially  says  that  bounded  solutions  are  continuable 
to  t  =  oo.  The  next  result  gives  existence  of  solutions  on  [to  —  7, 00). 
Theorem  3.5  Assume  J  =  D  =  and  the  conditions  of  Theorem  3.3 
are  satisfied.  Suppose  that  there  exist  functions  h\y  /i2  €  PC( 5R+)  such  that 
II/&V0II  <  hx(t)  +  h2{t)U\\r  for  all  (t,tp)  €  x  PC([-r,  0],  W1).  Then  for 
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each  (to><f>)  6  3£+  x  PC([—r, 0],3£n)  there  exists  a  (local)  solution  x  =  x(to,<f>) 
of  (2)-(l)  and  any  such  solution  can  be  continued  to  [to  —  r,  oo). 

As  with  ordinary  differential  equations,  additional  smoothness  assump¬ 
tions  on  /  are  required  if  we  want  to  expect  uniqueness  of  solutions.  In  the 
following  result,  we  show  that  the  addition  of  a  local  Lipschitz  condition  on  / 
is  sufficient  to  guarantee  uniqueness  of  solutions  of  (2)-(l). 

Theorem  3.6  Assume  f  is  composite-PC  and  locally  Lipschitz  in  %j).  Then 
there  exists  at  most  one  solution  of  (2)- (1)  on  [to  —  r,to  +  P)  where  0  <  j3  <  oo 
and  [tQ,  t0  +  /5)  C  J. 

4  Stability  and  Boundedness 

In  what  follows,  we  assume  that  f(t,  0)  =  0,  and  /(£,  0)  =  0  so  that  (1)  admits 
the  zero  solution.  Furthermore,  we  assume  that  Tk(x)  =  for  all  k  —  1, 2, 3 . . . 
Definition  4.1  The  zero  solution  of  (1)  is  said  to  be 

(S2)  stable ,  if  for  any  e  >  0  and  t0  6  J ,  there  exists  a  6  —  S(e,to)  >  0  such 
that  ||  (j)  ||r<  S  implies  |z(£)|  <  e  for  t  >  to,  where  x(t)  =  x(t,to,<j>)  is 
any  solution  of  (1); 

(S2)  uniformly  stable ,  if  the  6  in  (Si)  is  independent  of  to; 

(Sz)  asymptotically  stable,  if  it  is  stable  and  there  is  a  S0  =  6(t0)  >  0  such 
that  ||  (j)  ||r<  Jo  implies  that  lim  x(t)  =  0; 

t — MX) 

(S4)  uniformly  asymptotically  stable,  if  it  is  uniformly  stable  and  there  is  a 
So  >  0,  such  that  for  any  e  >  0,  there  exists  aT  —  T(e)  >  0,  ||  <^  ||r< 
J0,  to  >  0  imply  \x(t)\  <  e  for  t  >  t0  +  T; 

(S$)  unstable  if  (S2)  fails. 

Definition  4.2  The  solutions  of  (1)  are  said  to  be 

(i)  uniformly  bounded  (UB)  if  B\  >  0,  B2  >  0  such  that 

V  tQ  e  J  \\<t>  ||r<  implies  ||  x(t)  ||<  B2,  t  >  tQf 
where  x(t)  =  x{t,  to,<f>)  is  any  solution  of  (1); 

(ii)  uniformly  ultimately  bounded  (UUB)  with  the  bound  B  if  for  any  B$  >  07 
there  exists  T  >  0  such' that  for  any  t0  €  J,  ||  <j>  ||r<  B3  implies 

||  x(t)  || <B,  t>to  +  T. 
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Let  V  £  C[R+  x  Rn,R+ }  and  0  £  PC([-7, 0],  i?n),  we  define 

D+V^t,  0(0))  =  lim  sup  i[v(t  +  h,  0( 0)  +  fc/(t,  0))  -  V(t,  0(0)]  (6) 

h-+  0+  h 

and 

A%,i)  =  y(rA,x  +  /(rfc,a:)) -V{rk,x).  (7) 

We  define  the  following  classes  of  functions  for  later  use. 

K0  =  {0  €  C[J,  JI+],  0(s)  >  0,  5  >  0}. 

Ki  =  {(j>  £  K0 ,  0(s)  >  0,  s  >  0}. 

K2  -  {0  €  Jfoi  0(s)  <  5,  s  >  0}. 

i^3  =  {0  €  Xo,  0(5)  is  nondecreasing  }. 

K  =  {4>  £  Ko,  0(s )  is  strictly  increasing  and  0( 0)  =  0}. 

V,  =  {V  :  x  — »■  7£+,  continuous  on  (— r, tq)  x  i?n  and  [r^_x,  r^)  x  Rn 

and  lim  ’  V(t,y)  =  V(t£",  x)  exists  for  k  =  1, 2, 3, . . .}. 

,x) 

RK  —  {4>  £  Ky  lim  0(s)  =  oo}. 

s — kxd 

Let  us  first  give  a  theorem  which  shows  that  impulses  may  make  an  un¬ 
stable  system  asymptotically  stable. 

Theorem  4.3  Assume  that 

(i)  V  £  V/,  a,b,£  K  such  that 

b(\x\)  <  V(t,x)  <  a(|a?|),  (tjx)  £  J  x  s(p ); 

(ii)  there  exists  X  £  PC[J}  iZ+],  C  £  K ,  p  £  K2  such  that 

i>+n^0(O))<A(t)c(|^(O)|)  (8) 

whenever  V(t ,  0(0))  >  p(V(t  4*  5, 0(s))),  s  £  [-7, 0],  where  t  ^  Tk,  0  G 
PC[~ 7,0],  (£,0(0))  £jx  s(p ); 

(Hi)  there  exists  4>k  €  K$,  ipk  0  &-1(w)  +  u  <  p(u),  w  £  (0,  p)}  k  —  1, 2, . . . , 
such  that 

AV(rfc}0(O))<0fc(|0(O)|)  (9) 
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(10) 


(iv)  sup  {77  —  Tk- 1}  —  r<  00  and 
keN 


rt+r 

sup  '  A(s)ds  <  inf 
t>o  t  «>° 


fq  du 
p(q)  cob-1  (a) 


Then  the  trivial  solution  of  (1)  is  uniformly  asymptotically  stable . 

Our  next  result  gives  sufficient  conditions  under  which  stability  properties 
of  a  system  are  preserved  under  impulsive  perturbations. 

Theorem  4.4  Assume  that 
(i)  V  €  V/,  H,  [  €  1C  such  that 

b(\x\)  <  V(t>x)  <  a(|:r|),  (£, x)  €  J  x  s(p); 

(uj  there  exists  A  e  PC[J,  #+],  c  £  K ,  p  £  K ,  such  that 

D+v(t,m)<-Kt)c(\m\)  (ii) 

whenever  p(V (t,  <j>(0)))  >  V(t  +  5, 0(s));  s  6  [— a,0],  a  €  (0,7],  w/zere 
t^rk}  <j)£  PC[- 7, 0],  (£,  ^(0))  €  J  x  s(p); 

£/iere  exists  i)k  €  PT3,  ^  0  +  u  <  p(u);  u  €  (0,p);  A;  =  1,2, . . . , 

$uc/z  that 

Av(Tkim)<M\m\);  (12) 


fii/)  inf  {rfc  —  t/c-i}  =  cr  +  2r  and 
keN 


rP («)  du  ft+T 

sup  '  — T  :  .  .  <  inf  '  A(s)ds  <  00.  (13) 

g>0  g  co&-i(u)  t>o  t 


Then  the  trivial  solution  of  (1)  is  uniformly  asymptotically  stable. 

The  final  result  gives  a  criterion  on  boundedness  of  solutions. 
Theorem  4.5  Assume  that 

(i)  V  €  C[R+  x  Pn,P];  V^rr)  zs  locally  Lipschitz  in  x  and 

KM)  <  V(t,x)  <  a(|a:|), 


where  a  €  K,  b  £  RK; 
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(ii)  there  exists  dk  €  K  such  that 

0(0))  <  4(10(0)1),  *  =  1,2,...;  (14) 

(Hi)  Va  >  0,  ^  <  oo  and  \{m  sup  ^ k ^  <  M,  where  M  >  0, 

a  k—>oo  a 

k= 1 

'tpk  =  dk  o  6”1  and  0*  =  (/  +  0*)  °  •  ■  •  o  (J  4-  0i); 

(w)  there  exists  A,  H  >  0,  c  €  K  and 

D+V(tt  0(0))  <  A  -  c(|0(O)|),  t  >  t0,  |*|  >  ff,  (15) 

p(y (t,  0(0))  >  V (t  +  5,  0(s)),  s  6  [-7,0], 

where  p  £  C[.R+,  #+],  p(s)  >  Ms  for  s  >  0. 

Then  the  solutions  of  (1)  are  UB  and  UUB. 

To  conclude  this  section,  we  discuss  some  examples. 

Example  4.1:  Consider  the  nonlinear  equation 

xf(t)  —  —ax(t  -  1)[1  4*  x(t)}  1  (16) 

where  a  >  0.  This  equation  has  applications  to  population  dynamics  and  it  was 
shown  in  [10]  that  if  a  >  then  there  exists  e  >  0  such  that  lim  \x(to,<j>)(t)\  > 

£,  V 0  £  C[[- 1, 0],  R],  0(a)  ^  0  for  s  £  (—1,0). 

This  implies  that  the  zero  solution  of  (17)  is  unstable.  Now  let  V(x)  —  |z|. 
Then  for  0  G  PC[[— 1, 0],  R],  we  have 

D+V(m)  <  al^(— 1)1(1  +  10(0)1)  =  aV(4>(- 1))(1  +  V(m))- 

Let  a  G  (0, 1)  and  p(s)  =  as,  s  G  R+.  Then  whenever  V(0(O))  >  p(V(0(s))), 
s  G  [—  1, 0],  we  have 

D+V(<j>(0))  <  j|0(O)|(l  +  |0(O)|) 

since  V(<p(-1))  <  {V(<}>(0)). 

Let  p  >  0  and  for  ||  <f>  ||r<  p,  we  have 

o+v{m)  <  ^y^\m\ = m<\4>m 

where  A  (t)  =  —  and  c(s)  -  s. 

A 
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VI  VI  VI  VI 


we  have  D +V(t,x(t))  <  A(t)|®(i)|  +  |t*_7  | C(t  -  s)|  |x(s)|ds  +  \f(t)\ 
L  +  A(tOx(t)  +  [q  |C'(u)|  | x(t  —  w)|rfw 
L  +  (A(t)  +  Mq  %  \C(u)\du)  |*(i)| 

L-%\x(t)\ 

■4_rla:(t)l>  where  A  =  § ,  H  = 

AV(rk,x)  <hk\x\,  k  =  1,2,.... 


Thus  all  the  conditions  of  Theorem  4.3  are  met  and  the  solutions  of  (18)  are 
UB  and  UUB.  □ 
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STABILITY  OF  SOLUTION  FOR  A  CLASS  OF  THE  FOURTH 
ORDER  NONLINEAR  AUTONOMOUS  SYSTEMS 


Deyuan  Lu  and  Zonghuang  Liao 
Department  of  Mathematics ,  Guizhou  Normal  University, 

Guiyang,  550001 ,  P.  R.  China 

In  this  paper,  we  have  discussed  stability  of  solution  for  a  class  of  the  fourth 
order  nonlinear  autonomous  systems  by  means  of  the  integral  method  of  Liapunov 
function  generation  for  nonlinear  autonomous  systems(see  [1]). 


Consider  the  equation 


d4x  d3x  -r>d2x 

1F+1F+  IF 


~  dx  a  ju 

+ct,+d^  + 


,d?x 
'  dt2 


dx 

dt 


+  x)m  =  0, 


(1) 


where  A,  B,  C,  D  are  real  constants,  m(>  1)  is  a  odd  number. 

Equation  (1)  is  equivalent  to  the  following  systems  of  equations 


f  jOt"  ~~  X2’  llt~  ~  X3j  ~dt  ~ 

^  -  -Ax4  -  Bx 3  -  Cx2  -  D(x3  +  x2  +  xi)m  =  -g(xux2}x3,x4). 


(2) 


By  means  of  the  integral  method  of  Liapunov  function  generation  for  non¬ 
linear  autonomous  systems  [l]m,  we  construct  a  Liapunov  function  using  the 
following  steps. 

step  1.  =  hi(x ux2,x3,x4)  =  f  ^g(xi,x2,X3,x4)dx3 

=  f  Dm(x3  +  x2  4*  xi)m~1dx3  =  D(x3  4-  x2  4-  xi)m, 

=  h2(xux2,x3lx4)  =  f  ^g(x1,x2,x3,x4)dx3 
=  f[C  4-  Dm(x 3  +  x2  4-  x\)m~l]dx3 

=  (7^3  4-  B)(x3  x2  £i)m> 

=  0(Xi,®2»®3j&4)  “  -^4  +  ^3  +  Cx2  +  D(x3  -f  X2  +  Xi)m, 
Jjj  =  ®4  +  /l4(*l,®2,®3,®4) 

=  X4  +  .f  a“^x,X2,X3,x4)(ix3  =  x4+  [  Adx3  =  z44-Ac3) 
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where  H,  hi(i  =  1, 2, 3, 4)  can  be  defined  as  [1]. 


step  2. 


Dr =  Hr  +  A  =  +  *2  +  xi)m  +  /i, 

=  +  /a  =  ^®3  +  -D(a:3  +  a=2  +xi)m  +  h, 

§xj  ~  §xj  +  /s  =  ■^■a'4  +  Bx3  +  Cx 2  +  Z)(x3  +  X2  +  Xi)m  +  /3, 


^7  —  Irl  +  /4  —  +  ^*3  +  /4, 


where  fi  are  undetermined  functions  and  satisfies  the  conditions  — 
(i,j  =  1 , 2 , 3 , 4) ,  can  be  defined  as  [1]. 


step  3. 


f 1(2)  = 


dV  d: El 
dxi  dt 


+ 


dV  dx 2 
9a:  2  dt 


+ 


9V  da? 3  |  9V  dx4 
9x3  dt  9x4  dt 


=  [D(x 3  +  X2  +  a?i)m  4-  /i]3?2 


+  [<72:3  +  D(x3  +  X2  +  Xi)m  +  /2]®3 
+  [^2:4  +  Bx3  +  Cx2  4-  D{ x3  +x2+  xi)m  +  f3]xi 


+  [X4  4-  t4x3  4-  fi][~Ax^  -  Bx3  -  Cx 2  -  D(x 3  4-  X2  4-  Xi)m]. 


Taking 


fi  =0,  /2  =  (B  4-  C)x2  +  Ax 3  4-  2:4, 

h  =  Ax 2  4-  (A  -  1)2:3  -  (A  -  1)2:4,  fi  =  X2-(A-  l)x3, 


we  have 


^■1(2)  =  ~{Cx  1  +  (B  -  C  -  A)*l  +  (A  -  1)*2.  (3) 


244 


step4.  V  =  !0XI  |£(xi,0,0,0)dxi  +  f0X2  §£(xi,x2,0,0)dx2 

+  f0  9x3  (®1»  ®2i  ^3  5  0)  fix  3  +  /q  i  ®2>  *3 1  2:4)dX4 

=  [*l  Dx?dx1  +  ./^[p(*a  +  Xi)m  +  (S  +  C)x2]dx2 

+  [*3  [Bx3  +  Cx2  +  £>(x3  +  x2  +  Xi)m  +  Ax2  +  {A  —  l)x3]dx3 
+  fg4  [xa  +  Ax 3  +x2-  (A  -  l)x3]dx4 
=  [^T^r+1]loXl  +  [sSr(*a  +  a:i)m+1  +  +  C)xl]\V  +  [\Bx\ 

+Cx2x3  +  zzfi(x3  +  x2  +  xi)m+l  +  Ax2x3  +  \{A  -  1)x|]|q3 
+[5X4  +  Ax3x4  +  x2x4  -  (A  -  1)2:32:4]  |o4 

=  &x?+1  + 1  bgrfo  +  *Om+1  + 1(5  +  C)xl]  -  [^xr1]^ 
+  /[|Bx|  +  C'x2X3  +  ^T(x3+x2+xi)m+1 

+.4x2x3  +  I  (A  -  l)x|]  -  t^i(x2  +  Xi)m+1]1 
+\x\  4-  Ax 3X4  -f  x2x4  -  AX3X4  4  X3X4 
=  ^x(x3  +  x2  +xi)m+1 

+\x\  +  \{A  +  B-  l)x§  +  \{B  +  C)x\  +  X4X3 
-fx4x2  4-  (A  +  C)x3x2 
“  ^1(^3  +  #2  +Xi)m+l  +U(x 4:Xs}X2), 

(4) 

where 

U(x 4,x3,X2)  =  50^  4-  |(A  4  J3  -  l)x§  4  \{B  4  C)a^ 

4x4X3  4  X4X2  4-  (A  4  C)x3x 2. 

Theorem  If  equation  (1)  satisfies  the  following  conditions: 

A>1,  B>  A  +  C,  C>0,  D>0, 

then  zero  solution  of  equation  (1)  is  stable. 
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Proof.  First,  we  prove  that  Liapunov  function  (4)  is  positive  definite. 
Since 

-~r{x3  +  Z2  +  Zi)m+1  >  o, 
m- hi 

we  only  need  to  show  the  quadratic  form 

U(x±,x 3,x2)  =  \x\  +  \{A  +  B  -  1)0:3  +  +  C)x\ 

+X4X3  +  0:40:2  +  (A  +  C)x3a:2 

is  positive  definite. 

Note  that  determinant  of  coefficients  of  the  quadratic  form  {7(0:4, 0:3, 0:2) 

is  11 

22  2 

ii(A  +  £-l)  |(A  +  C) 

|  |(A  +  C)  ±  (B  +  C7) 

It  is  easy  to  see  that  the  principal  minors  of  this  determinant  satisfy 


1 

2 


1 

2 

1  1 

2  2 


1 


2 

(A  +  B-l) 


=  i(A  +  B-2)  >0, 


1  1 
2  2 


|  i(A  +  B-l)  \{A  +  C) 
i  +  §(B  +  C) 


=  ±[(A  +  B  -  2)(B  +  C  -  l)  -  (A  +  C  - 


l)2] 


>  0. 


In  fact,  from 


we  get 


and 


A  ^  1,  B  >  A  -f-  (7,  <7  >  0, 

>1  4-  5  -  2  >  A  +  C  -  1  >  C  >  0 


B  +  C-1>A  +  C  +  C-1>A  +  C-1>0 . 

Hence 

(A  +  B  -  2)(B  +  C-l)>(A  +  C-  l)2. 

By  virtue  of  Sylvester  theorem,  we  obtain  that  the  quadratic  form  U(x 4,  £3, 0:2) 
is  positive  definite,  therefore  Liapunov  function  (4)  is  positive  definite  also. 
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Next,  we  prove  that  the  derivative  %  of  V(xux2,x3,x4)  along  (2)  is 
negative  function. 

Since 

15rl(2)  =  D(x3  +  X2  +  Xi)m(±3  +X2  +  Xi)  +  X4X4  +  {A  +  B-  l)x3x3 
+(B  +  C)x  2X2  +  ±42:3  +  2:42:3 

+2:42:2  +  2:4X2  +  (A  +  C)(x3X2  +  X3X2) 

=  D(x3  +  X2  +  Xi)m(x4  +  X3  +  X2)  +  x4(x4  +  x3  +  x2) 

+2:3  [(-^  +  B  —  l)x3  +  X4  +  (A  +  C)x2] 

+x2[{B  +  C)x2  +  x4 {A  +  C)x3] 

=  D(x3  +X2+  Xi)m(x4  +  X3  +  2:2)  +  [-Ax4  -  Bx3  -  Cx 2 

-D(x3  +x2+  Xi)m](x4  +  x3  +  x2)  +  x4[{A  +  B-  1)x3  +  x4 

+(A  +  C)x2]  +  x3[{B  +  C)x2  +  x4  +  {A  +  C)x3] 

=  ~[Cx22  +  {B  -C  -  A)xl  +  (A  -  l)x\], 


by  condition  of  theorem,  we  know  that 

^1(2)  =  -I \Cx\  +  (B-C-  A)xl  +  (A-  l)xl\ 

is  negative  function. 

By  virtue  of  stability  theorem  of  Liapunov  on  constant  motion,  zero  solu¬ 
tion  of  equation  (2)  is  stable.  Thus  it  is  obtained  that  zero  solution  of  equation 
(1)  is  stable. 

References 

1.  J.  A.  Walker,  L.G.  Clark,  An  integral  method  of  Liapunov  function  gen¬ 
eration  for  nonlinear  autonomous  systems,  Journal  of  Applied  Mechanics, 
Sept.  (1965),  569-576. 


247 
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In  this  paper,  a  class  of  neutral  difference  equations  with  “maxima”  are  considered. 
Sufficient  conditions  for  oscillation  of  all  solutions  are  obtained. 


1  Introduction 

Recently,  there  has  been  a  lot  of  activity  concerning  the  oscillatory  behavior 
of  solutions  of  difference  equations.  See,  for  example,  [1,5-7]  and  the  references 
cited  therein. 

Consider  the  difference  equation 

A[x„  +  PnXn-k }  +  Qn  max  xs  =  0,  (1) 

[n—l,n] 

where  n  G  N(n0 )  =  {n0,  n0  4-  1, }  and  A  is  the  forward  difference  operator 
defined  by  Axn  =  Xn+i  —  xn ,  and  [n  —  l,  n]  =  [n  —  l,n  —  l  +  1,  ...,n]. 

Throughout  the  paper  we  always  assume  that  the  following  conditions  are 
satisfied: 

(HI)  k  and  1  are  positive  integers; 

(H2)  {pn}  is  a  sequence  of  real  number,  for  n  G  AT(n0); 

(H3)  {qn}  is  a  sequence  of  nonnegative  real  numbers  which  is  not  identically 
zero; 

(H4)  £~no  q»  =  +oo. 

By  a  solution  of  Eq.(l),  we  mean  a  sequence  {zn}  of  real  numbers  which 
is  defined  for  n  G  N(n0).  As  is  customary,  a  nontrivial  solution  {xn}  of  (1) 
is  said  to  be  nonoscillatory  if  the  terms  xn  are  either  eventually  positive  or 
eventually  negative.  Otherwise,  it  is  said  to  be  oscillatory. 

Our  aim  in  this  paper  is  to  establish  the  sufficient  conditions  for  oscillstion 
of  all  solutions  of  (1).  This  work  was  motivated  by  the  paper  Bainov,  Petrov 
and  Proicheva  [2]  in  which  a  detailed  analysis  of  oscillation  properties  was 
given  for  the  continuous  version  of  Eq.(l).  We  shall  note  that  differential 
equations  with  maxima  occur  in  the  problem  of  automatic  regulation  of  various 
real  systems  [9].  The  maxima  arise  when  the  regulation  law  corresponds  to 

9 This  work  is  supported  by  NNSF  of  China  (Grant  No. 19871006) 
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the  maximal  deviation  of  the  regulable  quantity.  Also  differential  equations 
with  maxima  are  an  increasing  object  investigated  by  many  authors  [2-4,8]. 
However,  to  the  author’s  knowledge,  the  corresponding  difference  equations 
with  maxima,  for  example,  Eq.(l),  has  not  been  investigated  up  to  now.  On 
the  other  hand,  Eq.(l)  is  different  from  equation 

&[xn  +  PnXn~k]  4-  qnXn-l  =  0.  (2) 

Eq.(l)  is  nonlinear- and  in  the  general  case  the  fact  {xn}  is  a  solution  of  (1) 
does  not  imply  that  {-xn}  is  also  a  solution  of  (1). 

2  Main  results 
Define 

Zn  =  xn+pnxn„  k.  (3) 

Lemma  1  Let  conditions  (H1)-(H4)  hold.  Then  the  following  assertions 
are  valid: 

(i)  K  pn  <  -1  and  {xn}  is  an  eventually  positive  solution  of  (1),  then  zn 
is  eventually  decreasing  and  zn  <  0  eventually. 

(ii)  If  pn  <  -1  and  {xn}  is  an  eventually  negative  solution  of  (1),  then  zn 
is  an  eventually  increasing  function  and  zn>  0  eventually. 

(iii)  If  -1  <  Pn  <  0  and  xn  >  0  eventually, then  zn>  0  eventually. 

(iv)  If  -1  <  pn  <  0  and  xn  <  0  eventually, then  z„  <  0  eventually. 

Proof  (i)  From  the  definition  of  zn  there  follows  the  equality 

A.zn  +  qn  max  xs  =  0.  (4) 

[n-Z,n]  v  7 

Since  xn  >  0  eventually,  then  A zn  <  0  and  zn  is  an  eventually  decreasing 
function.  Suppose  zn>  0  eventually.  From  (2.3)  there  follow  the  inequalities 

xn  ^  Pn^n—k  ^  %n—k' 

Prom  the  inequality  xn  >  and  the  fact  xn  is  an  eventually  positive  func¬ 
tion  it  follows  that  there  exists  a  constant  m>  0  such  that  xn>  m  eventually 
and  max[n_fjTl]  x3  >  m  eventually.  From  (2.4)  we  obtain  the  estimate 

A  zn  =  —qn  max  xs  <  —mqn. 

[n- i,n] 

Summing  the  last  inequality  from  tl\  to  n,  where  n i  is  a  sufficiently  large 
integer,  and  obtain 

n 

zn  <  zni  —  inn  Y ^  q3.  (5) 
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Passing  to  the  limit  in  (2.5),  from  condition  H4  it  follows  that  limn_^oo  zn  — 

— oo  which  contradicts  the  assumption  that  zn  >  0  eventually. 

(ii)  From  (2.4)  and  the  inequality  xn  <  0  eventually  it  follows  that  Azn 
is  an  eventually  positive  function  and  zn  is  an  eventually  increasing  function. 
Suppose  that  2n  <  0  eventually.  From  (2.3)  and  from  the  condition  pn  <  -1 
we  deduce  the  inequality  xn  <  xn~k  .  Hence  there  exists  a  negative  constant 
m  such  that  xn  <  m  eventually  and  max[n_/jn]  xs  <  m  eventually.  From 
(2.4)  it  follows  A zn  >  -qnm.  Further,  as  in  the  proof  of  (i)  it  is  shown  that 
limn_oo  zn  —  +oo  which  contradicts  the  assumption  that  zn  <  0  eventually. 
Hence,  zn>  0  eventually. 

(iii)  Suppose  that  zn  <  0  eventually.  Then  from  (2.3)  and  from  the  condi¬ 
tion  —  1  <  pn  <  0  we  obtain 

xn  <  xn—k.  (6) 

Since  xn  >  0  eventually,  then  from  (2.6)  it  follows  that  xn  is  a  bounded  func¬ 
tion  for  n  G  AT  (no),  hence  zn  is  a  bounded  function  too.  It  is  immediately 
verified  that  A zn  <  0  eventually  and  zn  is  an  eventually  decreasing  negative 
function.  Since  is  a  bounded  function,  then  there  exists  the  finite  limit 
limn_>oo  zn  =  a(a  <  0).  Let  (3  =  limn_>oo  inf  xn.  Suppose  that  (3  >  0  .  Eventu¬ 
ally  the  inequality  xn  >  §  is  valid,  hence  max[n_ZjTl]  xs  >  §  eventually.  Then 
as  in  (i)  it  is  proved  that  lim^oo  zn  =  -oo  which  contradicts  the  fact  that  zn 
is  a  bounded  function. 

Thus  we  proved  that  limn_oo  inf  xn  =  0.  There  exists  a  sequence  {rm}^=1 ,  Tk 
N(jio)j limm_+oo  Tm  =  OO  and  limm_oo^rm-fc  =  0.  From  (2.6)  it  follows  that 
limm^oo  xTrri  —  0.  Passing  to  the  limit  in  the  equality  zTm  =  xTm  JtPrrnXr7n-k 
as  m  — >  oo,  we  obtain  that  limm—oo  zTm  =  0  which  contradicts  the  fact  that 
a  =  limn-+oo  zn  <  0.  Hence  zn  >  0  eventually. 

The  proof  of  (iv)  is  analogous  to  the  proof  of  (iii). 

From  Lemma  1,  we  immediately  obtain 

Theorem  2  Let  conditions  (H1)-(H4)  hold  and  pn  =  —1.  Then  each  so¬ 
lution  of  (1)  oscillates. 

Theorem  3  Let  conditions  (H1)-(H4)  hold.  Assume  that 

Pn  <  -1,  k>l,  (7) 


lim  inf- — -  V  - — - - r  > 

n-oo  k  -  l  s^n_k+l  maXuets-i.sli-Pu+fc/ 


(k  -  l)k~l 
(k-l  + 


(8) 


Then  each  solution  of  equation  (1)  oscillation. 

Proof  Suppose  that  equation  (1)  has  a  nonoscillatory  solution  {xn}.  Let 
xn  <  0  eventually.  From  Lemma  1  (ii),  it  follows  that  zn>  0  eventually.  From 


-  }  ~ 


(3)  there  follow  the  inequalities 


<pnxn-k,  xn  <  max  x3  <  max 

Pn+k  [n— Z,n]  [n-i,n]  ps+k 


(9) 


Since  is  an  eventually  increasing  function,  then  for  sufficiently  large  n  the 
following  estimate  is  valid 


Then 


Zn+k— i  ^  s  E  [n  —  Z,n]. 


_ 'Zn+k— i  Zs+k 

max  - >  max  — — 


s€[n-i,n]  Ps+k 

~Zn+k—l 


s€[n-Z,n]  ps+fc 


>  max 


Z71+ k 


IIXCUjV  - . 

— Ps+kj  s€[n— l,n]  ps+k 

Prom  the  last  inequality  and  from  (2.10)  we  deduce  the  inequality 

max  x3  < - - 

[n-z,n]  maxse[n_()n]{-ps+fc} 


(10) 


Prom  (2.4)  and  from  (2.11)  it  follows  that  the  eventually  positive  function  zn 
satisfies 

a  Qn 

Zn  ma xs6[„-t,n]{-ps+*}Zn+*'1  -  °-  (n) 

But  from  (2.9)  and  [1]  it  follows  that  (2.12)  has  no  eventually  positive  solu¬ 
tion.  The  contradiction  obtained  shows  that  Eq.(l)  has  no  eventually  negative 
solutions. 

We  shall  show  that  it  has  no  eventually  positive  solutions  either.  Suppose 
that  this  is  not  true.  Let  xn  >  0  eventually.  Prom  Lemma  l(i)  it  follows  that 
zn<  0  eventually.  As  above,  we  obtain 


max  xs  > - ~-+k  1 - 

[n— i,n]  maX[n_  jj7lj  {  } 


(12) 


From  (2.4)  and  from  (2.13)  it  follows  that  the  eventually  negative  function  zn 
satisfies  the  inequality 


^zn - ~~  ? - r-Zn+k_i  <  0. 

maxs6[n— i,n]  {~Ps+fc} 


(13) 


But  from  (2.9)  and  [1]  it  follows  that  (2.14)  has  no  eventually  negative  solution. 
Hence  (1)  has  no  eventually  positive  solutions.  Since  in  view  of  what  was 
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proved  above  it  has  no  eventually  negative  solutions,  then  each  solution  of  (1) 
oscillates. 

Theorem  4  Let  conditions  (H1)-(H4)  hold.  Assume  that 


-l<Pn<0,  1>K 


1  kK 

V  t.  (n  +  ijKi' 

s=n~k 


(14) 

(15) 


Then  each  solution  {xn}  of  (1)  oscillates. 

Proof  Suppose  that  (1)  has  a  nonoscillatory  solution  {xn}  and  let  xn  >  0 
eventually.  From  Lemma  1,  it  follows  that  zn  is  an  eventually  decreasing  pos¬ 
itive  function.  Then 

zn  <  xn  and  ma x[n^n]  zs  <  max[n_[in]  xs.  From  (2.4)  and  from  the  last  in¬ 
equality  we  obtain  that 


A 2n  4*  qn  max  zs  <  0. 

[ n-l,n ) 


Since  zn  is  an  eventually  decreasing  function,  then 


max  =  zn-i. 

[n—l,n\ 

Consequently,  the  eventually  positive  function  £n  satisfies  the  inequality 

Azn  +  qnZn-i  <  0.  (Ifi) 

Since  min [n-itn]{-Pu}  <  1,  then  from  (2.17)  and  [1]  it  follows  that  (2.18)  has 
no  eventually  positive  solutions.  The  contradiction  obtained  shows  that  (1) 
has  no  eventually  positive  solutions. 

We  shall  show  that  it  has  no  eventually  negative  solutions  either.  Suppose 
that  this  is  not  true.  Let  xn  <  0  eventually.  From  Lemma  1  it  follows  that 
zn  is  an  eventually  negative  increasing  function.  From  the  inequality  zn  <  0 
eventually  and  from  the  definition  of  zn  there  follow  the  inequalities 


xn  <  —pnXn—k  <  pnZn-k . 
max  x$  <  max  {~pszs-k}  <  [  min  {-ps}]zn-k- 

[n— i,n]  se(n-/,n] 

From  (2.4)  and  from  the  last  inequality  we  obtain  that  the  eventually  negative 
function  zn  satisfies  the  inequality 

A z„  +  [qn  t  min  {— p3}]zn_fe  >  0.  (17) 
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Prom  (2.17)  and  from  the  known  result  of  [1]  it  follows  that  inequality  (17) 
has  no  eventually  negative  solutions.  Hence  (1)  has  no  eventually  negative 
solutions  and  since  in  view  of  what  was  proved  above  the  equation  (1)  has  no 
eventually  positive  solutions  either,  then  each  solution  of  (1)  oscillates. 
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ASYMPTOTIC  ANALYSIS  OF  SOLUTIONS  OF  SINGULAULY 
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In  this  paper,  we  considered  the  singularly  perturbed  problem  which  is  derived  from 
the  population  model,  proved  that  there  existed  a  unique  solution,  and  obtained 
the  asymptotic  solution  and  its  remainder  estimation. 

1  Introduction 

We  often  encounter  the  following  equation 

fum\  f+0° 

—  =uxx-{u<f>[1  k(x-y)u(t,y)dy]}x  +  un(u-a)(l-u)  (1) 

t  —  oo 

when  we  study  the  population  problem.  Where  u(t,x)  >  0  is  the  popula¬ 
tion  density,  x  €  R,  t  >  0,  <j)(s)  is  the  population  rate.ra  >  1  ,n  >  1  are 
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constants. A:(x)  =  e[l  -  H(x)},  H(x)  is  Heaviside  function,  e  >  0  is  a  small 
parameter.  0  <  a  <  1  is  a  constant. 

Let  v(t,x)  =  .tH.0Ou(t,T)dr4  =  x  -  ct,  v(t,x)  =  v($,then  u(t,x)  =  u(£).We 
set  a  =  u(r)dr, hence  we  get  k{x  -  y)u(t,y)dy  =  e[a  -  2v(£)],  so 
that  we  turn  (1)  into  the  following  equation 

—cum~1u^  =  Utf  —  {u(j>[e{ct  —  2v)]}^  -f  un(u  —  a)(l  —  u )  (2) 

Then,  let  T)  =  e£,U(rj)  =  u(£,),V(rj)  =  e{a  -  2v(f)],  we  transformate  (2)  to 
s2Unri  -  e[U<t>(V)}r,  +  Un(U  -  a)(l  -U)  =  -ceUm~'Un 


Since  we  only  consider  the  traveling  wave  problem,  from  now  on  we  use  the 
traditional  independent  variable  t  instead  of  77,  i.e.  the  superscript  ”  *”  denotes 
differentiation  with  respect  to  t.  We  rewrite  V  —  x,  U  =  y.sUv  =  z,  then  we 
obtained 


( x  =  y 

)  ey  =  z 

\ez  =  e4>  {x)y2  4-  (j>{x)z  -  cym~1z  +  yn(y  -  a)(y  -  1) 


(3) 


where  <f>  (x)  denotes  differentiation  with  respect  to  x.  We  find  the  solution 
that  satisfied  the  following  conditions 


(  x(0)  =  0 

jy(  0)  =  /3  (4) 

l*(0)  =  0 

The  system  (3)  ,(4)  is  a  singularly  perturbed  problem,  we  proved  that  there  ex¬ 
isted  a  unique  solution,  and  obtained  the  asymptotic  solution  and  its  remainder 
estimation. 


2  The  construction  of  asymptotic  solution 


We  supposed  the  following  conditions  hold 

(HI)  The  functions  that  are  given  in  (1)  belong  to  Cn+2,N  >  0  is  an  integer. 
(H2)  <j>(x)  -  ca™'1  <  0 

We  denote  the  second  and  third  formulas  of  (3)  are  ew  —  F(xiw)tie)  where 

/y\ 

w  =  y  is  a  2-dimensional  vector.  So  we  obtain 
z 

Fw  = 

r  0  1  1 

c(l  -  m)ym~2z  +  (n  +  2 )yn+1  -  (a  +  l)(n  +  1  )yn  +  any n_1  <j>(x)  -  cym_1 
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V 


Let  e  =  0,  we  conclude  the  solutions  of  the  reduced  equations  0  =  F(x,  w,  t,  0) 
are  wi (t)  =  ^ ^  ,  w2 (t)  =  ^ ^  ,  w3(t)  =  .  The  eigenvalues  A = 

1,2)  of  the  matrix  Fw(t)  =  Fw(x(t),w(t),t)  satisfy  ReXi(t)  <  0,(i  =  1,2)  only 
when  w(t)  —  ^ ^  \  Hence  we  proved  the  following  Lemma: 

Lemma  1:  Under  (H2),  the  problem  (3), (4)  is  a  stable  problem  when  w(t)  = 

f  A 

0  ’ 

Using  the  boundary  function  method  (see[l]),  we  find  the  asymptotic  solution 
for  (3), (4)  in  the  following  form 


h(t,e)  =  h(t,e)  +  ILh(T,e) 


where  h  =  .  y  .  is  a  3-dimensional  vector,  r  =  \  >  0.  h  and  Uh  are  regular 
for  e.  Let 

h(t,  =  ho  (£)  +  shi  (£)  -f-  *  *  * 

n/^(r,  e)  =  n0/i(r)  +  €Uxh(r)  +  •  *  • 

Substituting  (5)  into  (3), (4)  and  separating  its  right  by  t  and  r  we  get 
J  £m+Tl  =e(z  +  nz) 

I  el£  +  Hr  =  +  Ux)(y  +  n y)2  +  <f>(x  +  Ux)(z  +  Hz)  ^ 

l  ~c(y  +  n y)m  1  (z  +  Hz)  +  (y  +  Uy)n (y  +  Uy  -  a)(y  +  Hy  -  1) 


( x(o)  +  nx(o)  =  o 

'  2/(0)  +  ny(0)  =  /3  (7) 

( 5(0)  +  nz(o)  =  o 

We  expanse  the  functions  which  are  given  in  (6), (7)  in  Taylor  series  of  s. 
Equating  coefficients  of  same  power  of  e  in  both  side  of  equity,  we  obtain  a 
sequence  of  linear  boundary  value  problem.  At  first  we  consider  the  leading 
term 

(  dx o  _  - 

1*72/0 

'  0  =  Zo  (8) 

l  0  =  4>(xo)zo  -  cyp-'zo  +  ySiVo  -  a)(y0  -  1) 

(  riling  =  Q 

4s  =  n0E  (9) 
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and 


M  0,  e)  =  0,  z/(0,  e)  =  0  (15) 

It  follows  from  the  fixed  point  theorems  in  Banach  space  that  there  exists  a 
unique  solution  to  the  system  (14), (15)  and  the  following  estimation 

IM*,£)||  <  <reN+x,  Mt,e)||  <  <reAr+1, 

where  a  is  a  constant.  So  we  proved  the  following  theorem: 

Theorem:  Under  the  conditions  (H1),(H2),  there  exists  a  unique  solution 
h(t,e)  to  problem  (3), (4)  and  the  following  estimation 

N  , 

h(t,  e)  =  V  eJ[hj(t)  +  TT  /i(-)]  +  o(eAr+1),  (e  -►  0) 

i= i  3  £ 

holds  uniformly  for  0  <  t  <  T,T  >  0  is  a  constant. 
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We  study  the  dynamics  of  divergence-free  vector  fields  on  general  2D  Manifolds. 
Connections  to  the  Hamiltonian  vector  fields  are  also  indicated.  The  main  moti¬ 
vation  is  to  understand  the  topological  and  geometrical  structure  of  the  Lagrange 
dynamics  of  incompressible  fluid  flows. 


257 


1  Introduction 


The  main  motivation  of  this  Note  is  to  present  some  results  and  ideas  of  a 
recent  new  geometric  theory  developed  by  the  authors  on  2-D  incompressible, 
flows.  The  point  of  view  of  this  theory  is  to  classify  the  topological  structure 
and  its  transitions  of  the  instantaneous  velocity  field  (i.e.  streamlines  in  the 
Eulerian  coordinates),  treating  the  time  variable  as  a  parameter.  Based  on  this 
viewpoint,  our  theory  contains  two  main  steps:  a)  the  study  of  the  global  topo¬ 
logical/geometric  structure  of  divergence- free  vector  fields  on  2-D  manifolds, 
and  b)  transitions  of  the  global  structure  of  the  velocity  fields  as  solutions  of 
the  Navier-Stokes  equations  of  2-D  incompressible  fluid  flows  as  the  time  t  or 
the  Reynolds  number  changes. 

This  article  along  with  2,3,456  is  in  the  first  direction.  In  2,4?  we  studied 
the  case  where  M  is  a  compact  submanifold  of  S 2.  In  this  case,  the  classical 
Poincare-Bendixson  theorem  holds  true.  Hence  in  particular,  we  proved  that 
>  a  divergence-fee  vector  field  is  structurally  stable  with  divergence-free  vector 
fields  perturbations  if  and  only  if  (1)  v  is  regular;  (2)  all  interior  saddle  points 
of  v  are  self-connected;  and  (3)  each  boundary  saddle  point  is  connected  to 
boundary  saddles  on  the  same  connected  component  of  the  boundary.  These 
conditions  are  quite  different  from  those  in  the  classical  M.  Peixoto8  structural 
stability  theorem  for  general  vector  field  with  general  vector  feilds  perturba¬ 
tions  on  two-dimensional  compact  manifolds;  they  are  (i)  the  field  can  have 
only  a  finite  number  of  singularities  and  closed  orbits  (critical  elements)  which 
.  must  be  hyperbolic;  (ii)  there  are  no  saddle  connections;  (iii)  the  non  wander¬ 
ing  set  consists  of  singular  points  and  closed  orbits.  A  direct  consequence  of  the 
above  two  sets  of  necessary  and  sufficient  conditions  is  that  no  divergence-free 
vector  field  is  structurally  stable  under  general  Cr  vector  fields  perturbations. 
Such  a  drastic  change  in  the  stable  configurations  is  explained  by  the  fact  that 
divergence-free  fields  preserve  volume  and  so  attractors  and  sources  can 
never  occur  for  these  fields.  In  particular,  this  makes  it  natural  the  restriction 
that  saddles  in  the  boundary  must  be  connected  with  saddles  on  the  boundary 
on  the  same  connected  component,  in  the  third  condition. 

Progress  has  also  been  made  in  the  second  direction  recently  in5,1.  In5,  we 
proved  that  when  M  is  a  compact  submanifold  of  S 2  for  any  external  forcing  in 
an  open  and  dense  subset  of  Ca(TM)  (0  <  a  <  1),  all  steady  state  solutions  of 
•  the  two-dimensional  Navier-Stokes  equations  are  structurally  stable.  In  1 ,  we 
study  the  structural  bifurcation  of  one-parameter  families  of  divergence-free 
vector  fields. 

The  main  objective  of  this  article  is  to  study  the  dynamics  of  divergence- 
free  vector  fields  on  general  2D  compact  manifolds.  The  main  results  include 
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1).  a  limit  set  theorem  and  structural  classification  of  divergence- free  vector 
fields,  2).  topological  structure  of  ergodic  sets  of  divergence-free  vector  fields, 
3).  structural  instability  and  block  stability  of  divergence-free  vector  fields 
on  2D  compact  manifolds  with  nonzero  genus,  and  4).  structural  classfication 
and  stability  of  Hamiltonian  vector  fields  on  2D  compact  symplectic  manifolds. 
The  proof  of  these  results  are  length  and  technical,  and  will  be  given  in3’6. 

2  Limit  Set  Theorem  and  structural  classification 

Let  M  be  a  two  dimensional  differentiable  manifold  with  boundary  dM.  We 
always  assume  that  r  >  1  is  an  integer.  Let  C£(TM)  be  the  space  of  all  r-th 
differentiable  vector  fields  v  on  M  such  that  v\dM  G  Cr(TdM ),  namely  the 
restriction  of  any  r-th  differentiable  vector  field  v  G  Cr(TM)  on  the  boundary 
dM  is  a  r-th  differentiable  vector  field  of  the  tangent  bundle  of  dM. 

A  point  p  G  M  is  called  a  singular  point  of  v  €  C^(TM)  if  v(p)  =  0;  a 
singular  point  p  of  v  is  called  nondegenerate  if  the  Jacobian  matrix  Dv(p)  is 
invertible;  v  is  called  regular  if  all  singular  points  of  v  are  nondegenerate.  For 
convenience,  we  let 

Dr(TM){v  G  Crn(TM) |  div  v  =  0}, 

and 

Dq(TM)  =  {v  G  Dr{TM) |  v  is  regular  }. 

Here  we  assume  that  M  is  a  Riemannian  manifold  with  the  Riemannian  metric 
Q •  The  differential  operator  div  is  the  divergence  operator  of  a  vector  field, 
which  can  be  defined  in  terms  of  the  Levi-Civita  connection. 

Let  $(x9t)  be  the  orbit  passing  through  x  G  M  at  t  —  0  of  the  flow 
generated  by  v.  An  orbit  withjts  end  points  is  called  a  saddle  connection  if 
its  a  and  cj-limit  sets  are  saddle  points. 

Thanks  to  the  divergence- free  conditions,  the  properties  of  divergence- 
free  vector  fields  are  quite  different  from  those  of  general  vector  fields.  We 
now  recall  some  basic  facts  of  divergence-free  vector  fields,  which  will  be  used 
hereafter  in  this  article. 

1.  It  is  easy  to  see  that  for  any  v  €  Dr(TM)  an  interior  non-degenerate 
singular  point  of  v  can  either  be  a  center  or  a  saddle,  and  a  nondegenerate 
boundary  singularity  must  be  a  saddle. 

2.  The  divergence-free  condition  eliminates  the  existence  of  limiting  cycles. 
Hence  for  any  v  G  Dr(TM),  and  V  C  M  be  the  set  consisting  of  all  closed 
orbits  and  centers  of  v.  Then  V  is  open. 

3.  The  classical  Poincare-Bendixson  theorem  holds  true  for  submanifolds 
of  S2  (or  P 2  or  K2).  In  particular,  both  the  w-limit  and  the  a-limit  sets  of  a 
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regular  divergence  free  vector  field  on  a  submanifold  of  S2  (or  p2  or  K 2)  must 
be  either  a  saddle  point,  or  a  non  limiting  cycle  closed  orbit. 

To  to  obtain  a  structural  classification  for  divergence-free  vector  fields  on 
general  two-dimensional  manifolds,  we  need  a  new  version  of  the  Poincare- 
Bendixson  theorem  to  understand  the  u>  and  a  limit  sets.  It  is  well  known  that 
flows  on  a  torus  may  be  nontrivially  recurrent,  and  the  u  and  a  limit  sets  can 
be  very  complicated  sets.  For  instance,  the  u  and  a  limit  sets  of  the  Cherry 
flow  can  have  the  structure  of  Cantor  sets;  see7.  Thanks  to  the  divergence- free 
conditions,  we  have6 

Theorem  2.1  (Limit  Set  Theorem)  Let  M  be  a  two-dimensional  compact 
manifold  with  or  without  boundary  and  v  G  Dr(TM)  be  a  regular  vector  field. 
Let  xq  €  M  be  a  regular  point  of  v.  Then  the  a  and  u  —  limit  sets  a(xo)  and 
u>(xo)  must  be  one  of  the  following  types:  1).  a  closed  orbit,  but  not  a  limit 
cycle,  2).  a  saddle  point,  or  3).  a  connected  closed  domain  H  C  K  —  M  —  V, 
with  d£l  consisting  of  saddle  connections .  Here  V  C  M  is  the  open  set  con¬ 
sisting  of  the  closed  orbits  ofv. 

We  then  proceed  with  the  structural  classification  of  divergence- free  vector 
fields  as  follows. 

Let  v  G  Dq(TM)  be  a  regula  divergence-free  vector  field.  First,  let  p  G  M 
be  a  center",  then  there  is  an  open  neighborhood  C  of  p,  such  that  for  any 
x  G  C(x  ^  p),  the  orbit  <&(x,t)  is  closed.  We  call  the  largest  neighborhood  C 
of  p  of  this  type  is  called  a  circle  cell  of  p. 

Second,  let  B  C  M  be  an  open  set,  such  that  for  any  x  G  B,  the  orbit 
$(£,  t)  is  closed,  and  any  connected  component  £  of  dB  is  not  a  single  point. 
Then  B  is  called  a  circle  band  of  v. 

Third,  a  closed  domain  F  C  M  (i.e.  cl(int  F)  =  F)  is  called  an  ergodic 
set  of  v  G  Dr(TM)  if  for  any  x  G  F  with  u(x)  not  a  singular  point  of  v ,  then 
uj(x)  =  F. 

Then  as  a  corollary  of  the  limit  set  theorem,  we  have 
Theorem  2.2  (Structural  Classification)  Let  M  be  a  two-dimensional  com¬ 
pact  manifold  with  or  without  boundary,  and  v  G  Dr(TM)  be  regular .  Then 
the  topological  set  of  orbits  ofv  consists  of  finite  connected  components  of  1). 
circle  cells  and  circle  bands,  2).  ergodic  sets,  and  3).  saddle  connections. 

3  Topological  structures  of  ergodic  sets 

The  topological  structure  of  ergodic  sets  is  more  complex  than  that  of  circle 
cells  and  circle  bands. 

Definition  3.1  Let  TV  be  a  compact  manifold  without  boundary  and  with 
genus  k  >  0.  A  closed  domain  Q  C  TV  is  called  a  pseudo-manifold  with  genus 
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9  if 

1) .  Cl  is  connected  and  dCl  is  homeomorphic  to  a  union  of  finite  number  of 

circles  51,  each  of  which  has  finite  number  of  common  points  with  the 
other,  and 

2) .  there  exists  a  submanifold  M  C  N,  such  that  Cl  c  M  and  M  is  re¬ 

tractable  to  H  in  N. 


The  genus  g  of  H  is  defined  to  be  the  genus  of  M,  and  M  is  called  an  extended 
manifold  of  Cl. 

Definition  3.2  Let  Cl  be  an  ergodic  set  of  v. 

1) .  A  saddle  point  p  e  ft  of  v  is  an  ^-interior  saddle  if  there  are  four  orbits 

connecting  p  in  0; 

2) .  A  saddle  point  p  £  Cl  of  v  is  an  ^-boundary  saddle  if  there  are  only  three 

orbits  connecting  p  in  Cl,  and 

3) .  A  saddle  point  p  6  of  v  is  an  Q-exterior  saddle  point  if  there  are  only 

two  orbits  connecting  p  in  Cl. 

The  following  theorem  characterizes  the  topological  structure  of  ergodic 
sets. 

Theorem  3.1  Let  M  be  a  compact  manifold  with  or  without  boundary  and 
with  genus  k  >  1.  Let  v  £  Dr(TM)  (r  >1)  be  regular  and  ft  C  M  be  an 
ergodic  set  ofv .  Then  Q  is  homeomorphic  to  a  pseudo-manifold  with  or  without 
boundary  with  the  genus  g  of  Cl  satisfying 

f  1  <  9  <  h,  if  fi  orientable,  * 

4  <  g  <  fc,  if  Cl  nonorientable.  '  ’ 


Moreover,  the  Euler  characteristic  of  Cl  is  given  by 

x(fi)  =  -«  -  (3.2) 

where  s  is  the  number  of  Cl-interior  saddles  and  b  is  the  number  of  Cl-boundary 
saddles  of  v  in  fh  Consequently ,  the  genus  of  Cl  is  given  by 

_  f  1  +  |(s  +  -  r),  if  Cl  orientable,  ,  . 

Q  ~  2  +  s4*|6  —  r,  if  Cl  nonorientable,  '  '  ' 

where  r  is  the  number  of  connected  components  of  the  boundary  of  the  extended 
manifold  M\ . 
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When  M  is  a  torus  with  or  without  boundary,  the  topological  structure 
of  an  ergodic  set  of  M  is  simpler.  We  denote  by  \/m  S1  C  T2  the  connected 
topological  set  which  consists  of  m  circle  S 1  with  exactly  m  —  1  common  points 
between  them,  and  \/mS 1  encloses  m  closed  disks  in  T2. 

Theorem  3.2  Let  M  be  a  torus  with  or  without  boundary ,  and  v  £  Dq(TM) 
(r  >  1)  be  regular .  Let  Cl  C  M  be  an  ergodic  set  of  v.  Then 

1) .  Cl  is  a  pseudo-torus  (genus  g  —  1)  with  or  without  boundary ; 

2) /  each  connected  component  of  dCl  is  homeomorphic  to  \jmSl  (m  >  1), 

and  has  exactly  two  saddle  orbits  in  the  interior  of  Cl,  int  Cl;  and 

3) .  int  Cl  does  not  contain  saddle  points  of  v. 


4  Structural  instability  and  block  stability  on  2-Manifolds  with 
nonzero  genus 

The  structural  classification  theorem  and  the  structure  of  the  ergodic  sets 
on  tori  suggest  the  introduction  of  a  new  concept  called  block  stability  of 
divergence- free  vector  fields  on  a  torus  T2. 

Definitional  Let  M  =  T2.  A  divergence- free  vector  field  v  G  Dr(TM)  is 
called  a  basic  vector  field  if  v  is  regular  and  M  can  be  decomposed  into  blocks 
as  M  =  auf=1  Ai  with  fl  Ai  =  0,  A4  n  Aj  -  0  such  that 

a)  Each  Ai  C  M  is  an  open  invariant  submanifold  of  v  with  zero  genus,  and 
Cl  is  a  compact  invariant  submanifold  of  v  of  genus  one; 

b)  The  restriction  of  v  on  each  Ai  is  a  self- connection  vector  field,  and  v 
has  exactly  one  saddle  point  on  each  dAi. 


The  we  have  the  following  main  theorem  of  this  article. 

Theorem  4.1  For  each  basic  vector  field  v  6  Dr(TM)  having  block  decom¬ 
position  M  —  Cl  Uf=1  Ai,  there  is  a  neighborhood  O  C  Dr(TM)  of  v  such 
that 

1.  each  vi  e  O  has  a  block  decomposition  M  —  U A-1^  with  f l C1)  and 

Z—i.  I 

A\)  (1  <  i  <  K)  homeomorphic  to  Cl  and  A  respectively.  Namely,  the 
block  structure  of  v  is  stable; 


2.  v  is  topologically  equivalent  to  vi 

Ai 


A w 


for  any  v\  £  O;  and 


3.  v  and  vi  are  either  periodic  or  erqodic. 
ci  no) 
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Furthermore,  the  set  of  all  basic  vector  fields  is  open  and  dense  in  Dr(TM). 

Thanks  to  this  block  decomposition,  it  is  easy  to  see  that  no  divergence- 
free  vector  field  on  tori  is  structurally  stable  with  divergence-free  vector  field 
pertubations,  due  to  the  presence  of  ergodic  sets. 

5  Hamiltonian  dynamics  on  two-dimensional  symplectic  manifolds 

According  to  the  Hodge  decomposition,  when  ^  0,  a  divergence-free 

vector  field  consists  of  both  the  Hamiltonian  and  the  harmonic  parts.  There¬ 
fore,  the  results  and  theory  in  Hamiltonian  dynamics  do  not  seem  to  be  directly 
applicable  to  divergence-free  vector  fields. 

On  the  other  hand,  thanks  to  the  Liouville- Arnold  invariant  tori  theo¬ 
rem,  there  are  no  ergodic  sets  for  a  regular  Hamiltonian  vector  field  for  a 
Hamiltonian  vector  field  on  a  two-dimensional  compact  symplectic  manifold 
M.  Therefore  we  obtain 

Theorem  5.1  A  Hamiltonian  H  is  structurally  stable  under  perturbations  of 
Hamiltonian  fileds  if  and  only  if  1).  dH #  is  regular,  and  2).  all  saddle  points 
are  self- connected.  Moreover,  the  set  of  structurally  stable  Hamiltonian  vector 
fields  is  open  and  dense  in  Hr(TM)  (r>  l).  Here  Hr(TM)  is  the  space  of  all 
Cr  Hamiltonian  vector  fields  on  M. 

In  view  of  this  result  for  Hamiltonian  vector  fields,  it  is  easy  to  see  that  the 
instability  of  an  divergence-free  vector  field  is  due  to  the  presence  of  ergodic 
sets  caused  by  the  harmonic  perturbations. 
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Let  fn  ~rn  and  /Sl...Sn  be  two  translation  maps  of  torus  T71,  n  >  1.  Then  /ri...rn 
and  /3l...fin  are  topologically  conjugate  if  and  only  if  there  exists  an  integral  square 
matrix  A  of  order  n  such  that  its  determinant  \A\  =  1  or  —1,  and  (n,  •  •  • ,  rn)*  A  = 


1  Introduction 

In  the  theory  of  dynamical  system,  the  dynamical  systems  on  tori  Tn  (n  >  1) 
occupy  a  specific  important  position.  For  example,  in  order  to  explain  the 
concepts  of  almost  periodic  motion  and  non-chaotic  transitive  map,  one  usually 
need  to  know  the  irrational  rotations  of  the  circle  Sl  (~  T1).  By  giving  a  flow 
on  torus  T2  which  has  a  singular  point,  Stepanov  has  shown  that  the  minimal 
attractive  center  and  the  set  of  central  motions  of  a  flow  can  be  distinct. 
Markov  constructed  a  C 1  differentiable  (but  not  analytic)  flow  on  T2,  whose 
minimal  set  is  the  whole  torus,  but  whose  most  of  motions  are  not  Liapunov 
stable  (see  [1]).  By  constructing  analytic  flows  on  T2  which  are  also  minimal, 
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and  also  contain  Liaponov  unstable  motions,  Ding  [2]  and  Mai  [3]  obtained 
answers  of  the  Birkhoff’s  conjecture  respectively. 

The  above  example  of  Stepanov,  Markov,  Ding  and  Mai  are  all  continuous 
flows  on  T2,  which  are  all  obtained  from  uniform  continuous  flows  on  T2  by 
changing  their  velocities  at  different  points  in  distinct  sorts  of  ways.  In  this 
paper  we  will  consider  uniform  discrete  flows  on  torus  Tn  for  any  dimension 
n  >  1.  On  Tn,  uniform  discrete  flows  are  generated  by  translation  maps. 
We  will  discuss  the  classification  problem  of  all  translation  maps  of  tori  by 
topological  conjugacy.  Our  main  result  is  the  following  theorem. 

Theorem  11  Let  f  Ti  ••■TV  and  fSl  -  sn  be  two  translation  maps  of  torus  Tn  to 
itself  n  >  1.  Then  /rr..rTl  and  /si—sn  o,re  topologically  conjugate  if  and  only 
if  there  exists  an  integral  square  matrix  A  of  order  n  such  that  its  determinant 
\A\  =  l  or- 1,  and  (n,- •  •  ,rn)\4  =  (si,---,sn)\  . 

2  Translation  Maps  of  Tori 

Denote  by  Z,  Z+  and  N  the  sets  of  integers,  nonnegative  integers  and  natural 
numbers,  respectively.  Let  R  be  the  real  axis,  and  Rn  be  the  Euclidean  n- 
space  with  Euclidean  metric  d,  n  >  1.  Then  Rn  is  also  a  vector  space,  and  is 
an  additive  group,  and  Zn  is  a  subgroup  on  Rn. 

Let  Tn  =  Rn/Zn  be  the  quotient  group,  with  the  quotient  topology.  Then 
Tn  is  an  analytic  manifold  with  the  analytic  structure  induced  by  Rn.  Tn  is 
called  the  standard  n-torus.  A  space  homeomorphic  to  Tn  is  called  an  n -torus . 
Note  that  T 1  is  homeomorphic  to  the  unit  circle  Sl . 

Let  pn  :  Rn  — >  Tn  (=  R njZn)  be  the  natural  projection.  For  any 
(tir'-itn)  €  Rn,  write  pn(*i,  •  •  •  ,*n)  as  fa  Then  fa  , •••,*«)*  = 

{(ti  -Hi,  *  •  •  ,tn  +  in)  :  fa,  •  •  *  ,in)  e  Zn},  which  both  is  a  subset  of  Rn,  and  is 
a  point  in  Tn. 

For  any  fa,  •  •  •  ,rn)  6  Rn,  define  Frv..Tn  :  Rn  Rn  and  fri  ~rn  :  Tn  — ► 
Tn ,  which  are  called  translation  maps  of  Rn  and  of  Tn  respectively,  by,  for  all 
fa,--  ,tn)  €  Rn, 

Frr~rnfar--,tn)  =  (*x  +  n,  + rn),  '  (2.1) 

fri’*‘Tn{fa t '  ’  *  >tn)  )  ==  fa  +  r\,  •  •  • , tn  4*  rn)*.  (2-2) 

The  classification  problem  of  translation  maps  of  Rn  by  topological  con¬ 
jugacy  is  trivial.  In  fact,  we  have 

Proposition  3  Let  {(n,  •••,»•„),  (a,,-- •,«„)}  C  Rn  -  {(0,  •  ■  • ,  0)}.  Then 
Fri—  r„  and  are  topologically  conjugate.  Concretely ,  arbitrarily  choose 
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an  invertible  real  square  matrix  B  of  order  n  such  that  (rx,--*,rn)  •  B  = 
(sx,  •  •  • ,  sn);  and  define  a  linear  transformation  :  Rn  — >  Rn  by 

€B(tir--,tn)  =  (tir-‘,tn)  ■  B,  for  any  (tu  •  •  •  ,tn)  E  Rn.  (2.3) 

Then  £bFt i--rn  =  -F 

However,  the  classification  of  translation  maps  of  torus  Tn  is  rather  com¬ 
plex. 

3  Linear  Transformations  of  Tori 

For  any  V,  W  C  Rn,  (ax,  •  ■  • ,  an)  €  Rn  and  X,Y  C  Tn,  write 

y  -f  W  =  {(ri  +  51}  •  •  •  ,r„  +  sn)  :  (n,  •  •  -  ,r„)  €  V}  and  (si,--  -  ,s„)  €  W}t 

V  +  (ax,  •  •  * ,  an)  —  {(rx  +  ax,  •  •  • ,  rn  +  an)  :  (rx,---,rn)  ^7}, 

^  +  =  {(ri  +5i,*--,rn  +  sn)*  :  (ri,---,rn)*  €  X,  and  (sx,  —  ,sn)*  €  y}. 

Denote  by  Mn(R)  (resp.  Mn(Z))  the  set  of  all  real  (resp.  integral)  square 
matrixes  of  order  n.  For  any  B  G  Mn{ R)  and  any  V  C  Rn,  write 

'  VB  =  V-B  =  {(tlr.-itn)'B:(tlr--,tn)eV}. 

For  any  A  G  Mn(Z),  we  can  define  a  map  Ha  :  Tn  — Tn  by 

M(*1.  •  •  •  ,*nj*)  =  ((tu  •••,*«)•  A)*,  for  all  (tx, : .  •  ,tn)  6  Rn.  (3.4) 

Such  an  Ha  is  called  a  linear  transformation  (or  linear  map)  of  Tn.  Note  that 
Iia  is  continuous.  Obviously,  we  have 

Lemma  3  Let  A  G  Mn( Z).  Then  Ha  is  onto  if  and  only  if  \A\  ^  0. 

Lemma  4  Let  A  G  Mn(Z),  and  k  G  N.  i/  |A|  =  k  or  —k,  then  Ha  is  a 
covering  map  of  k-fold. 

Lemma  5  Let  A  G  Mn(Z).  Then  the  following  six  properties  are  equivalent: 

(a)  the  determinant  \A\  =  1  or  —  1. 

(b)  |  A  |  ^  0,  and  the  inverse  matrix  A-1  G  Mn(Z). 

(c)  Zn-A  =  Zn. 

(d)  (n,  •  ■  • , rn)*  •  A  =  ((n,  •  *  • , rn)  •  A)*  /or  some  point  (n,  •  •  ■ ,  rn)  G  Rn. 

(e)  (r1}  *  •  •  ,rn)*  •  A  ==  ((n,  •  ■  •  ,rn)  •  A)*  for  all  point  (rx,  •  ■  •  ,r„)  G  Rn. 

(f)  Ha  is  a  homeomorphism.  □ 
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4  Proof  of  Theorem  1 

Now  we  give  the  proof  of  Theorem  1. 

Proof.  If  there  exists  an  integral  square  matrix  A  of  order  n  such 

that  \A\  =  1  or  —  1,  and  (n,  ■  •  •  ,  rn)*A  =  (si, *  *  * ,  sn)*,  then,  by  Lemma  3,  Ha  is 
a  homeomorphism,  where  Ha  is  defined  as  in  (4),  and  for  any  (ti ,  •  •  • ,  tn)  €  Rn, 
we  have 

^A/ri"-r„  ((^1  j  ’ *  * , ^n)  )  ^a((^1  4“  ^1, *  *  * ,  4"  ^*n)  ) 

=  ((ti  4* n,  •  •  •  ,tn  4-  rn)  •  A)*  =  ((ti,  •  •  •  ,£n)  •  A)*  +  ((ri,  •  •  ■  ,r„)  •  A)* 

=  ^a((^1  j  *  ‘  *  >  ^n)  )  4*  (si ,  •  •  •  ,  Sn)  =  /si*”Sn^A((^l  j  *  *  *  >  ^n)  )• 

This  implies  that  Jia  is  a  topological  conjugacy  from  /ri...rn  to  /Sl...Syi. 

(=>)  If  frx-rn  and  f3l...Sn  are  topologically  conjugate,  then  there  exists 
a  homeomorphism  p  :  Tn  — ►  Tn  such  that  gfri~rn  =  fsisn9-  Let  0n  = 
(0,  •  •  • ,  0)  be  the  origin  of  Rn.  Suppose  g(0 *)  =  (— ai,  •  •  • ,  —an)*.  Let  ft  = 
fai-ang ■  Then  ft  is  also  a  homeomorphism  from  Tn  to  Tn,  and  ft(0*)  = 
0*.  Noting  hfrx...rn  =  fai-an9fri'--rn  =  /ai—an/si"-sn0  ~  fsi---snfai--an9  = 
fsi-  'snh ,  see  that  ft  is  also  a  topological  conjugacy  from  fri--rn  to  /Sl...5n. 
The  natural  projection  pn  :  Rn  — >  Tn  is  a  covering  map.  Since  Rn  is  simply 
connected,  there  exists  a  unique  lift  iJ  :  Rn  — »  Rn  of  hpn  :  Rn  — *  Tn  relative 
to  pn  such  that 

ff(0„)  =  On,  (4.5) 

see  [4,  p.230].  Of  course,  the  translation  map  Fr  1...rn  :  Rn  — ►  Rn  is  also  a 
lift  of  fn-rnPn  :  Rn  — ►  Tn  relative  to  pn.  Therefore,  we  have  the  following 
commutative  diagram. 

Similarly,  there  is  a  unique  lift  H'  :  Rn  — ►  Rn  of  h~lpn  relative  to  pn  such 
that  JT'(On)  =  On-  So  H'H  :  Rn  ->  Rn  is  a  lift  of  pn  =  h^hpn  :  Rn  Tn 
relative  to  pn,  which  satisfies  H'H(On)  =  On.  Noting  the  identity  map  id  : 
Rn  —>  Rn  is  the  unique  lift  of  pn  relative  to  pn  itself  which  preserves  On  to  be 
fixed,  we  have  H'H  =  id.  Analogously,  we  also  have  HH'  =  id.  This  implies 
that  H  :  Rn  — >  Rn  is  a  homeomorphism,  and  H'  =  H~l. 

For  any  (ti,  •  •  • , tn)  €  Rn,  since 

PnH((tU  *  *  *  ,tnD  =  fcPn((*l,  •  *  -,*»)•)  =  *((*!,-  *  *  ,*»)*) 


is  only  a  point  in  Tn,  we  have  H((ti,  *  •  *  ,£n)*)  C  •  •  •  ,tn))*-  Conversely, 

•  •  •  ,*„))*)  C  =  (^i , *  *  * , ^n)*  also  holds.  Hence 
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Particularly,  taking  (ii,  •  •  •  ,tn)  =  0„,  we  obtain 

H(Zn)  =  Zn. 


(4.6) 


For  any  (tj,  •  •  •  ,in)  €  Zn,  (i  1 ,  -  -  - ,  tn)  S  Rn  and  any  arc  L  in  Rn  with  endpoints 
being  On  and  (*i,  •  •  -,£„),  it  follows  from  pnH(L  +  (tx,  ■  ■  ■  ,in))  =  hpn(L  + 
(i  1  >  •  •  •  >  in))  =  hpn(L)  =  pnH ( L )  and  the  continuity  that  H(L  +  (i1,  -  ■  ■ ,  in ))  = 
H(L)  +  H(ii,  ■  ■  ■ ,  in),  which  implies 

H((h,---,tn)  +  (iu---,in))=H(t1,---,tn)  +  H(i1,---,in).  (4.7) 

Thus  H |Z"  :  Zn  — >  Zn  is  a  linear  map  (but,  in  general,  H  itself  is  not  linear), 
and  hence  there  exists  Ah  E  Mn( Z)  such  that 

-^(^i  )  *  *  *  j  in)  —  (i\  j  *  *  *  j  in) '  Ah j  for  all  (zi,  •  •  • ,  in)  G  Zn .  (4-8) 

By  (6),  (8)  and  Lemma  3  we  know  \AH\  —  1,  or  —  1. 


Fn—rn 

i?n  - **  Rn 


Fig.l.  The  commutative  diagram 
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I  From  the  above  commutative  diagram  we  get  pnH(r\,  •  ♦  • ,  rn)  =  hpn{r\ , 

=  h((ru  =  hfri...rn(0*n)  =  fSl-sM°n)  =  fsi-sAOn)  = 

(siy  •  •  • ,  sn)*.  Hence  there  exists  (fei,  •  •  • ,  fen)  €  Zn  such  that 

H(rx,---,rn)  =  +  (&!,•••,&„).  (4.9) 

For  any  £  €  [0,oo),  write  vt  =  (trx,- ■  ■  ,trn).  Then  Vi  -  (rj, •  •  ■  ,rn), 
vo  =  H(vo)  =  On,  and  vt  =  tv x.  From  the  above  commutative  diagram  we 
also  obtain 

PnH{vt  +  Vi)  =  Apn(wt  +  (ri,  •  •  •  ,rn))  =  hpnFri...rn(vt) 

=  hfri...rnPn(vt)  =  fSl~Snhpn(Vt)  =  fSl-snPnH(vt) 

=  pnFSirsnH(Vt)  =  Pn(H{vt)  +  (Si,  ‘  ,  Sn))-  (4.10) 

Thus  there  exists  (fe*i,  •  •  • ,  fe*n)  €  Zn  such  that 

H(vt  +  Vi)  =  +  (si,  •  •  • ,  sn)  +  (feu,  •  •  • ,  fe*n).  (4.11) 

Since  Zn  is  a  discrete  subset  of  Rn,  by  the  continuity,  (6*1,  •  •  * ,  btn )  is  indepen¬ 
dent  from  t  In  addition,  by  (9)  and  (5)  we  have  (601,  •  •  • ,  feon)  =  (61,  •  •  • ,  6n). 
Thus 

(feu,  *  *  • ,  btn)  =  (fei,  •  •  ■ ,  fen),  for  all  t  €  [0, 00).  (4.12) 

Write  W\  =  (si-ffei,  •  •  ■ ,  sn  +  fe„).  Then  (11)  and  (12)  yield  H(vt+ 1)  =  H(vt)  + 
w\ ,  which  leads  to 

H(vt+k)  ~  H{vt)  +  kwi,  for  all  te  [0, 00)  and  he  N. 
Particularly,  since  H(v 0)  =  vq  =  On,  we  have  H{vk)  =  kwx,  i.e. 

H(kri,  -  •  • ,  krn)  =  (k(sx  +  fei),  •  •  • ,  k(sn  +  fen)),  for  all  ke  N.  (4.13) 
Suppose  (rlf  ■  •  ■ ,  rn)  •  Ah  =  (qu  *  *  •  ,  On)-  Then 


(kri,  ■  •  • ,  krn )  •  -  (%,  •  •  • ,  kqn).  (4.14) 

If  (tfi,  *  *  •  J  Qn)  ^  (si  +  fei)  *  *  *  J  sn  +  fen),  then  from  (13)  and  (14)  we  get 

lim  d{H(krx,  •  •  • ,  krn),  (krx,  •  •  • ,  krn)  •  AH)  —  00.  (4.15) 

fc— >00 

On  the  other  hand,  consider  the  unit  cube  7n  in  Rn,  where  I  =  [0, 1].  Let 
P  - .max{d(H(tu--',tn),  (t\ ,•■•,*„)•  Ah)  «  (*i,---,tn)  e  In}.  Then  (3  <00. 
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For  any  (x i,---,xn)  £  R",  take  (tlr--,tn)  £  In  and  fa e  Zn  such 
that  (xi,  -  •  ■ ,  xn)  =  ( ti  +  ii,  ■  •  ■ ,  tn  +  in).  Then  by  (7)  and  (8)  we  get 

d(H(Xl ,  *  '  *  ,  Xn)  ,  (xi ,  *  '  •  ,  Xn)  *  Ah ) 

=  ■■  ,tn)  +  H(ii,  ■  ■  ^in),  fa,-  ■  ■  ,tn)  ■  Ah  +  fa,  ••  •  ,in)  ■  Ah) 

=  d(H(ti,  ■  ■  ■  ,tn),  (ti,  •  •  •  ,tn)  •  Ah) 

<P<oo,  for  all  (xi,  •  •  • ,  xn)  £  R",  (4.16) 

which  contradicts  (15).  Thus  we  must  have  (51,  •  •  • ,  qn)  =  (si  +  bi,  ■  •  ■ ,  sn  + 
bn),  and  hence,  by  Lemma  3,  (ri, ■••,»•„)*  •  AH  =  ((n ,---,rn)  ■  Ah)*  = 
(91 1  •  • '  >  Qn)*  =  (si,  •  ■  • ,  sn)*.  Theorem  1  is  proven.  □ 

Example  1  Suppose  n  =  2,  (n,r2)  =  (^,  f.).  and  (Sl,s2)  =  (fy,  fi)-  Take 
/  ^  2  \ 

A=  j  g  •  Then  |j4|  =  1,  and  (ri,r2)-j4  —  (si,S2)  €  Z2.  Thus,  by  Theorem 

1,  the  translation  maps  frir2  :T2  -+T2  and  fSlS7  :  T2  -+  T2  are  topologically 
conjugate. 

Example  2  Suppose  n  =  3,  (ri,r2,r3)  =  (4^  +  4^2,  V3  -  y/2,  -  1/3), 

and  (si,s2,s3)  =  (8\/3,  -  16^2  +  2/3,  11^3  -  5 y/2  +  1/3).  Take  A  = 
/I  -2  2\ 

.  4  8  3  1 .  Then  \A\  =  1,  and  (r1,r2,r3)  -  A-  (s1,s2,s3)  £  Z3.  By 

v  3  7  2  1 

Theorem  1,  the  translation  maps  frlT2r3  :T3  —>T3  and  fSlS2S3  :  T3  -»  T3  are 
also  topologically  conjugate. 

Example  3  If  ri ,  •  •  • ,  rn  are  all  rational  numbers,  and  {si ,  •  •  • ,  sn}  contains  at 
least  an  irrational  number,  then  there  is  no  A  £  Mn{ Z)  such  that  ((n,  •  •  • ,  rn) ■ 
A)*  =  (si,  •  •  •  ,sn)*,  and  hence,  by  Theorem  1,  the  translation  maps  fri—rn  ■ 
Tn  —■ >  T"  and  fSl  -sn  -Tn  —*Tn  are  not  topologically  conjugate. 

More  generally,  for  some  k  £  {1,  •  •  • ,  n},  if  there  is  no  (01,  •  •  • ,  an)  £  Zn 
such  that  airi  H - h  anrn  —  Sk  £  Z,  then  fTl--rn  and  f3l...Sn  are  not  topolog¬ 

ically  conjugate. 
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The  existence  of  curves  and  symmetric  maps  with  minimal  total  tension  is  proved. 
Such  curves  and  maps  satisfy  a  class  of  fourth  order  differential  equations. 


1  Definitions  of  biharmonic  maps  and  curves 

Let  N  be  a  Riemannian  manifold  embedded  into  the  Euclidean  space  Rm ,  m  > 
2,  and  ft  a  smooth  bounded  domain  in  Rn,  n  >  1.  Given  maps  <p  :  5ft  — >  N 
and  ip  :  5ft  T^N  (i.e.,  ip  ( x )  is  tangent  to  N  at  <p(x)  for  x  €  5ft),  we  look 
>  for  an  “optimal”  map  u  :  ft  — >  N  such  that 

u  —  ip,  ^  =  ip  on  5ft,  (1.1) 

on 

where  n  is  the  exterior  normal  direction  of  5ft.  In  other  words,  we  look  for 
a  “best”  way  to  extend  the  boundary  value  p  with  the  prescribed  normal 
derivative  ip.  Typical  examples  of  ft  and  N  are  the  unit  ball  and  the  unit 
sphere,  respectively.  In  this  case,  ip  :  5ft  — >  T^N  means  tp(x)  -  ip  (x)  =  Ofor 
all  |z|  =  1. 

With  the  given  Dirichlet  data  p,  the  most  natural  extension  is  perhaps 
the  harmonic  map.  Recall  that  a  map  u  :  ft  — >  N  is  harmonic  if  and  only  if 
its  tension  field  T  ( u )  vanishes.  In  terms  of  the  second  fundamental  form  A  of 
N  C  Rm ,  T  ( u )  can  be  expressed  as 

T(u)  =  Au-A(u)(Vu,Viz),  (1.2) 

where  u  is  considered  as  a  vector  valued  function  from  ft  to  Rm,  A u  is  the  ordi¬ 
nary  Laplacian  of  u ,  Vti  is  the  gradient  of  u ,  and  A  ( u )  (Vu,  Vu)  is  understood 
as  the  trace  of  A. 

However,  with  the  normal  derivative  being  prescribed,  it  is  easy  to  see 
that  a  harmonic  extension  does  not  generally  exist.  In  fact,  it  was  shown  in6 
that  for  almost  all  ip  :  5ft  — >  N,  there  is  a  unique  energy  minimizing  harmonic 
extension  u:  ft  — ►  TV;  therefore,  ~  has  been  determined  by  tp.  In  this  paper, 
we  seek  an  extension  u  of  (p  with  =  ip  that  is  as  close  to  a  harmonic  map 
as  possible.  Specifically,  we  consider  the  total  tension  of  u 

T  (u)  =  f|  T(u)\2dx,  (1.3) 

n 
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and  try  to  find  uasa  minimum  of  T. 

Since  A  (u)  is  the  projection  of  A u  in  the  normal  space  of  N  at  u,  we  have. 

|T(u)|2HAtf  H^(«)(Vu,Vk)|2.  (1.4) 

Thus  the  natural  class  for  the  extensions  is 

C  =  {u  :  u  G  W2,2  (Q,N)  andsatisfies  (1.1)}  ,  (1.5) 

where  W2'2  (Q,  N)  is  the  set  of  all  u  :  Q  ->  N  C  Rm  with  finite  norm  ||u||2l2, 
defined  by 

IMl!.2=  ^  (M2  +  |Vu|2  +  |V2u|2)cte,  (1.6) 

n 

Following  the  definition  of  Eells  and  Lemaire  in  2 ,  we  will  call  a  critical 
point  of  T  (it)  a  biharmonic  map ,  and  when  n  ==  1,  a  biharmonic  curve .  In 
1986,  Jiang  3  derived  the  first  and  second  variation  formulae  of  T  and  gave 
some  examples  of  biharmonic  maps,  which  include  harmonic  maps  that  are  in 
IF2’2.  However,  there  is  no  general  existence  result  for  biharmonic  maps  due 

to  the  fact  that  T  is  non-coercive.  In  Section  2  of  this  paper,  we  prove  the 

existence  of  biharmonic  curves.  In  Section  3,  an  existence  result  on  axially 
symmetric  biharmonic  maps  is  proved. 

Remark  1.  A  similar  energy  functional  is  n\V2u\2dx  (or  fQ  \Au\2dx),  which  is 
perhaps  more  interesting  from  an  analytic  point  view.  Chang,  Wang  and  Yang 
1  proved  the  partial  regularity  of  critical  points  of  \Au\2dx.  Hardt,  Mou 
and  Wang4  consider  the  partial  regularity  of  minimizers  of  fQ\V2u\2dx  under 
conditions  different  from  that  of1.  Since  these  functionals  are  coercive,  the 
existence  of  critical  points  and  minimizers  follows  easily  from  direct  method. 

Remark  2.  One  might  be  interested  in  the  path  in  C  with  least  total  curvature 
C[-i,i]  lKs M5*  However,  such  a  path  might  not  exist,  or  when  it  exists  there 
might  be  infinitely  many.  Consider  the  case  of  plane  curves.  It  is  well  known 
that  if  C  contains  a  convex  path,  then  \k9\ ds  is  constant  for  all  convex 

curves  (as  they  have  same  boundary  conditions),  and  so  each  convex  path  is  a 
minimum.  While  if  C  contains  no  convex  path,  then  it  could  happen  that  no 
path  would  realize  the  infimum  of  the  total  curvature. 

Remark  3.  One  might  also  be  interested  in  the  path  of  least  total  squared 
curvature  fu[_1?1]  \^g\2^s  of  the  Willmore  type.  This  quantity  might  decrease 
to  0  as  the  length  of  u  [—  1, 1]  oo.  Therefore,  unless  we  consider  only  paths 
with  bounded  length,  the  infimum  0  might  never  be  realized.  See  5  and  the 
references  therein. 
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2  Existence  of  biharmonic  curves 

For  biharmonic  curves  u  :  [—1,1]  — >  N ,  the  condition  (1.1)  and  definitions 
(1.5)  (1.6)  become 

{« (-1) ,  u  (1) ,  v!  (-1) ,  u'  (1)}  =  {pi,  P2,  Vi,  v2}  G  N  x  N  x  TPlN  x  TP2N 

(2-7) 

C  =  \u  :  u  €  W2'2  ([—1, 1] ,  TV)  and  satisfies  (2.7)}  ,  (2.8) 

ll'ulli,2  =  ^  (\u\2  +  \u'\2  +  \u"\2)dt.  (2.9) 

-l 

The  total  tension  of  u  6  C  is 

T(u)=  P  \T(u)\2dt=  f  {\u"\2 -\A{u)(v!,u')\2)dt.  (2.10) 

-1-1 

We  prove  the  following  existence  result. 

Theorem  1.  Given  boundary  data  as  in  (2.7)  such  that  the  admissible  set 
C  ^  0;  the  total  tension  T  ( u )  has  a  minimum  in  C. 

The  proof  of  this  theorem  is  a  standard  direct  method.  The  key  ingredients 
are  Lemmas  1,  2,  which  are  proved  later  in  this  section.  We  conjecture  that 
Lemmas  1,  2  continue  to  hold  for  n  >  2,  which  would  imply  the  existence  of 
biharmonic  maps. 

For  u  e  C  and  q  >  0,  we  denote  T>q  (u)  =  \u!\qdt.  The  following  lemmas 
will  be  proved  later. 

Lemma  1.  For  every  u  £C, 

rl 

|u(t) -pi|+|ix(t) -p2|  <  '  \u'{s)  |ds<  V2V2(u)1/2  ,  (2-11) 

-l 

V2(u)<2(\v1\2  +  \v2\2)+4T(u),  (2.12) 

Vi(u)<2(\v1\2  +  \v2\2)2  +  32T(uf.  (2.13) 

J 

Lemma  2.  Suppose  u  €  C  and  T  (it)  <  K ,  then 

ll«lla,a  <  M,  (2.14) 

where  M  is  a  constant  depending  only  on  K,  N  and  {pi,  p2»Vi»V2}- 
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Proof  of  Theorem  1.  We  use  the  direct  method  in  calculus  of  variations.  Sup¬ 
pose  {uk}  is  a  minimizing  sequence  such  that  T  (uk)  — dnf u^c  T  (u)  as  k oo. 
By  Lemma  2,  the  sequence  \uk}  is  bounded  in  W2,2.  Therefore,  a  subsequence 
exists  and  weakly  converges  to  some  u  6  C.  It  is  easy  to  see  that  T  (u)  is  lower 
semicontinuous  with  respect  to  the  weak  convergence  in  W2>2.  -So  u  is  a  mini¬ 
mum.  □ 

Proof  of  Lemma  1 .  For  t  €  [-1,1],  by  the  fundamental  theorem  of  calculus, 
we  have 


\u(t)-px\+\u{t)-p2\  (2.15) 

<  ^  |tt'(s)|ds  +  ^  \u'  (s)\ds=  ^  \u'  (s)  |ds 

-l  t  -l 

<V2T>2  («)1/2  • 


I«  (*)  -Pi|+l«(0  -P2I  (2.16) 

’  <  ^  \u'  (s)  |ds  4-  ^  \v!  ( s )  |<2s  =  ^  \u'  ( s )  | ds 

-1  t  -1 

<V2V2  (u)1/2  . 

This  proves  (2.11).  Now  using  the  fact  that  v!  is  a  tangent  vector,  which 
implies  that  u'  _L  A  (u),  we  have 


r* 


\u'  (t)  I2  =M2+  '  2 u'{s)u"(s)ds 


(2.17) 


=  |vi|2+  ^  .2 u'(s)T(u(s))ds 
-1 
ft 

<|vi|2-h2  \uf  ($)  \\T(u  (s))  |ds. 
-1 


Similarly,  we  have 


W  {t)\2  <\v2\2 +2  \u'  (s)  ||T  (w  (s))  |ds. 

t 


Averaging  the  above  two  estimates,  we  have 

!«'(*)  1 2  <l(|wi|2  +  l«j|3)+  ^  \u'(s)\\T(u(s))\ds 


-1 


(2.18) 


(2.19) 


274 


Integrating  (2.19)  over  [—1, 1]  and  applying  Schwarz’s  inequality  to  the 
integral,  we  get 

T>2{u)  <  (|vi|2  +  |v2|2)  +  “V2(u)  +  2T(u).  (2.20) 

Solving  for  (u)  gives  (2.12). 

Next  squaring  the  both  sides  of  (2.19),  using  that  (a  +  6)2  <  2a2  +  2 62, 
and  then  using  that  V2  (w)  <  \/2  V 4  ( u )1^2,  we  have 

!«'(*)  |4  <  ifhr  +  h|2)2+22?2(W)T(ti)  (2.21) 

<  \  (K |2  +  \v2\2)2  +  2V22>4  («)1/2  T («) 

<\(W?  +  \vi?)2 +  \vi{u)+%T{u)2 
Integrating  this  estimate  over  [-1, 1] ,  we  get 

Vi  (u)  <  (\vx\2  +  \v2\2)2  +  \Vi  (1 u )  +  16T  (u)2 .  (2.22) 

Solving  for^4  (u),  we  get  (2.13).D 

Proof  of  Lemma  2.  Assuming  u  €  C  and  T  (u)  <  K.  By  Lemma  1,  we  see  that 
IHloo  is  bounded  in  terms  of  K  and  {pi,  P2,vi,v2}.  It  follows  that  || A(u)  ||oo 
is  bounded  in  terms  of  K  and  {pi,  P2,v\7v2}  and  AT. Therefore  by  (2.10), 

T(u)>  fl  \u"\2dt- \\ A  (u)  ^  Vi  (u),  (2.23) 

-1 

which  implies  that 

\u"\2dt<T{u)  +  \\A{u)\\O0Vi{u).  (2.24) 

-1 

By  Lemma  1  again,  V4  (u)7  and  therefore  \u/f\2dt,  is  bounded  in  terms 
of  AT,  AT  and  {pi,  P2,  vu  v2}.U 

3  Existence  of  symmetric  biharmonic  maps 

In  this  section  we  consider  the  special  case  when  H  =  B7  the  unit  ball  in  Rn 
and  N  =  Sn  e  i2n+1,  n  >  2.  In  this  case  the  total  Hessian  of  u  E  W2>2  (B,  Sn ) 
is 

T(u)=  f  (|Au|2  -  |Vu|4)  dx,  (3.25) 

B 
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and  the  Euler-Lagrange  equation  satisfied  by  a  biharmonic  map  it  :  B  — >  Sn  is 


A2u  +  2V  (|Vu|2Vu)  4-  (3A(Vu)  •  Vu  +  |Au|2)u  =  0.  (3.26) 

To  derive  this,  we  first  get  the  Euler  equation  A2u  +  2V  (|Vu|2Vu)  =  Xu  with 
a  Lagrange  multiplier  A.  Using  the  fact  1  =  u  •  it,  we  find  and  simplify  A  as 


A  =  (A2u  +  2V  (|Vu|2Vu))  •  u  =  -  (3A(Vu)  •  Vu  +  |Au|2).  (3.27) 

A  map  it  :  B  — >  Sn  is  said  to  be  axially  symmetric  if  there  is  a  map  /: 
5'n_1  — >  5n-1  C  Sn  and  a  function  tp  :  [0, 1]  — ►  [0, 7r]  such  that  for  x  e  B\  {0}, 

u  (x)  =  (/  (0)  sinc^  (r) ,  cos  tp  (r)) ,  (3.28) 

where  r  —  |x|  and  9  —  x/\x\. 

We  assume  that  /  (9)  :  5n-1  — ►  S71*"1  is  a  harmonic  map,  that  is, 

A$f  +  |Ve/|2/  =  0.  (3.29) 

As  for  Kp%  we  assume  that  it  satisfies  the  boundary  conditions 

W  (0)  =  (0)  =  0,  (p  (1)  =  a,  (p*  (1)  —  b,  .  (3.30) 

and  that  the  radial  function  <p  (|x|)  :  B  R  belongs  to  the  space  W2,2  (B). 
We  calculate 


ur  —  u yip'  —  (/  cos^,  -  sirup)  tp* 

Uyr  ——  'Unpip  ~~~  Uip 

A eu  =  —  I V^/|2  (/  simp,  0) 


A  II  71  1  l 

A  ip  =  <p  H - 

r 

Ait  =  iz^Ay?  -  u<£/2  -  (/siny>,  0) 

T  ( u )  =  Au  +  |  Vit|2it  =  Up  ^ A(p  -  sin2y^ 

2r^ 

T  (it)  =  ^  |A p  -  sin2y>| 2dx  (3.31) 

B  2r 
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Lemma  3.  If  tp  is  a  minimum  of  (3.31)  satisfying  (3.30),  then  the  axially 
symmetric  map  u  defined  by  (3.28)  is  a  biharmonic  map  with  boundary  data 

*  du 

ul  SB  =  (/  (6)  sin  a,  cos  a),  —  \dB  =  (f  (9)  cos  a,  -sin  a)b.  (3.32) 

Proof.  Suppose  t tp  is  a  minimum  of  (3.31).  Consider  a  variation  <pt  of  ip  with 
SV’tlt=o  =i)£C,[0,l]  with  77 (0)  =  77(1)  =  0.  Let  ut  be  defined  as  in  (3.28) 
with  <pt.  We  have 


0  =-T(ut)|t=0 

=  2/^-lM W  ^-1^cos2 


(3.33) 


-o  f  r 


a 


—  2  AT  (tp) - - c°s2<^A(/?  +  —rsin  4<pl  7?dx, 


where  T  (p)  —  Aip  —  ^ sin2<^ ,  A  is  the  Laplacian  on  <p  (|x|),  and 


a  ■ 


f 


\Sn 


-i| 


5n~1 


\Vef\2do,  (3  = 


|5"- 


5n-i 


|V9/|4d(7 


(3.34) 


are  the  average  values  of  |Vfl/|2  and  |V9/|4,  respectively.  Thus  (3.33)  implies 
that 

o  3 

AT  (tp)  -  —  cas!2<pA<p  -f  ^4sin  4<P  =  (3-35) 

It  is  not  hard  to  see  that  this  is  the  same  as  (2.3)  for  axially  symmetric 
map.  So  a  critical  point  tp  of  (3.31)  defines  biharmonic  map.D 


Theorem  2.  Suppose  n>  5,  /:  S'1-1  ->  Sn~l  is  harmonic ,  and  a, bare  two 
numbers,  then  there  is  an  axially  symmetric  biharmonic  map  u:  B  — >  Sn  as 
in  (3.28), 

Proof.  The  method  of  proof  is  again  the  direct  method  in  calculus  of  variations. 
By  Lemma  3,  it  is  equivalent  to  showing  that  (3.31)  has  a  critical  point.  The 
key  ingredient  here  is  to  show  that  if  {ipk}  is  a  minimizing  sequence  of  (3.31), 
then  fB  \Aipk\2dx  will  be  bounded.  Indeed,  from  (3.31)  we  get 


T  (w)  onumber  = 


f  \Ap- 

B 


2r2 


sm2tp\2dx 


(3.36) 
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>  ^  ~\A<p\2dx  —  ft  ^  sin2 <p  cos2 (prn~ 5 dx, 
b  2  B 

where  (5  is  defined  in  (3.34).  Since  n  >  5, 

^  |A<^|2ota  <  2T (u)  4-  2(3\Sn~1\  ^  sin2(/?cos Vrn_5dr  <  2T  (u)  +  ■■■. 

b  o  n  —  4 

(3.37) 

This  implies  that  { <pk  (|z|))  is  bounded  in  IT2,2  (B,Rm)  and  so  it  has  a  sub¬ 
sequence  weakly  converging  to  some  <p,  which  must  be  a  minimum  by  lower 
semicontinuity  of  (3.31).D 
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STABILITY  OF  LARGE-  SCALE  LINEAR  SYSTEM  WITH 
TIME-DELAY  h 

XIAOHONG  NIAN,  LIMIN  HUANG 
Institute  of  Information  and  Control,  Xiangtan  Polytechnic  University, 
Xiangtan,  Hunan,  4H201,  P.R.C. 

In  this  paper,  the  Lyapunov  functional  and  vector  Lyapunov  function  have  been 
respectively  used  to  study  stability  of  large-scale  linear  systems  with  time-delay, 
some  new  sufficient  conditions  for  stability  of  such  system  are  obtained.  Lastly,  a 
example  is  given  to  illustrate  and  compare  our  results. 


1  Introduction  and  lemma 

Since  high  dimension  system  with  time-delay  is  frequently  encountered 
in  various  engineering  systems,  the  study  of  Large-scale  time-delay  system 
has  received  considerable  attention  over  the  past  years.  Mori  et  al.(1981) 
derived  a  stability  criterion  using  the  comparison  method.  With  the  aid  of  the 
complex  Lyapunov  theorem  Suh  and  Bien  (1982),  Hmamed  (1986),  and  Wang 
and  Song  (1989)  obtained  a  sufficient  condition  for  the  stability  of  large-scale 
systems.  Lee  et  al.  (1984)  studied  the  stability  problem  of  time-delay  systems 
via  generalized  algebraic  Riccati  equations,  Wang  et  al.(1991)  gave  a  stability 
criterion  using  the  Lyapunov  theorem.  Recently,  Schoen  et  al.(1995)  gave  a 
Razumikhin  stability  theorem  for  uncertain  large-scale  systems,  Nian  (1998) 
obtained  a  sufficient  condition  for  stability  of  large-scale  interval  coefficient 
system. 

In  this  paper,  a  general  systems 

m  m 

(£)  —  \  (^)  ^  ^*ij(^))?^  =  1?  2,  *  *  *  ,  TTt  (1.1) 

.  j= 1 

will  be  studied.  In  section  2,  a  inequality  and  Lyapunov  functional  will  be  used 
to  deduce  some  sufficient  conditions  for  stability  of  systems  (1).  In  section  3, 
the  vector  Lyapunov  function  will  be  used  to  obtain  some  criteria  for  stability 
of  system  (1).  Lastly,  some  examples  will  be  give  to  illustrate  our  results 
presented  in  this  paper. 

In  the  sequel,  the  following  lemma  will  be  used. 


^Supported  by  the  National. Natural  Science  Foundation  of  China  (66974031)  and  the  Nat¬ 
ural  Science  Foundation  of  Hunan  Province 
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Lemma  (Tokumaru  et  al.1987)  Suppose  C  =  (cij)mxm,C  =  (dij)mxm  € 
Rmxm  are  matrices,  x(t)  is  a  solution  of  differential  inequality 

x(t)  <  Cx(t)  +  Dx(t) 


where  x(t)  =  [supt_T^<t xi(0), supt_r<a<t x2{6),---, supt_T<fl<t xm(6)]T,  if 
D  >  0  and  —(C  +.D)  is  a  M-matrix,  then  there  are  exist  constant  r  >  0  and 
k  >  0,  such  that 

x(t)  <  ke~rt)  Vt  >  0. 


2  Method  of  Lyapunove  functional 

Considering  large-scale  time-delay  system 

m  m 

Xi(t 0  AnXi(t)  +  ^  A.ijXj  (t)  -J-  V  ^  B{jXj(t  T^*),  %  —  1,  2, • • •  ,  TTl,  (2.2) 

j=l 

where  Xi(t)  €  Rni(i  =  1,  2,  •  •  ■ ,  m)  is  the  state  vector,  AijtBij  6  RniXni  (i,j  = 
1,2, —m)  are  constant  real  matrices,  >  0(2,  j  =  1,2,  ♦••m)  denote  time- 
delays  in  the  inter-connections,  and  <  r. 

Let  V(a:)  =  where 

Pi  is  a  solution  of  the  matrix  equation  A^Pi  +  Pi  An  =  -Qi  and  Qi  are  given 
symmetric  positive  definite  matrices.  Then 


^l|(2)  <  TixjmiPi + p^Mt) 


i=i 


+  [xJ{t)A[jPiXi(t)  +xJ(t)PiAijXj(t)\ 

m  m 

+  xj(t-  Tij ) Bfj Ri Bij Xj (t  -  Tij)  +  {t)PiR~lPiXi{t) 


3=1 


j= 1 


+  ^  xj (^Bj-RiBijXjit)  -  V  xj(t-  Tij)B'[jRiBijXj(t  -  r^)} 

3^ 1  J=1 

m 

<  V  {sf (*)[^£Pi  +  fUiiJzi  (t) 

i=l 

m 

+  V  [xj (t)AfjPiXi(t)  +  xj (t)PiAijXj(t)} 

j=l,iy£j 
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+  V'  xj(t)B?jRiRijXj(t)  +  'V'  xf(t)PiRi1Pixi(t)} 
j=i  j= 1 

m  m 

=  Y  xJ(t){-Qi  +  mPiR~lPi  +  V  BjiRjBjiJxiit) 

i=  1  j-1 

m  m 

+  Y  Y  [xj (tfAfjPiXiit)  +  xf (t)PiAijXj(t)]. 

i—l 

Denote  W<  =  -Qi+m.Pi.R~1Pi+£”!=1  B^RjBji,^  =  -^(\\PlAlj\\+\\P:jAji\\), 
iy  j  -  1,  2,  •  •  •  ,  771, 

A 

max  (Wi)  U\ 2  •••  Uim  \ 

tt _  I  ^12  ’  *  *  ^2m  I 


ulm  u2m  '  *  ’  AmazC^m) 


then,  it  follows 


^—1(1)  <Y  xf{t)WiXi(t)  +  Y  Y  [xj  (t)AjjPiXi(t)  +  xf  (t)PlAijxj(t)} 

■>  i=l  i=  1 

(2.3) 

Theorem  1  If  A  max  (An)  <  0  and  there  exist  symmetric  positive  definite 
matrices  Ri(i  =  1,2 ,  *  ■  •  ,m)  such  that  symmetric  matrix  U  is  negative  definite, 
then  system  (2)  is  asymptotically  stable. 

Proof  Prom  (3),  we  have 


dVi(x) 


1(2)  <  YXmaziW^Wxim2 +  Y  Y  tH#||*i(*)|| 

z=l  i=l 

=  zTUz  <0,  z=  (||zi(i)||.---,||xm(t)||)T. 


Therefore,  system  (2)  is  asymptotically  stable. 
Considering  the  following  special  system 


Xi(t )  =  AaXi(t)  +  ^  BijXj(t  -  Tij)fi  =  1,2  (2.4) 

4=i 

Theorem  2  If  Amax(i4ii)  <  0  and  there  exist  symmetric  positive  definite 
matrices  Ri  such  that  the  following  matrices  inequality 

m 

- Qi  +  mPiR-'Pi  *f  BjiRjBji  <0,  i  =  1, 2,  •  •  • ,  m 
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are  satisfied,  then  the  system  (4)  is  asymptotically  stable. 

Proof  Prom  the  above  discussing,  we  have 

clV  (x)  m 

-^1(4)  <  xf  ( t)[AlPi  +  PiAu  +  mPiRT'Pi  +  V"  BjtRjBjilxiit)  <  0 

3= 1 

This  completes  proof  of  theorem  2. 

3  Method  of  vector  Lyapunov  function 

In  this  section,  the  rank  decomposition  for  the  interconnection  matrices 
Aij  G  RniXni }  i.e., 

Aij  =  Aij\Aij2 

where  Aiji  G  RniXri\Aij i  G  Rri^Xn\rij  <  rank(^). 

Considering  time- varying  delay  system 

m  m 

±i(t)  —  AuXi(t)  +  -AyiCj  W  i  —  1, 2,  ■  ■  • ,  m  (3-5) 

j=l 

Suppose  Pi;  P2,  ■  *  * ,  Pm  are  symmetric  positive  definite  matrices,  let  Vi(x)  = 
x[(t)PiXi(t),we  have 

^min(Pi)‘2'^(^)2'i  W  —  Viip)  ~  (t)j  (3.6) 


^1^1(6)  <  xf  (i t)[AuPi  +  PiAu  +  PiBmBfuPi  +  T  PiAi^Aj^Pi 
+PiBijiB'fjlPi\xi(t)  -f  xJ(t)Ajj2Aij2Xj(t) 

m 

+  V xj(t  -  Tij(t))Bj'j2Bij2X3{t  -  Tijit)). 
i- 1 


Denote  [/«  =  p+PAlt+PBzll  B?a  P% + ^  [P^- ,  Afj x  P2 + P  By ,  p<] , 

U%j  —  Ajj2  Aij2 (i  7^  j),  Vij  —  Bj'jzBiji,  (i,j  =  1, 2,  •  •  • ,  m). 

We  have 


dVi  (x) 


1(6)  ^  xj  W Uij Xj  (t)  +  (t  Tij  (t))VijXj  (t  —  Tij(t)).  (3.7) 
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SuppOSG  A7 riaxiJJii)  ^  0,  then 


jt/-  /  „\  m  ra 

— "77  |(6)  —  ^  A max{Uij)Xj  (t)Xj(t)  +  V'  ^rnax{^ij )%j  —  Tij)Xj(t  7 ’ij{ £)) 


''mas 


3=1, * min{Pi ) 


J  =  1  (fi) 


_  _  A  maxima)  _  __  Amax(?7^)  { .  A 

uu  —  —  t^y ,  uij  —  —  7p \  ^  7= 

^maicV^V  i; 

_  Amax  (yy)  rr  _  A.,  n  t/- _ /  i 

Vij  —  *  /p\  “  \U'ij)mx.mi  V  —  [vij )mxm- 

The  following  result  can  be  obtained. 

Theorem  3  If  matrix  —  (U  +  V)  is  a  M-matrix,  then  the  system  (2)  is 
asymptotically  stable. 

Proof  Prom  the  above  discussing,  the  following  differential  inequality 


dV(x(t)) 


<  UV(x(t))  +  UV*(x{t)) 


where  V  =  (Vi, •  •  • , Vm)T,  V*(x)  =  (supt_r<9<t  Vi(0), •  •  •  ,supt_T<e<t Vm{6))T 
is  obtained.  By  lemma,  if  matrix  —  (£/  +  V)  is  a  M-matrix,  we  can  declare  that 
the  system  (2)  is  asymptotically  stable. 


4  Example 

Example  Considering  the  following  interconnected  system 

f  rri(t)  =  Auxi(t)  +  Bnx^t  -  rn(t))  +  Bi2x2(t  -  ri2(t)) 
x2(t)  —  A22x2(t)  +  B2iXi(t  —  r2i(t))  -f  B22x2  (t  —  r22(t)) 

where 


/ "3  1  0  \  (  x  /100\ 

An  =i—2—31  i  j  A22  —  _i  _n  :  £11  =  6  |  010  i  j 
1  0  1  -4  '  1  0  0 1  ' 


/10\ 


B 12  —  6  I  0  1  j 

1  1  0  ' 


B2i  =  e 


( oioy 

10  1  ’ 


B22  =  € 


(10\ 

0  1 
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Let  Bm  —  =  Bn,Bi2i  =  ^3,^122  —  ^12,^211  =  /2,/?2i2  = 

P21,  B221  =  /2,  B222  —  B221  we  have 


A 


/  0.3716  -0.0573 
,  -0.0573  0.3419 
1  -0.0319  0.0830 


-0.0319\ 

0.0830  I  }  P2  — : 
0.2707  1 


(  0.3429  — 0.0286  \ 
-0.0286  0.4857 


Prom  theorem  3  we  obtained  that  the  stability  condition  of  this  system  is 
6  <0.5435. 

Let  jRi  =  0.4719/3,  P2  —  0  4/2,  from  theorem  2  we  obtained  that  the 
stability  condition  of  this  system  is  e  <  0.8311.  However,  by  using  method  of 
Schoen  and  Geering(1995)  we  obtain  stability  bound,  e  <  0.7736. 
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ON  THE  ASYMPTOTIC  BEHAVIOR  OF  CHARACTERISTIC 
ROOTS  OF  NEUTRAL  EQUATIONS  WITH  A  DELAY 

HONGSHAN  REN 
Department  of  Mathematics 
Heilongjiang  University , 

Harbin,  China,  150080 

Consider  the  following  equation 

A(1  +  ce~rX)  +  a  +  be~rX  =  0,  (1) 

which  is  the  characteristic  equation  of  the  neutral  equation 

x  (t)  +  c  x  (t  -  t)  -f  ax(t)  +  bx(t  ~  r)  =  0,  (2) 

where  a,  b  and  c  are  constants,  and  0. 

Let 

A  =  {ReXi  :  A i(i  =  1, 2,  ■  •  •)  are  all  the  roots  of  Eq.  (1)} 

Our  main  results  are  the  following  two  theorems. 

Theorem  1.  The  set  A  can  not  reach  sup  A,  if  and  only  if  the  parameters 
of  Eq.  (1)  satisfy  either  of  the  following  conditions: 

2 

e~ar  <  c  <  -J-oo,  — c(o  -f  -  In  c)  <  b  <  ac,  (I) 

2 

-00  <  c  <  -e~ar ,  ac  <b  <  -c(a  +  -  ln(-c)).  (II) 

T 

And  sup  A  =  -Inc  if  the  condition  (I)  holds,  and  supA  =  £ ln(—c )  if  the 
condition  (II)  holds. 

.  Theorem  1  is  Theorem  2  of  §5.2  in  [3]. 

Theorem  2.  All  roots  of  Eq.  (1)  have  negative  real  parts  and  sup  A  =  0 
if  and  only  if  the  parameters  of  Eq.  (1)  satisfy:  |c|  =  l,a  >  0,  |6|  <  a. 
Theorem  2  immediately  follows  from  Theorem  1. 
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THE  QUALITATIVE  ANALYSIS  OF  TWO-SPECIES 
NONLINEAR  COMPETITION  SYSTEM  WITH  PERIODIC 
COEFFICIENTS 


JITAO  SUN  and  YINPING  ZHANG 
Inst  of  Appl  Math . , 

Shanghai  Tiedao  University, 

Shanghai,  20033 1,P.R.  China 

In  this  paper  we  consider  the  nonlinear  relation  two-species  Lotka-Volterra  com¬ 
petition  models  in  which  the  right-hand  sides  are  periodic  in  time,the  sufficient 
conditions  for  the  existence  of  a  globally  asymptotically  stable  positive  periodic 
solution  are  obtained. These  conditions  also  assure  that  the  nonlinear  relation  com¬ 
petition  system  is  uniformly  persistent. 

1  Introduction 

In  paper  [1-3], the  authors  consider  following  nonautonomous  linear  periodic 
system 


*  *1  =  [fei (i)  -  an(t)xi  -  ai2(t)x2]  ^  ^ 

%2=  x2[b2(t)  -  a2i(t)xi  -  a22(t)x2] 

and  have  obtained  sufficient  conditions  for  the  existence  of  a  globally  asymptot¬ 
ically  stable  positive  periodic  solution  under  appropriate  conditions  .In  system 
(1), between  two  species  is  linear  relation. 

In  this  paper  we  consider  the  nonautonomous  system  of  differential  equa¬ 
tions 


fii=  ®i[&i(0  -  an (t)x%  -  a12(t)x%] 
x2=  x2[b2(t)  -  a2i(t)xf  -  a22(t)x%) 
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where  bi(t),  =  1,2)  are  continuous  positive  periodic  functions  with  a 

common  periodic  u  >  o,  a,  f3  >  0,this  competition  system  models  shows  that 
two  species  with  nonlinear  relation  live  in  a  w-periodic  environment. 

If  /  is  a  continuous  cj-periodic  function  defined  on  [0,  oo),  we  denote 


fL  =  min  fit),  =  max/(t),  kx  = 


fb?\' 


(K\ 


(b[-a™k *X 


(  ^2  ~  a21^f  A  ^ 


2  Existence  of  Periodic  Solution 

Lemma  1  Both  the  positive  and  the  'nonnegative  cone  of  R 3  are  invariant  in 
the  sense  that  if  T(t)  =  [xi(t):x2(t),xs(t)]  is  any  solution  of  the  system  (2) 
with  T(O)  >  0  then  T(t)  >  0,  and  if  T(t)  is  any  solution  of  system  (2)  with 
r(0)  >  0  then  T(t)  >  0  when  t  6  [0,  -foo). 

We  analyze  the  system  (2)  under  the  following  conditions: 

>  c$k$,  b%  >  (2.3) 

It  follows  from  Lemma  1  that  any  solution  (2)  which  has  a  nonnegative 
initial  condition  remains  nonnegative. 

Thus, we  have  Xi<  x\ (b™  —  a^x* )  as  a  consequence  of  which  is 


0  <  £i(0)  < 


fb?Y 


We  have 


x\  (t)  <  ki 


Since,  x2<  x2[b^  -  ]>  33  a  consequence  of  which  is 

0  <  £2(0)  <  =k2. 


It  implies 


Prom  (5), we  have 


x2(t)  <  k2 


Xi>  xi(bi  -  anxi  ~  °i2^2  )> 
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and  it  follows  that 


> 


( hL  „nMkP\  “ 

»i(o)>  61  j  2 

an 

Xi(t)  >  8V 

X2>  x2^2  -  a^fef  -  &Z2X2) 

xm>_Pi^\Kh 

a22 


which  implies 
From  (4),  we  have' 
and  it  follows  that 

which  implies 

x2  (t)  > 

The  condition  (3)  assures  that  81  >  0  and  82  >  0.  It  is  obvious  that 

0  <  8i  <  ki  i  =  1,2. 


(2.6) 


(2.7) 

(2.8) 


From  (4)- (7), we  have 

Lemma  2  Let  S  —  {x  —  {x  1 ,  X2)  E  R+,  8i  <  Xi  <  hi,  i  —  1, 2),  then  S  is  invari¬ 
ant  with  respect  to  (2). 

We  can  define  a  shift  operator, also  known  as  a  Poincare  map 

a  :R2^R2 


by  cr(x°)  =  x(oj,x°)yx°  E  R2 . 

The  following  is  one  of  the  main  results. 

Theorem  1  Suppose  that  the  coefficients  of  the  system  (2)  satisfy  (3). Then 
system  (2)  has  at  least  one  strictly  positive  ^-periodic  solution. 

Proof::  From  Lemma  2,  the  operator  a  as  defined  above  maps  S  into  itself, i.e.<r(s)  C 
S.  Because  the  solution  of  (2)  is  continuous  with  respect  to  the  initial  value  ,  the 
operator  cj  is  continuous.lt  can  also  be  seen  that  S  is  a  bounded  closed  convex 
set  in  R+.By  Brouwers  theorem, a  has  a  fixed  point  in  S.  Consequently, there 
exists  at  least  one  strictly  positive  periodic  solution. That  the  solution  is  strictly 
positive  is  assured  by  the  invariance  of  the  region  S.The  proof  is  complete. ^ 
Suppose  u(t)  —  [ui(£),  u2(t)]  G  R\  is  a  strictly  positive  cj-periodic  solution 
of  (2)  as  described  in  Theorem  l,we  have  the  following  corollary. 

Corollary  2  Let  Ui(t),  8i,  ki  i  —  1, 2  be  defined  as  above. then 

<  ki,  i  =  1,2. 
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3  Global  Asymptotic  Stability  and  Uniqueness 

Suppose  zt(£)  =  (wi(t), ^2(t))  €  R\  is  a  strictly  positive  periodic  solution 
of  (2)  as  described  in  Theorem  1. 

Theorem  2  If  the  coefficients  of  the  system  (2)  satisfy  (3), and 

On  W  >  021  (t),  022 (t)  >  Oi2(t),  (3.9) 

then  there  exists  a  unique  strictly  positive  solution  of  the  system  (2)  which  is 
globally  asymptotically  stable. 

Proof:  Let  u(t)  =  (wi(t),«2(t))  G  R\  be  a  strictly  positive  periodic  solution 
as  described  above, and  let  x(t)  =  (x1(t)1x2(t))  G  R\  be  any  solution  of  (2) 
with  x*(0)  >  0 ,i=  1,2. Since  solution  of  (2)  remain  nonnegative, we  can  let 


Ui(t)  ~  In Ui(t),  Xi(t)  =  In Xi(t),  i  =  1,2.  (3.10) 

Consider  a  Liapunov  function  V (t)  defined  by 

2 

v(t)  =  'T|£/i(t)-xi(t)|,  t>  o. 

i=  1 

Calculating  the  upper  right  derivative  D+V  of  V(t)  along  the  solution  of  (2), we 
get 

Let  7  =  nun{an(t)  -  a2i(t), 022(f)  -  ai2(t)}  >  0,  we  get 

D+V(t)<-i{\eaU^ -eaX'M\  +  \ePu*M (3.11) 

An  integration  of  (11)  leads  to 

V|C/i(t)-Xi(t)|+7  1  [\eaU^-eaX^\^e0u^-e0X^\)ds  <  V(0)  <  oo, 


*.e.V|«i(t)-Xi(i)|+7  '  [KM  -*i  (s)|  +  |uf(s)  -if  (s)|]ds  <  V(0)  <  oo. 
«=i  o 

Therefore  ^lim  Sup  /^[KM  -  x“ (s)|  +  \u% (s)  -  x2(s)|]ds  < 

Hence  lim  |n,(t)  -  Xi(t)\  =  0,i  =  1,2.  The  proof  is  complete.! 

Corollary  2  Under  the  conditions  of  the  Theorem  2,  the  System  (2)  is  uni¬ 
formly  persistent. 
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OSCILLATION  OF  FIRST  ORDER  DELAY  DIFFERENTIAL 
EQUATIONS  WITH  OSCILLATING  COEFFICIENTS 
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In  this  paper,  some  sufficient  conditions  for  oscillation  of  a  first  order  delay  dif¬ 
ferential  equation  with  oscillating  coefficients  of  the  form  x'(t)  -\-p(t)x(t  —  r)  =  0 
are  established,  which  improve  and  generalize  some  of  the  known  results  in  the 
literature. 

1  INTRODUCTION 

Consider  the  first  order  differential  equation 

x! (t)  -f -p(t)x(t  —  r)  —  0,  t  >  to  (1.1) 

where  p(t )  :  [to,  oo)  — ■>  R  is  a  right  continuous  function  and  r  is  a  positive 
constant. 

For  the  case  where  p(t )  >  0  for  t  >  to,  the  oscillation  of  solutions  of  (1) 
has  been  studied  by  many  authors,  and  some  good  results  are  obtained,  we 
refer  to  [1-4].  For  the  general  case  where  the  coefficient  p(t)  is  allowed  to 
oscillate,  the  derivative  xf(t)  of  the  solution  x(t)  is  oscillatory  along  with  p(t) 
oscillating,  therefore,  it  is  difficult  to  study  the  oscillatory  behavior  of  (1),  and 
the  corresponding  study  is  relatively  scarce,  we  only  find  a  few  papers,  for 
example,  [6-8]. 

In  a  recent  paper  [5],  Li  obtained  the  following  important  theorem,  which 
improves  many  known  results. 
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Theorem  A.  Suppose  that  p(t)  >  0  and  [*+r  p(s)ds  >  0  for  t  >  t0  and 

roo  /  rt+r  \ 

1  p(t)  In  e  1  p(s)ds  *  dt  =  oo.  (1.2) 

to  t 


Then  every  solution  of  Eq.(l)  oscillates. 

The  main  aim  in  this  paper  is  to  extend  Theorem  A  to  Eq.(l)  with  oscil¬ 
lating  coefficient  and  improve  it  for  the  case  where  p(t)  >  0.  Our  results  are 
the  following. 

Theorem  1.  Assume  that 

(i).  there  exists  a  sequence  of  intervals  {[an,  &n]}5JLi  such  that  bn  <  an+ 1 
and  bn  -  an  >  2r  for  n  =  1, 2,  •  •  • ,  and  that 


p(t)  >  o  for  te  u SLJanA]; 

y*oo  r  rt+r  /  rt+r  \-| 

(ii).  '  p^ln'e'  p(s)ds  + 1  -  sign  '  1  p(s)ds  ’ 1  dt  =  oo, 

to  t  t 


where 

_  ( p(t)i  t  ^  ^S=i[an  4-  t,  bn)\ 

’  '  t  €  [^o,ai  +  r)U(U~=1[6n,an+i  -hr)). 

Then  every  solution  of  Eq.(l)  oscillates. 

Theorem  2.  Assume  that  p(t)  >  0  for  t  >  to  and 


(1.3) 


(1.4) 


roo  r  rt+T 

1  p(t)  In  e  1  p(s)ds  -hi  -  sign 

to  t 


( rt+TP(s)dsV 


dt  =  oo. 


(1.5) 


Then  every  solution  of  Eq.(l)  oscillates. 

Remark.  Theorem  2  removes  the  restriction  p(s)ds  >  0  for  t  >  to 
in  Theorem  A. 


2  PROOFS  OF  THEOREMS 

Proof  of  Theorem  1.  Assume,  by  way  of  contradiction,  that  (1)  has  an 
eventually  positive  solution  x(t).  Then  there  exists  an  integer  k  >  1  such  that 

x(t  -  2r)  >  0  for  t  >  a*.  (2.6) 

The  rest  of  the  proof  is  divided  into  three  claims: 

Claim  1.  Show 

rt+T 

'  p(s)ds  <1  for  t  >  a*.  (2.7) 

t 
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Indeed,  by  the  definition  of  p(t ),  we  have 


■/ 


p{t)  >  p(t)  for  t  G  U %Lk[an,  bn\.  (2.8) 

It  follows  from  (1)  that 

x\t)  +  p(t)x(t  -r)  <  0,t  G  U %Lk[an3bn],  (2.9) 

which  implies  that  x(t)  is  nonincreasing  on  [an,  bn]  for  n>  k.  We  consider  the 
following  four  possible  cases: 

Case  (i).  t  G  U^Lfc(an  +  r,  bn  —  r].  Prom  (9)  we  obtain 

/•£+T  rt+T 

x(t)  >  '  p(s):r(s  —  r)ds  >  z(£)  '  p(s)ds, 

£  t 

and  so 

rt-\-r 

'  p(s)ds  <  1.  (2.10) 

t 

Case  (ii).t  €  U^Lfc(&n  —  r,  6n].  Then  t  E  (bn  —  r,bn\  for  some  n  >  fc,  it 
follows  from  (10)  that 

/*£+f  /*£+t  /«6n 

'  p(s)ds  <  ‘  p(s)ds  =  '  p(s)ds  <  1.  (2.11) 

£  bn  — r  bn  —  r 


Case  (iii).  t  €  U£Tfc[an,an  +  r).  Noting  that  t  G  [an,an  -f  r)  for  some 
n  >  by  (10)  we  have 

/•t+r  pt+r  /*an+2r 

'  p(s)ds  =  '  p(s)ds  <  p(s)ds  <  1.  (2.12) 

£  an+r  fln+T 

Case  (iv)i  G  U^Lfc[6n,fln+i]-  Since  t  G  [6n,an+i]  for  some  n  >  A;,  by  the 
definition  of  p(£)  we  have 

/•t+T  /'Oti+I+'T 

'  p(s)ds  =  *  p(s)ds  =  0.  (2.13) 

£  bn 


Combining  cases  (i)-(iv),  we  have  (7). 

Claim  2.  There  exist  an  integers  sequence  { n* and  a  real  numbers 
sequence  such  that  &  <  ni  <  712  <  ■  •  •  and 


(i).  &  €  (ani  +T,bni),i  =  1,2, •••  ; 


(2.14) 
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x(£'  —  t) 

(ii).  limsup  -  ■  y—  <  oo.  (2.15) 

i—HX) 

Indeed,  it  follows  from  (4)  that  limsup  f.t+T p(s)ds  >  0,  which,  together  with 

t—>  OO 

(11), (12)  and  (13),  yields  that  there  exist  an  integers  sequence  a  real 

numbers  sequence  {tjgi  and  a  number  d  >  0  such  that  k  <  n\  <  n2  <  •  •  •* 
and  U  e  [a„;  +  r,  bHi  -  r]  and  [£+T  p(s)ds  >  2d,i  =  1,2,---.  Then  there 
exists  &  €  (tijti  +  r)  for  every  i  =  1, 2,  •  •  •  such  that 

rb  rti+T 

1  p(s)ds  >  d  and  1  p(s)ds  >  d.  (2,16) 

u  & 

By  integrating  (9)  over  the  intervals  [**,&]  and  [&,*<  +  r],  we  find 

2Cte)“a;(^)+  1  p(5)x(s  -  r)ds  <  0,  (2-17) 

j'ti+T 

x(ti  +  t)  -  x(€i)  +  '  p(s)x(s  -  r)ds  <  0.  (2.18) 

6 

By  omitting  the  first  terms  in  (17)  and  (18)  and  by  using  the  nonincreasing 
nature  of  x\t)  on  [ani1bni]  and  (16),  we  get 

-x(ti)  +  dx(£i  —  r)  <  0  and  -  x(^)  +  dx(U)  <  0, 

or  x(£i  -  r)/x(£i)  <  =  1,2,  ••  •  .  Thus,  (i)  and  (ii)  in  Claim  2  hold. 

Claim  3.  Complete  the  proof  by  showing  the  following 

r  ft+T  ,  »t+T  \  I 

1  p(£)  In  e  p(s)ds  +  1  -  sign  '  1  p(s)ds  u  dt  <  oo,  (2.19) 

ak  t  t 

which  contradicts  (4).  Indeed,  from  (1)  and  (6),  we  have 

||+p(t)^  =  0, «>«-,.  (2,0, 
Set  A(t)  =  -x'{t)/x(t)  for  t>ak-r.  Then  A(f)  >  0  for  t  €  U£Lfc[a„,&n],  and 
A(t)  =  p(t) exp  ^  ^  A(s)ds^  ,t>ak,  (2.21) 


/•t+r  /  r*+T  \  /  /•«  \ 

A(t)  '  p(s)ds  =  p(t)  '  '  p(s)ds' exp  A (s)ds'  ,t>  ak.  (2.22) 

t  t  t—r 
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One  can  easily  show  that 


(j){r)rex  >  <j>(r)x  +  </>(r)  ln(er  +  1  -  sign  r)  for  r  >  0  and  x  G  R,  (2.23) 


where  <j>{ 0)  =  0  and  <j>(r)  >  0  for  r  >  0. 

We  consider  the  following  two  possible  cases. 

Case  li  €  U£Lfc[an,  bn].  By  the  definition  of  p(t)  and  noting  that  p(t)  is 
right  continuous,  it  follows  that  p(t)  is  also  right  continuous,  and  so,  [*+T  p(s)ds 
0  implies  that  p(t)  =  0.  Prom  (22)  and  (23),  we  have 

ft+r  (  /’t+r  \  (  \ 

A (t)  '  p(s)ds  >  p(t)  '  p(s)ds  ‘  exp  A (s)ds 

t  t  t—T 

r*  r  rt+T  /  /•‘+T  \i  . 

>  p(t)  '  A(s)cfs  +  p(t)  In  e  '  p(s)ds  +  1  —  sign  '  p(s)ds  '  . 

t— r  t  t 

Case  2i  G  U£Lfc[6n,  an+i).  By  the  definition  ofp(i),  we  ha vep(t)  =  0  and 
ftt+Tp(s)ds  =  0.  It  follows  that 

ft+T 

'  A(t)  p(s)ds 
t 

ft  r  ^t+r  /  rt+r  \1 

=  p(t)  1  X(s)ds +p(t)  In  e  '  p(s)ds  +  1  —  sign  '  '  p(s)ds'. 

t—T  t  t 

Combining  case  1  and  2,  we  obtain 

/•t+r  /•£ 

A(t)  '  p(s)ds  —  p(t)  '  X(s)ds 

t  t—T 


r  /*t+T  ( /*t+r  m 

>  <?p(t)  In  e  p(s)ds  +  1  -  sign  1  p(s)ds  '  ,  t  >  a*. 


Then,  for  z  >  1, 

r(i 


rt+T  r£i  rl 

X(t)  '  p(s)dsdt  —  '  p(t)  '  A (s)dsdt 


dk+T 


Ofc+r 

p(s)ds  4- 1  —  sign  1 


r* 

t  —  T 


rti  f  /•t+r  /  /•i+r  \1 

■  In  *  zj  •  _L  1  _  ai  nrn  •  inf  »  I 


p(s)ds 


>  1  p(t)  In  e 

ajt+T  t  t 

By  interchanging  the  order  of  integration  and  by  using  (14),  we  find 


/*£t  /**  f£i“r  rt+T 

P(t)  X (s)dsdt  >  X (t)  '  p(s)dsdt. 


Ofc+r 


Ofc+T 


(2.24) 


(2.25) 
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From  this  and  (25),  it  follows  that 

rti  rt+T 

7  A (t)  '  p(s)dsdt 

Si-T  t 

fti  r  ft+r  /  ft+r  \n 

>  '  p(t)  In'e  7  p(s)ds  +  1  —  sign  7  p(s)dsU  dt .  (2.26) 

afc+r  t  t 

By  (7)  and  (26),  we  have 

%(£ • _ 7-^  /*&  r  /*4+r  /  rt+r  \  i 

In - j-  •  ■  ■■  >  7  p(t)  In'e  1  p(s)ds  -hi  -  sign  7  7  P(s)ds  ' '  eft, 

X(.W  afc+r  t  t 

i  =  2,3,-‘.  (2.27) 

Taking  the  superior  limit  as  i  — >  oo,  we  get  (19)  from  (15)  and  (27),  and  so 
the  proof  is  complete. 

Proof  of  Theorem  2.  By  way  of  contradiction,  that  (1)  has  an  eventually 
positive  solution  x(t).  Then  by  [7,  Lemma  1  and  Lemma  2],  we  have  eventually 

x(t _ 7*^ 

7  p(s)ds  <  1  and  liminf  ■  .  .  '  <  oo. 

t  x(t) 

The  rest  of  the  proof  is  similar  to  that  of  Claim  3.  Here  we  omit  it. 


3  Examples 

In  the  final  section,  we  give  two  examples  to  demonstrate  the  advantage  of  our 
results  that  existing  ones  in  the  literature. 

Example  1.  Consider  the  delay  equation 

x\t)  -h  asint  ■  x(t  —  ^)  =  0,  t  >  0,  (3.28) 

o 

where  a3  >  2(2e)1/4/(2  +  Vs)^/2e  «.  0.360  . 

Let  an  =  2n7r,  bn  =  (2n+  l)?r.  Then  condition  (i)  in  Theorem  1  holds,  and 

-(f)  ( asint,  t  £  U“=0[2n7r  +  f ,  (2 n  +  1)tt), 

0,  te[0,f)UU~o[(2n+l)7r,2(n+l)7r  +  f). 

By  direct  calculation,  we  have 

/•2,r_  r  rt+%  _  /  /•*+?  _  m 

7  p(£)  In  e  7  p(s)ds  + 1  —  sign  7  p(s)ds  dt 

o  t  t 

a,  (2  +  v/3)v^'/2ea3  „ 

_  2  n  2(2e)V4  >  °’ 
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it  follows  that 


roo  |”  rt+ 7r/3  {  /*t-f7r/3 

'  p(t)  In  e  p(s)ds  +  1  -  sign  1  p(s)ds  dt  =  oo. 


Therefore,  by  Theorem  1  we  see  that  every  solution  of  Eq.(28)  is  oscillatory. 
Example  2.  Consider  the  delay  equation 


x'{t)+p{t)x(t-  1)  =  0,  t  >  0,  (3. 

where  1  >  a  >  e~2//3  and 

?(*)  =  ^  0,  3  <  t  <  5!  and  ^  +  5)  =  p(*)  for  t  >  0 

Since  p(t)  >  0  for  t  >  0  and 

f  5  r  rt+l  /  rt+l  \  I 

p(£)  In  e  p(s)ds  -j-  1  —  sign  '  p(s)ds  cftaln(e2a3)  >  0, 

0  t  t 

it  follows  that 

/voo  r  /»t+l  /  /»t+l  \  I 

/  lr,  L  /  p(s)ds  + 1  -  sign  '  *  p(s)ds  '  dt  =  00. 


'  p(t)  In  e 
0  t 


Therefore,  by  Theorem  2  we  see  that  every  solution  of  Eq.(29)  is  oscillatory. 
On  the  other  hand,  [*_xp(s)ds  =  0  for  t  E  —  l,5n],  and 

ft-iP(s)ds  =  o  <1  for  i  €  U£L0[5n  +  1, 5n  +  3].  For  this  reason,  Theo¬ 
rem  A  and  all  know  results  in  the  literature  can’t  be  applied  to  Eq.(29). 
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THE  ASYMPTOTIC  THEORY  OF  FOR  SEMILINEAR  WAVE 
EQUATIONS  IN  TWO  SPACE  DIMENSIONS 

X.  K.  TAN 

Department  of  Mathematics, 

Xichang  Teacher  }s  College,  Xichang  615022,  P.  R.  China 

This  paper  deals  with  the  asymptotic  theory  of  initial  value  problems  for  semilinear 
*  wave  equations  in  two  space  dimensions.  The  well-posedness  and  validity  of  formal 

approximations  on  a  long  time  scale  including  O^t^T^Odel-0*)  (a  >  0,  e  0) 
and  0  <  t  <  T  =  oo  are  discussed  in  the  classical  sense  of  C 2 .  These  results  describe 
the  behavior  of  long  time  existence  for  the  validity  of  formal  approximations. 

1  Introduction 

In  this  paper  an  asymptotic  theory  is  established  for  the  following  initial  value 
problem  of  semilinear  perturbed  wave  equation 

( utt  -  A u  =  ef(u ,  e),  x€  R2,  t>  0,  ,  . 

u(0,  x,  e)  =  uo(a;,  e),  ut(0,x,  e)  =  U\(x,  e),  x  €  R2,  '  *  ' 

where  u{t,x,e)  is  a  real- valued  unknown  function,  A  =  J2i=i  e  is  a  pa¬ 
rameter  with  0  <  |e|  <  60  <  1,  f(u,e ),  uo(x,e)  and  Ui(x,  e)  satisfy  some 
assumptions  mentioned  in  Section  2. 

In  order  to  make  sure  what  is  meant  by  an  interesting  aspect, one  can 
consider  problem  (1)  with  e  =  0  and  e  =  1.  For  e  =  0,  it  is  easy  to  prove 
existence  and  uniqueness  of  the  solution  (see  ref.l)  in  the  classical  sense.  When 
e  =  l,  only  a  local  theory  can  be  obtained  which  states  that  a  unique  solution 
exists  for  x  6  R2  and  0  <  t  <  T  —  0(1).  It  can  be  shown  that  when  e  6 

[— eo,  eo],  T  =  T(e)  where  T(e)  — ►  oo  for  e  0  .  In  the  papers  ref.l-ref.2,  the 

asymptotic  theory  for  validation  of  formal  approximations  of  the  solutions  of 
initial-boundary  value  problems  for  the  second  order  semilinear  wave  equations 
in  one  space  dimension  with  the  best  order  time  function  T  =  0(|e|_1)  has 
been  presented.  But  for  x  6  R1,some  open  problems  and  results  in  ref.  1-3 
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were  given  on  the  asymptotic  theory  of  initial  value  problems  for  second  order 
nonlinear  wave  equations.  The  reason  is  that  asymptotic  theory  of  initial  value 
problems  for  partial  differential  equations  is  more  difficult  than  that  of  initial¬ 
boundary  value  problems.  For  nonlinear  partial  differential  equations  in  high 
space  dimension, as  stated  in  ref. 2,  little  is  known  about  the  asymptotic  theory. 
In  ref.  3,  the  asymptotic  theory  of  initial  value  problems  for  second  order 
semilinear  wave  equations  in  the  classical  sense  of  C 2  is  presented  on  the  time 
scale  of  order  |e|_1  in  three  space  dimensions.  In  this  paper,  an  interesting 
result  is  that  the  asymptotic  theory  and  validation  of  formal  approximations 
for  the  second  order  semilinear  wave  equation  in  two  space  dimensions  on 
the  long  time  scale  including  0  <  t  <  T  =  0(|e|_cr)  (cr  >  0,  e  — ►  0)  and 
0  <  t  <  T  =  oo  are  established  in  the  classical  sense  of  C2.  These  results 
describe  the  behavior  of  long  time  existence  for  solution  of  (1)  and  the  long 
time  validaty  for  the  corresponding  formal  approximations. 

For  simplicity,  we  will  denote  by  C  any  constants  appearing  in  our  paper, 
which  never  depends  on  e. 

2  The  well-posedness 

In  order  to  prove  the  existence  and  uniqueness  in  the  classical  sense  of  C2  for 
problem  (1)’  by  ref.l  we  know  that  the  equivalent  integral  equation  for  (1)  has 
the  following  form 

u(t,x,e)  =  {Jj[£  4|<i«o(* +*£,«)#] 

+£  4|<i Ul  (*  +  *£- eK> 

+{27  fo  l*  -  T )  4|<i  f(u(.T’x  +  (t~  'r)£>  e),e)dfdT 
=  u°(t)x1  e)  +v°(t,xye), 

where  £  is  a  unit  vector  in  R 2  and  dl ;  is  an  area  element. 

Suppose  that  the  nonlinear  term  /(u,  e)  and  initial  value  Uq{x ,  e),  u\{x ,  e) 
satisfy  following  assumptions 

(i)  /(u,  e)  6  C2  with  respect  to  14  /( 0,  e)  =  fu( 0,  e)  =  fuu{ 0,  c)  =  0. 

(ii)  If  fy(t,x,e) |  <  M ,  \v(tyx,  e)|  <  M ,  there  exist  constants  p  >  3  and 
A  >  0  such  that 

\f(u,e)\<A  and  \fUu(u,e)  -  fuu(v9e)\  <  A\w\p^x\u- v\, 

where  w  =  max{fy|,  \v\},  M  and  A  are  independent  of  e. 

(iii)  uo{x,e)  and  ui(x,  e)  satisfy 

\d2u0(x,e)\,  \d£ui(x,e)\  <  ^  +  ^i+fc,  0  <  k  <  1, 
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where  multi-integers  a  and  j3  satisfy  \a\  <  2,  \/3\  <2,Gis  independent  of  e. 
Let  Jk  be  given  by 

_  ,  (t,  x),  ( t ,  x)  6  (0,  oo)  x  R2,  k>2/{p-  1), 

k  ~  1  ( t,x ),  ( t,x )  €  [0,  T]  x  R2,  0  <k<  2/(p  —  1). 


We  define  C2(Jk)  be  the  space  of  all  real- valued  and  twice  continuously  differ¬ 
entiable  functions  W  on  Jk  with  norm  ||.||jfc  given  by 


\\W\\Jk  =  sup  [(1  +  i  +  |aj|)fc||W(f,i,  e)||]  <  oo,  (2.2) 

(t,x)eJk 


where 


By  the  definition  of  space  C2{  Jfc),  we  know  that  C2(Jk)  is  a  Banach  space  with 
the  norm  defined  by  (3),  and  for  any  u  €  C2(Jfc)}  |M|jfc  is  bounded.  We  shall 
use  the  fixed  point  theorem  to  prove  the  existence  and  uniqueness  of  solutions 
to  (1)  in  the  space  *C2(Jfc). 

Now  we  introduce  the  following  two  lemmas  which  can  be  found  in  [4]. 

Lemma  1  7/0  <  k  <  1,  then 


II  W(t,x,  e) 


0<j+ji+j2<2 


dWi+J2W(t,s,e) 

dtwxi'dx? 


±  r  %  c 

27r  |4|<i  (1  +  I*  +  i£|)1+fc  “  (1  + 1 4-  |a:|)fc  ’ 

J If  dj  <__C__ 

2tt  |4|ie,i  (1  +  I*  +  f£|)1+*  “  (1  + 1  +  |x|)fe ' 
Lemma  2  Suppose  that  uo(x,e),  ui(x,e)  satisfy  (Hi),  then 
||u°(f,  1,6)11  <  ^1+t+|a.|jfc  (0<fc<l). 


Let  the  operator  A  be  defined  as  follows 
Au(t,  x ,  e)  =  {  ^  /*i^| <1  "b  £)d£] 

+{^F  -fo(*  “  T)  4l<i  /(W(T> x  +  (*  “  r)£>  €)>  e)dZdT 
=  u°(t,  x,  e)  4-  v°(t,  x,  e). 

We  can  prove  that  the  integral  operator  A  is  a  contractive  mapping  of  itself 
in  the  space  C2(Jfc).  By  the  same  method  as  [3],  we  give  the  following  lemma 
which  is  the  key  to  obtain  our  main  results. 
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Lemma  3  Suppose  that  f,  uq,  u\  satisfy  assumptions  (i)-(iii).  For  any 
u,v  E  C2(Jk)  and  p  >  4,  we  have 


l|Au||  <  { 


c 

(T+t+NF 

c 

(I+t+RF 


£N1NU 

(T+t+FTF 

cMii+ti2- 


(i+‘+l*l) 


i  k  >  2/(p  -  1), 

fc(P"l>HL>  o  <  fc  <  2/(p  —  i). 


and 


IA«-A»||<{ 

(i+t+RF 


k  >  2/ (p  —  1), 


|«  — 1>||  jfc,  0<fc<2/(p-l). 


The  proof  is  similar  to  that  of  Lamma3  in  ref.  3. 

By  Lemma  3,  we  obtain  the  following  main  result  at  once. 

Theorem  1  Suppose  that  the  nonlinear  term  /(u,  e);  initial  value  uq(x,  e), 
ui(x:  e)  satisfy  assumptions  (i)-(iii)  with  0  <  |e|  <  eo  1,  then  we  have 

(1)  If  k  >  2/(p  —  1)  (p  >  3),  there  exists  a  unique  global  C 2  solution  to 
problem  (1). 

(2)  If 

0<k<  min{l,  2  /(p  -  l)}(p  >  3),  0  <  t  <  T  =  0(  |e|-i/(2-fcp+fe))) 
there  exists  a  unique  solution  u  €  C2{Jk)  to  problem  (1). 


3  Validation  of  formal  approximations 

Because  the  initial  value  problem  (1)  contains  a  small  parameter  e,  pertur¬ 
bation  methods  may  be  applied  for  the  construction  of  approximation  to  the 
solution.  In  most  perturbation  methods  for  nonlinear  problem,  a  function  is 
constructed  that  satisfies  the  differential  equation  and  initial  condition  up  to 
some  order  of  e  (where  the  parameter  e  is  so  small) .  Such  a  function  is  usually 
called  a  formal  approximation.  In  order  to  prove  that  the  formal  approxi¬ 
mation  is  an  asymptotic  approximation  (as  e  — >  0),  We  have  to  establish  an 
additional  analysis  in  the  space  C2(Jk ). 

Suppose  that  on  J*  x  [—  eo,eo],  the  function  v(t,x,  e)  satisfies 

(  vtt  -  Av  =  ef(v,  e)  +  |e|mCi(t,  x,e),  m  >  1, 

<  u(0,x,e)  =  uo(x,  e)  4-  \e\m~lC2(x,e)  —  vo(x,e),  0  <  |e|  <  eo  <C  1,  (3.3) 

vt(0,  Xy  e)  =  ui(x,e)  4-  |e|m-'1c3(a;J  e)  =  t/i(sc,e),  0  <  |e|  <  e0  <  1, 

where  /(u,e),  uo(x,e)i  Ui(x,e)  satisfy  assumptions  (i)-(iii).  Suppose  that 
ci(t,  x,e),  C2(x,€)  and  c3(x,  e)  satisfy  following  conditions 

ci (*,*,€)  e  C2{Jk),  and  ||cx(f,  x,  e)||  <  1/(1  +  t  4-  \x\)kp,  (3.4) 
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\dZc2(x,e%dPc3[x,e)\<C/{l  +  t+\x\)k+l,\a\<Z,\(3\<2,  0  <  k  <  1.  (3.5) 

From  Theorem  1  it  follows  that  the  initial  value  problem  (3)  has  a  unique 
solution  v(t,  x,  e)  E  C2(Jk).  On  the  other  hand,  the  problem  (3)  can  be  trans¬ 
formed  into  the  following  equivalent  equation 

v(tj  x,  e)  =  -q^[ 2^-  vo{x  "b  e)^f]  +  27F  ^|<i  vi(x  “b 
+57  fai*  -  t)  4k, [f(v,  (t,x+  (t  -  r)f,  e),  e) 

+|e|mci  (r,  X  +  (f  -  r)£,  e)]c^dr 

If  E  C2(Jfc)  is  the  solution  of  problem  (1),  then 

v(t,  x,  e)  —  u(t,x,e) 

=  /|C|<i  !e|m-1c2(a: 

"*"^r  f|£|<i  lelm  l°3 (x  +  t£,e)d£ 

+£  fo(t  -  T)  +  (*  -  T)t,  e),  e)  i  '  > 

-  f  (u(T,  x  +  (t-  r)C,  e),  e)]dfdr 

+57  fo(t  ~  T )  .fK|<i  \e\mci{r,x{t -  r)£,e)d£dr. 

By  the  same  idea  as  that  of  Lemma  3,  we  have 

\\v{t,x,e)-u(t,x,e)\\Jk=0(\e\m-1). 

Now  we  get  the  following  asymptotic  approximation  theorem. 

Theorem  2  Suppose  that  v(t,x,e)  is  the  solution  of  the  problem  (3), 
and  nonlinear  term  f,  initial  data  uo,  ui  satisfy  assumptions  (i)-(iii).  Let 
Ci(t,  x ,  e),  C2(x ,  e)  and  c${x,  e)  satisfy  (4)  (5).  Then  for  m>  1,  the  formal  ap¬ 
proximation  v(t ,  x,  e)  is  an  asymptotic  approximation  (as  e  — >  0)  of  the  solution 
u(t,x,e)  of  problem  (1).  Furthermore 

(i) \\u  -  t/||Jfc  =  0(|e|m_1),  for  (t,x)  e  (0,+oo)  x  R2 ,  if  ^  <  K  <  | 
CP  >  4), 

(ii)  ||u-f||jfc  =  0(|e|m-1)  forx  €  R2  and  0  <  t  <  i|«|  ,  ifO<k< 

min{l/2,2/(p  —  2)};  in  which  L  >  0  is  in  dependent  of  e. 
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In  this  paper,  we  give  a  brief  introduction  to  the  theory  of  unique  normal  forms 
of  ordinary  differential  equations  and  introduce  some  recent  results  concerning  the 
unique  normal  form  of  Bogdanov-Takens  singularities. 


1  Introduction 

It  is  well  known  that  the  classical  normal  form  is  computed  by  using  one 
Lie  Bracket  and  can  not  give  unique  normal  form  for  a  given  equation  in 
general.  Here  the  nonuniqueness  means  that  even  the  form  of  the  normal  form 
is  fixed,  the  coefficients  of  the  normal  form  are  not  uniquely  determined  by  the 
given  equation.  Hence  the  classical  normal  forms  can  not  be  used  for  formal 
classification. 

Example  4  For  equation  of  Bogdanov-Takens  singularities 

x  =  y  +  h.o.t ,  y  =  h.o.t ,  (1.1) 

where  h.o.t  denote  higher  order  terms,  by  classical  normal  form  theory,  its 
normal  form  can  be  taken  as 

oo 

x  =  % /,  y  =  'Y'  akxk  +  bkxk~ly,  (1.2) 

k—2 

where  dk,bk  are  all  real  constants.  But  we  note  that  if  <22  7^  0  then  63  is  not 
uniquely  determined  by  the  given  equation  (1.1)  and  consequently  we  can  take 
63  =  0  in  the  normal  form.  See  for  example  [5]. 

Since  the  early  80s,  many  authors  considered  the  refined  definition  of  nor¬ 
mal  form  in  order  to  get  unique  normal  form(also  the  simplest  normal  form). 
In  this  article,  we  give  brief  introduction  to  the  theory  of  unique  normal  form 
and  give  some  recent  results  on  the  unique  normal  form  of  Bogdanov-Takens 
singularities. 

2  Ushiki’s  Method 

Ushiki4  gave  a  new  method  to  compute  normal  forms  for  given  equations.  And 
then  his  method  is  clearly  described  in  [2]. 
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Consider  a  C°°  differential  system 

x  =  V(x)  =  V\  4*  v2  4-  . . .  4-  vk  +  . . .  j  x  6  IR71,  (2-3) 

where  V(0)  =  0,vk  €  Hk,  the  n  dimensional  vector  valued  homogeneous  poly¬ 
nomial  space  of  degree  k.  Let  Y (x)  be  a  C°°  vector  field  with  Y (0)  =0  and 
$y(x)  be  the  flow  generated  by  Y.  Let  y  —  $^(x).  Then  Eq.(2.3)  is  changed 
to 

y  =  exp(t  *  ad(Y))V (x) 

=  V(x)  +  t\Y(z),  V(x)}  +  . . .  +  tn/n\[Y(x), . . .  [Y(x)}  V(x)} 

(2.4) 

where  ad(Y)V(x)  =  [K(s),V(*)]  =  DY(x)V(x)  -  DV(x)Y{x).  Denote  Wk 
the  fc-jet  of  W  at  the  origin  and  W k  =  Wk  —  Wk~l  ^  Vk  €  IN. 

Theorem  1  ([4], [2])  Let  hk(t)  be  the  k-th  order  term  in  Eq.(2.4).  If  F(x) 
satisfies  the  condition  [Tfc,  yk-i^k-i  _  q  then 

jhk{t)  =  [Yk,  V k~l  +  hk(t)}k,  MO)  =  Vk.  (2.5) 

In  [4]  and  [2]  some  examples  are  given,  those  are  normal  forms  with  co¬ 
efficients  being  uniquely  determined  by  the  given  equations  up  to  some  finite 
order. 

Example  5  ([4])  Normal  form  up  to  order  4  of  Eq.(l.l)  can  be  taken  as  one 
of  the  follows: 

(a) x  =  y ,  y  =  Sx2  +  b2xy  +  a3x3  +  b4x3y, 

(b) x  =  y,  y-  Sxy  4-  a3x3  4-  b3x2y  +  a4: r4  4-  b4x3y,  (2.6) 

(c) x  —  y,  y  ='  wix3  4-  w2x2y  4-  a4x3  +  b4x3y: 

where  8  =  1  or  —  1  and  a3,  a4,  b2, &3, 64,  wi,  w2  are  all  uniquely  determined  by 
Eq.(l.l)  and  w2+v)2  =  l. 

Remark  2.1  Note  that  Y\  ^  0  is  allowed  in  Ushiki’s  method.  But  if  we 
consider  only  near  identity  change  of  variables,  then  we  should  assume  Y\  =  0. 
Then  [ Yk ,  Vk~l  4-  hk(t)]k  =  [*2,  v*_i]  +  [*3,  vk-2]  +  - . .  +  [Yky  Vi].  Therefore 
the  solution  of  Eq.(2.5)  is 

hk{t)  =  vk  4-  t{[Y2)  vk~i]  4-  [Y3j  vk-2]  4- ...  4-  [Yk,  ui]}. 

We  may  take  t  =  1.  Then  under  the  change  of  variables  y  ~  4>y(x)  the  fc-th 
order  term  in  the  result  equation  is  vk  4-  [Y2,  t^-i]  4-  [Y3,vk-2\  4- . . .  4-  [Yk,  vi]. 

[4]  and  [2]  do  not  explain  theoritically  why  their  methods  can  give  unique 
normal  form.  But  indeed,  their  methods  can  give  unique  normal  form,  that  is 
in  fact  solved  by  [3].  See  the  section  4  below. 
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3  Baider  and  Sanders’s  Method 


✓ 


Baider  and  Sanders  1  defined  second  order  normal  form  by  introducing  the 
second  grading.  For  the  normal  form  of  Bogdanov-Takens  singularities  they 
consider  the  further  reduction  for  the  first  order  normal  form(i.e.5  the  classical 
normal  form).  They  wrote  the  first  order  normal  form  in  the  following  form: 

z  =  X(x),  x  G  1R2,  (3.7) 

where 


oo  oo 

X(x)  =  Aj  +  V  akAll  +  V  pkB°k,  1  <  At  <  OO,  1  <  v  <  oo,  (3.8) 

k=fjL  k=u 


and  where 


Al  = 


j_~H  rJ.H.k+l—  l 

k+2x  y 


(-1  <l<  k  + 1), 


B1 


(  xn+1ym~n\ 

7TI-!- 1  — 71 


(0  <  n  <  ra). 


(3.9) 

It  is  well  known  that  the  degree  of  a  monomial  in  the  classical  sense  is 
defined  by  the  summation  of  powers  of  all  variables.  But  Baider  and  Sanders 
gave  the  new  grading  function  as  follows: 


5(2)(A[)  =  S(2)(Blk)  =  2k  +  l  x  min(^t,  2v). 


It  is  obvious  that 


6W(A10)=5W(A;1)  =  n,  if  M  <  2i/ 

and 

j(2)(4)  =  5W{B°)  =  21/,  if  n  >  2v. 

Note  that  is  a  linear  term  but  A~l  and  B®  are  nonlinear  terms  in  the  sense 
of  the  classical  grading.  So  the  lowest  order  terms  in  Eq.(3.7)  are 

—  A\  4-  if  fjb  <  2v 

or 

Xv  =  Ak+0v&°9  if  /a>2i/. 

Then  by  using  one  Lie  bracket  defined  by  A M  they  reduced  Eq.(3.7)  to  the 
following  so  called  the  second  order  normal  form  for  the  case  fi  <  2v\ 

oo  oo 

Y{x)  =  A*+  V  akA^+  Y'  /3kB°k,  (3.10) 

k>n, 

fc(mod(/x+2))7^/x— 1,/u  fe(mod(/M-2))^/i+l 
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Furthermore  they  used  two  Lie  brackets  to  make  further  reduction  for  the 
second  order  normal  form. 

Theorem  2  Eq.(3.7)  can  be  reduced  by  near  identity  transformation  to 
x  =  X<~)=Ai*  +  all+vA;lv 


+  t  £  as?.  <3U> 

k>is, 

fc(mod(M+2))^-lfM>M+l  fc(mod(M+2))^^+l 

And  if  z/(mod(/i+2))  ^  0  then  coefficients  in  the  above  equation  are  all  uniquely 
determined  by  the  original  equation. 

The  case  for  n  >  2v  is  omitted  here,  we  refer  to  their  paper  T  But  the 
case  [i  =  2z/  was  left  as  an  open  problem  in  [1]. 


4  Kokubu,Oka  and  Wang’s  Method 

Kokubu,  Oka  and  Wang3  combined  both  ideas  of  [4]  and  [1]  and  proposed  the 
N-th  order  normal  forms  by  using  N  Lie  brackets  and  the  new  grading  function. 
Definition  4.1  Let 


(  71 

Dn  =  TT  xlfej 


h  6  2 +,Xi  e  IR  (or  C),i,j  ~  1,  ...,n 


1 


where  e,  is  the  j- th  standard  unit  vector  in  Rn  (or  Cn).  Then  the  function 
<5  :  Dn  — *  Z  defined  by 

(  n  ^  n 

8  TTa^e.,  =  V  dik-dj,  (4.12) 

i=l  i— 1 

where  a*  6  IN,  i  =  1,  is  called  a  linear  grading  function. 

In  what  follows  we  denote  by  H f  the  homogeneous  polynomial  splace  with 
respect  to  the  grading  S .  Then  [H^H^]  C  JT*+fc. 

Definition  4.2 

F  =  +  V^+1  +  ...  +  Vn+m  + ... 

where  14  €  is  called  an  iV-i/i  order  normal  form  (associated  with  grading 
function  £),  if  V^+i  €  Nl%  for  VI  <  <  <  iV  -  1  and  e  iV^]  for  j  >  N , 
where  is  a  complementary  subspace  to  ImL^^,  in  and  where 
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4m)  =  V^+i, V^+m_i]  for  Vm  €  IN  is  defined  as  following: 

4m)  :  Kerl/j.m_1)  x  -  .ff£+m+fc_i  :  ((ft,  tt+i, ....  n+m_2),  n+m-i) 

“♦  IXfcj  ^4m-i]  “I"  P^fc+i)  Vn+m- 2]  +  •  ■  ■  4-  [Yfc+m-i,  V^],  Vm  >  1. 

(4.13) 

Definition  4.3 

V  —  VM  +  V^-fi  +  ...  4-  V^+rn  4-  ... 

is  called  an  infinite  order  normal  form ,  if  V^+m  £  for  Vm  £  IN,  where 

*s  a  complementary  subspace  to  ImL^  in  i?M+m  and  where  L ^  = 

L(T)K,Vli+ V^m-i]  for  Vm  €  IN. 

Kokubu,  Oka  and  Wang3  proved  that  infinite  order  normal  form  is  unique. 
They  also  gave  a  sufficient  condition  for  an  N- th  order  normal  form  being 
infinite  order  one  and  hence  being  unique  normal  form. 

Theorem  3  If  there  exists  an  N  £  IN  such  that 

ImLf +m)  =  ImL^  (4.14) 

for  any  k,  m  £  IN,  then  the  N- th  order  normal  form  is  an  infinite  order  normal 
form. 

Remark  4.1  If  we  consider  only  the  near  identity  transformations  and  define 
the  grading  function  <5  by  the  classical  degree  minus  1,  then  Ushiki’s  method 
in  fact  can  give  the  infinite  order  normal  form  in  the  sense  of  [3] . 

For  Eq.(3.7)  Kokubu,  Oka  and  Wang3  solved  the  special  case,  /i  =  2,  v  —  1, 
the  open  problem  in  [1].  Recently  Wang,  Li,  Huang  and  Jiang  6  improved 
the  computation  method  of  [3]  and  solved  the  open  problem  under  a  generic 
condition([6]). 

Consider  the  following  equation: 

x-y  +  h.o.t,  ,  . 

y  —  axuy  4-  f3x2u+l  4-  h.o.t .,  '  '  ' 

where  v  £  IN,  a,  (3  ^  0  and  h.o.t.  denote  the  higher  order  terms  in  the  sense  of 
the  grading  function  5  defined  below. 

Define  the  new  grading  function  5  :  — >  Z  by 

&  ^ X  q  ^  =  m+»(i/  +  l)-l,  S  ^  xmn^  =  m  +  n(u  + 1)  -  v-  1. 
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Theorem  4  If  p/a2  is  not  an  algebraic  number,  then  the  first  order  normal 
form  of  Eq. (4. 15)  (associated  with  grading  function  S)  is  unique  and  can  be 
taken  as  the  following  form: 


x  =  y, 

OO  OO 

y  =  axuy  +  Px2v+l  +  b2vx2vy  +  E  amXm  +  E  bnxny, 

m—2v+2  n—v+1, 

n(mod(i/+l))^y-l,i/ 

(4.16) 

where  am,  bn  are  all  uniquely  determined  by  Equation  (4.15). 
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ON  DISTRIBUTION  OF  LIMIT  CYCLE  FOR  QUADRATIC 
SYSTEM  IN  THE  PLANE 

FENG  WANG,  XINGFU  DU,  and  YUMIN  WANG 
Depatment  of  Mathematics  and  Computer , 

Jianghan  University,  Wuhan  430019,  China 

In  this  paper,  we  have  proved  the  existence  of  only  four  kinds  of  distribution  of 
limit  cycle  in  £200  :  (  °dd,  even  ),  (  odd,  odd  ),  (  even,  even  ),  (  even,  odd  ),  whose 
lower  bound  at  least  is  (i,  ^distribution  ( i,j  =  0, 1)  respectively.  Moreover  there  is 
just  a  distribution  of  limit  cycle  in  E203  •  (  odd,  even  ),  Whose  lower  bound  at  least 
is  (  1,  0  )  distribution.  We  can  not  construct  (1,  k)(k  =  2, 3, 4),  (0,  k)(k  =  1, 2, 3, 4) 
and  (0,  k){k  =  2,3,4)  distribution  of  limit  cycle,  even  we  gave  small  perturbation 
for  coefficients  by  the  method  of  Hopf  bifurcation. 
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The  paper  [l]  give  out  the  result  for  £203:  by  the  method  of  Hopf  bifurca¬ 
tion  we  can  not  get  (  0,  4  )  and  (2,2)  distribution  of  limit  cycles,  but  theory 
and  practice  need  us  to  utilize  a  inequality  consisting  of  coefficients  to  describe 
the  characteristic  of  phase  diagram  of  the  system. 

In  this  paper,  we  give  out  the  result  for  £200 :  the  quadratic  system 
£-200 with  two  normal  focus  and  a  unique  saddle  point  at  infinity  possesses 
four  kinds  of  distribution  of  limit  cycle  and  their  lower  bound. 

when  we  change  the  normal  focus  point  (0, 0)into  critical  focus  point  order 
3  of  the  quadratic  system,  we  proved,  there  is  a  distribution  of  limit  cycle 
in  £203  (  odd,  even  ),  whose  lower  bound  at  least  is  distribution  of  (  1,  0  ), 
For  £203?  on  other  distribution  of  three  kinds  of  limit  cycle  can5  t  exist,  So 
using  small  perturbation  for  coefficients  of  the  system  by  Hopf  bifurcation,  We 
can  not  construct  (1  ,fc)(fe  =  2,3,4),  (0,k)(k  —  1,2, 3, 4)  and  (0,  k)(k  —  2,3,4) 
distribution  of  limit  cycle  respectively. 


1  A  Quadratic  System  With  two  Normal  Focus 


We  consider  the  system  : 

f  x  =  —  y  +  dx  4-  lx2  4-  mxy  -1-  ny2 
y  =  x(l  4-  ax  +  by) 

where  two  normal  focus  is  Aq(0,  -),  Oq(0,  0).  Let  : 


(£200) 


Mo  —  [9 an  -  m(b  -  l)]2  -  4 [(b  -  l)2  4*  Sam][rn2 A-  Sn(b  -  1)] 

Nq  —  a2  b2  - h  2 d(ab  —  mb  P  2an)  +  [(a  4-  m)2  -4 l(n  +  l)\ 

PQ  =  lb 2  —  abm  P  a2m 

Ro  —  {dp  Tfi)2  -b  4  Ti{b  P  ti) 

„  ,  m 

So  —  d  H - 

n 

and  we  introduce  the  following  notation  : 

Without  less  of  generality  suppose  n  >  0  and  a  ^  0,  From  [2]  we  get  the 
following  results: 

Lemma  1  :  If  P0  ^  0  and  N0  <  0,  then  £2oo  possesses  only  two  real 
singular  point  A(0,  ~)  and  0(0,0),  and 

(1) :  When  0  <  \d\  <  2, 0(0, 0)  is  normal  focus,  it  is  unstable  when  d  >  0 
and  it  is  stable  when  d  <  0. 

(2) :  When  Ro  <  0  and  So  ^  0,  A(0,  £)  is  a  normal  focus,  it  is  unstable 
when  Sq  =  dp  m/n  >  0  and  it  is  stable  when  Sq  =  d  P  m/n  <  0. 
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Lemma  2:  If  Mo  >  0,  then  E  200  has  only  a  unique  saddle  point  at 
infinity. 

Lemma  3  :  If  No  <  0,  Rq  <  0,  then  P0  <  0. 

Lemma  4:  If  a  >  0(<  0)  and  No  <  0,  then  L  :  1 fry  =  0  is  a  straight 
line  without  contact  and  slope  k  =  -a/b  >  0(<  0),  i.  e  that  saddle  point  at 
infinity  P(Pr)  lies  above  (  below  )  straight  line  L  on  the  equator. 

From  lemma  1  4,  we  obtain  : 

Theorem  1:  Assume  a  >  0  and  NoO,  Ro  <0,  Mo  <  0. 

If  0  <  d  <  2,  So  <  0,  then  distribution  of  limit  cycle  is  (odd,  even  )  in 
£*200  (  see  fig  1  )>  Whose  lower  bound  at  least  is  (  1,  0  )  distribution  and  the 
total  numbers  of  limit  cycles  has  odd  numbers  (at  least  one  ). 

If— 2<d<0,  So<0,  then  distribution  of  limit  cycle  is  (odd,  odd  )  in 
£200  (  see  fig  2  ),  Whose  lower  bound  at  least  is  (  1,  1  )  distribution  and  the 
total  numbers  of  limit  cycles  has  even  numbers  (  at  least  two  ). 

If  0  <  d  <  2,  So  <  0,  then  distribution  of  limit  cycle  is  (even,  even  )  in 
£200  (  see  fig  3  ),  Whose  lower  bound  at  least  is  (  0,  0  )  distribution  and  the 
total  numbers  of  limit  cycles  has  even  numbers  (  may  be  zero  ). 

If  —  2  <  d  <  0,  So  <  0,  then  distribution  of  limit  cycle  is  (even,  add  )  in 
£200'  (  see  fig  4),  Whose  lower  bound  at  least  is  (  0,1  )  distribution  and  the 
total  numbers  of  limit  cycles  has  add  numbers  (  may  be  zero  ). 


When  a0,  we  have  similar  results  with  a  <  0,  then  we  have  : 

Theorem  A:  The  system  £200  With  two  normal  focus  and  a  unique  saddle 
point  at  infinity  possesses  only  four  kinds  of  distribution  of  limit  cycle  :  (  odd, 
even  ),  (  odd,  odd  ),  (  even,  even  )  and  (even,  odd  ),  whose  lower  bound  at 
least  is  (ij)  distribution,  (i,  j  =  0, 1). 


A  Quadratic  system  with  a  critical  focus  of  order  3 

Can  the  system  £200  keep  four  kinds  of  distribution  of  cycle  limit  when 
one  or  two  normal  focus  of  E  200  changes  into  critical  focus?  This  question 
relates  to  £200  maximum  numbers  and  relative  place  of  limit  cycle. 
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In  this  section,  we  will  consider  only  the  system: 

f  x  ==  —y  +  lx2  —  5axy  +  ny2  f  * 

y  —  x  +  ax2  +  (31  +  5nx)xy  '  203 ' 

In  other  wards,  when  d  =  0,m  —  5a,  6  =  3/4-5  ,  we  changes  normal  focus  of 
£200  into  critical  focus  of  order  3  of  £200  •  Let  : 

M3  =  -^Mo  =  500a4  +  a2 [25(2i  +  5n)2  +  90n(2l  +  5 n)  -  27n2]  +  An/ (21  +  5 n)3, 

N3  =  ^N0  =  3a2  -  1(1  +  2 n),  P3  =  -3a2(5J  4-  8»)  +  2(3/  +  5n)2  (1.1) 

£3  =  25a2  4-  12n(l  +  2  n),  S3  =  5a/n, 

Q3  =  2a2  +  ln  +  2n2,  J3  =  a2(5/  4*  6n)  -  3(/  4-  2n)(/  4-  n)2, 

W3  =  -5a3Q3J3.  (1.2) 

Similar  above  lemma  1  4,  we  have  : 

Lemma  5:  If  £3  ^  0,  JV3  <  0,  then  the  E  200  possesses  only  two  real 
singular  point  ^4(0,  £),  0(0, 0),  and 

When  W3  ^  0, 0(0,0)  is  a  critical  focus  of  order  3,  it  is  stable  when 
W3  <  0,  it  is  unstable  when  W3  >0. 

When  £3  <  0,  a  ^  0,  A(0,  L)  is  a  normal  focus,  it  is  unstable  when  a  <  0, 
it  is  stable  when  a  <  0. 

Lemma  6:  If  M3  <  0,  then  £200  has  only  a  unique  saddle  point  at  infinity. 

Lemma  7:  If  N3  <  0,  £3  <  0,  then  £3  <  0. 

Lemma  8:  If  a  <  0(<  0)  and  N3  <  0,  then  LI  4-  ax  4-  (3/  4-  5 n)y  —  0 
is  a  straight  line  without  contact  and  slope  k  =  —a/ (31  4-  4 n)  >  0(<  0),  i.  e 
that  saddle  point  at  infinity  P(Pf)  lies  above  (  below  )  straight  line  L  on  the 
equator. 

Suppose  a  <  0,  R  <  0,  without  losing  generality.  From  lemma  5  8,  we 

obtain  : 

Theorem  2:  If  M3  <  0,  and  one  of  the  following  conditions  are  satisfied, 

(1) :  £3  <  0,  £3  <  0,  £3  <  0  and  W3  <  0. 

(2) :  l  <  —2 n. 

(3) :  3/  4-  5n  =  b  —  n. 

Then,  distribution  of  limit  cycle  is  (  odd,  even )  in  £2oo>  whose  lower  bound 
at  least  is  (1,  0)  distribution.  If  we  gave  small  perturbation  for  coefficients  of 
£200  by  Hopf  bifurcation,  It  will  possess  limit  cycles  with  (1  ,k)(k  —  1,2,3) 
distribution  . 

From  (  2  ),  (  3  ),  we  have  : 

Lemma  9  :  M3  <  0,  £3  <  0W3  <  0. 
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Theorem  3:  In  a  Quadratic  system  E203  with  a  critical  focus  of  order  3 
and  a  unique  saddle  point  at  infinity. 

(1) :  distribution  of  limit  cycle  (  odd,  odd  )  in  £203  is  not  exist,  Whose 
lower  bound  at  least  (  1,  1)  distribution  is  also  not  exist,  i.e  We  can  not 
construct  (1  ,k)(k  =  2, 3, 4) distribution  of  limit  cycle  respectively,  if  we  give 
small  perturbation  for  coefficients  of  the  system  by  Hopf  bifurcation. 

(2) :  distribution  of  limit  cycle  (even,  even  )  in  E2 03  is  not  exist,  Whose 
lower  bound  at  least  (  0,  0  )  distribution  is  also  not  exist,  i.e  We  can  not 
construct  (0,  k)(k  =  1,2,3)  distribution  of  limit  cycle  respectively,  if  we  give 
small  perturbation  for  coefficient  of  the  system  by  Hopf  bifucartion. 

:distribution  of  limit  cycle  (even,  odd  )  in  £203  is  not  exist,  Whose  lower 
bound  at  least  (  0,  1)  distribution  is  also  not  exist,  i.e  We  can  not  construct 
(0,  k)(k  =  2, 3, 4)  distribution  of  limit  cycle  respectively,  if  we  give  small  per¬ 
turbation  for  coefficient  of  the  system  by  Hopf  bifurcation. 

Proof:  Suppose  a  <  0  without  losing  generality.  From  lemma  5  9,  we 

obtain  : 

(1) :  If  the  distribution  of  the  system  £203  is  (  odd,  odd  ),  then  we  have 
:  Ns  <  0,  M3  <  0,  i?3  <  0,  W3  <  0,53  >  0,  from  lemma  9  we  have  W3  <  0, 
hence  we  can  not  obtain  distribution  (  odd,  odd  )  in  #203- 

(2)  :  If  the  distribution  of  the  system  E203  is  (  even,  even  )  or  (  even  , 
odd  ),  then  we  have  :  S\  =  5 a/n  <  0,  but  a  <  0,  hence  we  can  not  obtain 
distribution  (  even,  even  )  or  (  even,  odd  ). 

From  theorem  2  3,  we  obtain  : 

Theorem  B:  The  system  E203  with  a  critical  focus  of  order  3  and  a  unique 
saddle  point  at  infinity  possesses  only  kind  of  distribution  of  limit  cycle  (  odd, 
odd  ),  whose  lower  bound  at  least  is  (  0,  1 )  distribution,  we  can  only  construct 
(l,k)(k  =  1,2,3)  distribution  by  a  small  perturbation  for  coefficient.  Other 
three  kinds  of  distribution  (  odd,  odd  )  ,  (even,  even  ),  (  even,  odd  )  not 
exist  in  #203  >  since  their  lower  bound  (1,  1),  (0,0)(0,  0)  distribution 
not  exist,  So  we  can’  t  construct  (l,k)(k  —  2, 3, 4),  (0,  k)(k  —  2,3,4),  and 
(0,  k)(k  =  1,2, 3, 4)  distribution  respectively,  if  we  give  small  perturbation  for 
coefficient  of  the  system  by  Hopf  bifurcation. 


References 

1.  Cai  Suilin.  Survey  of  planar  quadritic  differential  systems.  Advances  in 
Mathematics  28,  1  (5  12)  1989. 

2.  Shi  songling.  On  limit  cycle  of  planar  quadratic  system,  Scientia  Sinica 

734  739  (1980). 


311 


3.  Qin  Yuanxun,  Shi  Songling,  Cai  Surlin.  On  limit  cycle  of  planar 
quadratic  system,  Scientia  Sinica  (  series  A  )  .,41  50  (1982). 

4.  Li  Chengzhi.  Two  problems  of  planar  quadratic  system.  Scientia  Sinica 
(  Series  A  )  471  481,  1983  (.) 


OSCILLATION  OF  CERTAIN  NEUTRAL  DIFFERENCE 
EQUATION  OF  MIXED  TYPE  WITH  HIGH  ORDER 

WANG  JIANJUN  and  ZHANG  JINZHU 
North  China  Institute  of  Technology , 

Taiyuan ,  Shanxi,  030008,  P.R.  China 

This  paper  is  mainly  concerned  with  some  certain  linear  neutral  difference  equa¬ 
tions 

A  (in  -h  axn—m  —  bxn+)f)  —  c(qxn—g  +pxn_j_/l). 

Sufficient  conditions  for  oscillation  of  equations  ( Ei,c )  for  i  =  2 N  4-  1,  i  =  2 N 
and  c  =  ±1  are  established  respectively,  and  the  results  extend  that  of  S.R. Grace 
[2].  Where,  a,b,p,q  >  0  are  real,  m,k,g,h  >  0  are  integer  and  multiples  of  i, 
i  =  l,2,.r. 


1  Introduction 

This  paper  is  concerned  with  the  oscillation  behavior  of  neutral  difference 
equation  of  the  form, 


A  (x^  ±  dXji— jri  c{^QX>n—g  T  jP*En+/i)>  (iEj,  c) 

where  c  —  ±1,2  is  a  positive  integer,  a,b,p,q  are  nonnegative  real  numbers, 
g ,  h ,  m,  and  k  are  positive  integer  and  multiples  of  i.  The  definitions  of  os¬ 
cillation  and  operator  A1  for  i  =  0, 1,  •  •  •  see  the  papers  by  I.Gyory  [1]  and 

S.R.  Grace  [2]. 

The  analogue  of  Eq.  (Ei,  c)  in  the  continuous  case  is  the  neutral  functional 
equations 

d1 

^r(x(t)  +ax(t  -  to)  -  bx(t  +  k))  =  c(qx(t  -  g)+px(t  +  h ))  (iVj.c) 

where  %  is  a  positive  integer  and  c  =  ±1,  a,  6,m,  k,p,q  are  nonnegative  real 
numbers,  g ,  h  are  positive  constants.  There  have  been  a  lot  of  interests  in 
the  oscillation  of  ( Ei,c )  and  (N{ , c)  with  different  order.  S.R. Grace  [2]  [3]  has 
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established  criterion  for  oscillation  of  Eq.  (Nitc)  where  i  is  even  and  oscillation 
of  Eq.  (Eit  c)  where  i  —  1, 2, 3. 

Our  aim  in  this  article  is  to  establish  some  conditions  involving  the  coef¬ 
ficients  and  arguments  only,  under  which  all  solutions  of  Eq.  (i^,c)  oscillate, 
where  i  is  a  positive  integer. 


✓ 


2  Main  Results 


The  following  Lemmas  are  needed  in  the  proof  of  our  main  results. 

Lemma  6  (2)  Assume  that  q  is  positive  real  number  and  k  is  a  positive  integer 
and  a  multiple  of  i.  Then  the  following  statements  hold. 

(a)  If 

q  > - p -  for  k>  t, 

then  the  difference  inequality 


Alj/n  >  qyn+k  for  i  >  1 

has  no  eventually  positive  solution  {yn}  which  satisfies  A iyn  >  0  even¬ 
tually,  j  =  0, 1,  •  •  •  ,i. 

(b)If 


q  > 


?kk 


(k  +  i)k+i 
then  the  difference  inequality 


for  k  >  1, 


(~iyAlyn  >  qyn-k  for  i  >  1 

has  no  eventually  positive  solution  {yn}  which  satisfies  (— 1  )JAJyn  > 

0,  j  = 


Lemma  7  Let  {xn}  be  a  sequence.  If  Axn  >  0  (  <  0)  and  A2xn  >  0  (<  0) 
eventually ,  then  xn  >  0  (<  0)  eventually,  and  lim  xn  =  -boo  (— oo). 

n— *oo 

Theorem  5  Let  b  >  0,  h  >  2 N  +1,  r  =  g  +  h  >  l.  If 


p  ^  (2N+lfN+\h-2N-l)h~m~1 
1  +  a  >  hh 

and 

q  (2 N  +  l)2Jvr+V 

b  >  (r  +  2N+  i)r+2JV+1  ’ 
then  Eq.  (E2N+ 1, 1)  is  oscillatory. 


FI  (a) 
Hl(b) 
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Proof.  Assume  that  Eq.  (E2N+1A)  has  an  eventually  positive  solution 
{xn},  say  xn  >  0  for  n  >  no  >  0.  Let 

yn  =  xn  +  CLXn — jyi  —  bxn. (2.1) 

then 

A  2N+1yn  =  qxn-g  +pxn+h  >  0,  for  n  >  m  >  no,  (2.2) 

which  implies  that  {A iyn}  is  evetually  one  sign  for  j  —  0, 1,  ■  ■  ■  2 N.  Therefore, 
either  (A)  yn  <  0  evetually,  or  (B)  yn>  0  evetually. 

(A)  Assume  that  yn  <  0  for  n  >  rti .  Let 


0  <  Vn  —  Vn  ~  °&n—m  xn  ^n+fc* 

(2.3) 

There  exists  n 2  >  ^1  such  that 

Xn  >  \vn-k  for  n  >  77-2* 

0 

(2.4) 

Using  (4)  in  (2),  we  have 

A2N+1Vn  +  | Vn_(9+fc)  <  0. 

(2.5) 

The  next  step  we  will  prove  that  for  sufficient  large  n,  {vn 

}  satisfies  that 

(— l)iAiun  >  0  for  i  =  0,1, ••■,21V  +  1. 

(2.6) 

By  (2),  we  know  that  A2N+lvn  <  0  eventually,  which  implies  that  A2Nvn  >  0 
hold  eventually,  otherwise  in  view  of  Lemma  2,  A2Nvn  <  0  eventually  contra¬ 
dict  with  vn  >  0  eventually.  Therefore  there  are  two  possibilities  to  consider: 
(i)  Avn  >  0  eventually,  (ii)  Avn  <  0  eventually.  Suppose  that  (i)  holds,  there 
exists  7Z3  >  ^2  and  C\  >  0  such  that 


vn-(g+k)  >  Cl  for  n  >  n3.  (2.7) 

Using  (7)  in  (5)  and  summing  from  713  to  M  -  1  >  713,  we  have 

0  <  A 2Nvm  <  A 2Nvn3  -  \ci{M  -  713)  — 7  -00  (M  —>  +00), 

0 

which  yields  a  contradiction.  Next  suppose  that  (ii)  holds.  We  can  conclude 
that  A2N~lvn  <  0  eventually,  otherwise  A2^"1^  >  0  eventually  contradicts 
with  Avn  <  0  eventually.  Considering  A2N~2vn:  in  view  of  Lemma  2,  it  could 
be  nothing  but  A2N~2vn  >  0  eventually,  otherwise  A2N~2vn  <  0  eventually 
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contradicts  with  vn  >  0  eventually.  After  using  Lemma  2  finite  times,  we  can 
show  that  (6)  holds. 

Then  in  view  of  Lemma  1  (b)  and  Hl(b),  inequality  (5)  has  no  eventually 
positive  solution  {un}  satisfying  (6),  which  is  a  contradiction. 

(B)  Assume  that  yn  >  0  for  n  >  n\  >  0.  Let 


wn  —  Vn  4“  ayn-m  ”  byn+k- 


(2.8) 


Then 

A  +  wn  =  <iyn—g  4-  pyn+hi  (2-9) 

A2JV+1(w„  +  aw„-m  -  bwn+k)  =  qwn-g  +pwn+h.  (2.10) 

There  are  two  possibilities  to  consider:  (i)  A yn  <  0  eventually,  (ii)  A yn  >  0 
eventually. 

Suppose  that  (i)  holds.  Because  sequence  {yn}  is  decreasing  and  positive, 
from  (8),  we  have  wn  <  yn  +  ayn-m  <  (1  +  a)yn-m.  There  exists  n2  >  n i,  such 
that  yn  >  j^wn+m  for  n  >  n2.  Therefore  from  (9),  we  have 


A2N+1Wn  >  pyn+h  >  -T^—Wn+h+m.  (2.11) 

i  +  a  .  7 

Then  we  cbnsider  three  possibilities  (I)  wn  <  0  eventually,  (II)  w„  >  0  and 
Awn  <  0  eventually,  and  (III)  wn  >  0  and  Awn  >  0  eventually.  In  the  case  of 
(I),  from  the  equation 


A2JV+1(2/„  +  &yn-m  byn+k)  —  qyn-g  +pyn+hi 


and  (8)  (10),  it  is  obvious  that  the  proof  is  similar  to  (A)  and  hence  is  omitted. 
Supposed  that  (II)  holds.  By  (11)  and  using  Lemma  2  finite  times,  we  will 
have  a  contradiction.  Suppose  that  (III)  holds.  If  A2Nwn  >  0  eventually,  then 
in  view  of  Lemma  2,  we  have 

A jwn  >  0  eventually  for  j  =  0, 1,  •  •  • ,  2N  +  1,  (2.12) 

and  sequence  {wn}  is  increasing,  thus  (11)  has  the  form 


A2N+1wn  >  -?—wn+h.  (2.13) 

In  view  of  Lemma  2  and  HI  (a),  inequality  (13)  has  no  eventually  positive  solu¬ 
tion  {wn}  satisfying  (12),  which  is  a  contradiction.  If  A 2Nwn  <  0  eventually, 
noticing  that  wn  >  0  and  A wn  >  0  eventually,  there  exists  ns  >  0  and  c2  >  0 
such  that 

wn  >  c2  for  n  >  ns. 
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(2.14) 


Using  (14)  in  (13)  and  summing  from  713  to  M  -  1  >  723,  we  have 

0  >  A2Nwn  >  A 2Nwn3  4-  y~C2{M  -  723)  — >  +00  (as  M  — >  +00) 


a  contradiction. 

Assume  that  (ii)  holds,  by  (9)  and  Lemma  2,  we  know  that  (12)  holds 
and  sequence  {A2iV+1u;n}  is  increasing.  From  (10)  we  obtain  (13),  which 
contradicts  with  condition  HI  (a)  and  the  proof  is  completed. 

By  the  same  method  with  the  proof  of  Theorem  1,  we  can  establish  the 
sufficient  conditions  for  oscillation  of  Eq.  (Ei,c)  as  follows. 

Theorem  6  Let  b  >  0,  h  >  2  N  >  1  and  s  —  g  —  m>  1.  If 


p  (2 iV)2jV(/i  -  2AQft-2iV 

1  +  a  >  hh 


and 


q  (2  JV)2iV 
1  +  a  >  (s  +  2N)s+2N  ’ 
then  Eq.  (E2N1 1)  is  oscillatory . 

Theorem  7  Let  b>0,t  =  h-  k>  2  N  -f  1,  s  —  g  —  m  >  1.  If 

p  ^  (2N  -f  l)2Ar+1(t  —  2N  —  i)t~2iV-1 
b>  t * 


q  {2N  +  1)2N+1ss 

l  +  a>  (s  +  2N  +  l)»+2W+i  ’ 

then  Eq.  (^2iv+i,~l)  is  oscillatory. 

Theorem  8  Let  b>0,t  =  h~k>  2  N,  r  =  g  +  k>  1 .  If 


p  ^  (2N)2N(r-2N)r~2N 
b >  t* 


H2(a) 

H2(b) 


H  3(a) 
F3(6) 


fT4(a) 


and 

q  ^  {2N)2Nrr 

b  >  (7+2 


iJ4(6) 


then  Eq.  (^at,— 1)  ss  oscillatory. 

Remark  2.1-  The  above  results  can  be  extended  to  the  case  that  p  and  q  are 
variable  coefficients,  i.e.  considering  the  following  equation 


Al(xn  -b  axn~m  -f  bxn+k)  =  c(qnxn-g  +pnxn+h). 


(Kc) 
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We  have  the  following  corollary. 

Corollary  1  .  Let  b  >  0 ,r,s,t  be  defined  as  in  Theorem  l~Theorem  4.  {qn} 
and  {p-n}  we  real  nonnegative  sequences.  Assume  that  lim  pn  >  p,  lim  qn  > 

n— *■  00  n— +00 

q.  If  Hj  (a)  and  Hj(b)  hold  (for  j  =  1,2, 3, 4,),  i/aen  the  results  corresponding  to 
Theorem  1  ~  theorem  4  are  still  valid  for  Eq.  (Et ,  c) . 

Example  6  Considering  the  equation: 

A(xn  +  hmxn-m  -  h~kxn+k)  =  — — m0  — -  —  -  (h9xn-g  +  h~hxn+h) 

In  +  h  —  g 

where 7i  =  1 ,  m,k  are  positive  integers. 

It  can  easily  testified  that  xn  =  nhn  is  a  nonoscillatory  solution  of  the  above 
equation  because  of  failure  of  (Hla),  where  pn  — ►  h~h  =  p. 

Remark  2.2  The  conditions  of  oscillation  for  Eq.  ( Ei,c )  are  just  only  suffi¬ 
cient  other  than  necessary.  It  would  be  valuable  and  interesting  to  establish 
critical  conditions  for  Eq.  ( Ei,c )  to  oscillate. 

Example  7  Consider  the  defference  equation 

A  {xn  +  axn~. m  —  aXji+m')  =  2  ^(— (jLi,c) 

where ,  i  is  a  positive  integer 7  a  >  0  is  a  real  number,  g,m  are  multiples  ofi. 

It  is  not  difficult  to  testify  that  for  any  arbitrary  m,  a,  g  and  i  =  1, 2,  ■  • 
xn  =  (-l)n  is  an  oscillatory  solution  of  Eq.  ( Li ,  c).  Let  0  <  a  <  2i_1  —  1.  It  can 
be  easily  testified  that  for  odd  g  the  conditions  of  Theorem  1  and  Theorem  4 
hold, and  therefore  the  Eq.  (L2N+1A)  and  Eq.  (L2N,—  1)  are  oscillatory,  and 
that  for  even  g  the  conditions  of  Theorem  2  and  Theorem  3  hold  and  therefore 
the  Eq.  (Z^jv+i) —1)  an<^  Eq.  (L2at,1)  are  oscillatory.  It  is  also  possible  that 
Hj(a)  and  Hj  (b)  fail  when  a  is  large  enough,  however  Eq.  ( Li ,  c)  has  a  solution 
of  xn  =  (-l)n  yet. 
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This  paper  considers  a  predator-prey  system  in  which  one  of  two  species  can  diffuse 
between  two  patches,  while  the  other  is  confined  to  one  patch  and  cannot  diffuse. 
It  is  proved  that  the  system  can  be  made  persistent  under  some  appropriate  con¬ 
ditions.  Further,  if  the  system  is  a  periodic  system,  it  can  have  a  strictly  positive 
periodic  orbit  which  is  globally  asymptotically  stable  under  the  appropriate  con- 
>  ditions. 


1  Introduction 

For  the  tindercrowding  effect  of  the  species,  Kuno  [1]  first  established  this 
kind  of  model  about  a  normal  Volterra  predator-prey  system,  Bazytin  [2]  and 
Chen  [3]  also  studied  this  kind  of  models.  But  all  the  coefficients  in  the  system 
they  studied  are  constant.  After,  all  the  coefficients  in  the  system  Wang  [4], 
[5]  also  studied  are  periodic  functions.  The  model  [4]  we  consider  in  this  paper 
is 

x 1  -  a\(t)x\{K\(t)  -*1)  -  b(t)xiy  +  D1(t)(x2  -  zi), 

±2  =  a2{t)x%(K2{t )  -  x2)  +  D2(t)(x1  -  x2),  (1) 

V  =  y(~c(t )  +  d(t)xi  -  a(t)y). 

Here  X\  and  y  are  population  density  of  species  X  and  Y  in  patch  1,  and  X2 
is  density  of  species  X  in  patch  2.  Species  Y  is  confined  to  patch  1  while 
the  species  X  can  diffuse  between  two  patches.  a*(t),  Ki(t),  = 

1,2),  b(t ),  c(t ),  d{t),  a(t)  are  all  continuous  and  strictly  positive  functions. 

=  1,2)  are  diffusive  coefficients  of  species  X.  We  define  for  real  function 
f(t)  :  fu  =  sup  =  inf  {f(t)}.  To  use  this  definition,  we  need  all 

[0,oo)  [°><*>) 

the  coefficients  to  satisfy 

min  (af ,  Kf,  Df ,  bL,  cL,  dL,aL}>  0, 
ma x{ay,K?,DV,bu,cu,du,au}  <  oo  (2)' 

z=  1 ,2 
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2  Main  Results 


From  (1)  and  (2),  by  the  same  method  as  [4,6],  we  can  prove  the  following 
lemmas. 

Lemma  1  R+  =  {{x\,X2,  y)\xi  >  0 (i  =  1,2),  y  >  0}  is  a  positive  invariant 
set  of  system  (1).  We  will  focus  our  discussion  in  R+  with  respect  to  biological 
meaning.  And  this  also  ensures  the  solution  with  positive  initial  value  to  be 
positive  for  all  time.  Now  we  construct  an  ultimately  bounded  region  of  system 
(1).  We  can  let  it  be 

H0  =  {(xiix2,y)\0  <Xi<  M(i  =  1,2),  0  <  y  <  yu}. 

Here,  M  and  yu  are  selected  as 

M  >  M*,yu  >  yu* ,  (3) 

where  M *  and  yu*  are  defined  as 

M*  =  max{if^ ,  K% ,  (4) 

m 

Lemma  2'  If  system  (1)  satisfies  assumption  (2),  then  bounded  set  Hq  is  a 
positive  invariant  set  of  system  (1),  and  for  each  solution  {x\  ( t ) ,  X2  (t) ,  y (t) } 
satisfying  Xi( 0)  >  0(2  =  1,2),  y(0)  >  0,  there  exists  T  >  0;  if  t>T,  we  have 
{xi(t),X2(t),y(t)}  €  Ho.  We  will  construct  a  compact  region  of  the  positive 
orthant  which  has  positive  distance  from  coordinate  hyperplanes.  We  need  all 
the  coefficients  to  satisfy 


(tsU  tsU i  °L  {a[Kf)2aL 

ma x{K1,K2}<dU  +  , 

(6) 

af  Kk 

(7) 

1  v  Z 

cu  .  ,  r  _  r  afKf, 

dL<mm{K2,  2a„  }  =  m  . 

(8) 

Theorem  9  Suppose  that  the  system  (1)  satisfies  assumption  (2)  and  (6)- 
(8).  Then  there  exists  a  compact  region  H\  C  R+  such  that  for  each  solution 
{xi(t),X2{t),y(t)}  which  satisfies  Xi( 0)  >  0(i  —  1,2),  y( 0)  >  0,  there  exists 
T  >  0;  if  t>T,  we  have 

{xi(t),x2(t),y(t)}  €  Hi. 

That  is  to  say ,  system  (1)  is  persistent. 
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proof  Suppose  that  {xi(t)7X2(t),y(t)}  is  a  solution  of  (1)  which  satisfies 
«<(0)  >  0(i=  1,2),  y(0)  >  0. 

According  to  Lemma2,  we  know  that  each  trajectory  with  positive  initial  value 
will  ultimately  be  bounded  in  Hq7  so,  without  loss  of  generality,  we  can  assume 
that  this  solution  satisfies 

{xi(t)7X2(t)7y{t)}  e  H0  for  t  >  0. 

Prom  the  first  two  equations  of  system  (1),  we  have 

>  x1(~buyu  +  af'Kf'x i  -  af  xj)  +  Di(t)(x 2  -  %i) 
x2  >  a2(t)xl(K$'  -  X2)  +  D2(t)(xi  ^x2) 

Prom  (5)  and  (6),  we  know  (af iff)2 -4af buyu*  >  0  holds.  Also  from  Lemma 
2,  we  obtain  that  yu  can  be  chosen  close  enough  to  yu*  such  that  (af  K^)2  - 
Aa,ibuyu  >  0  holds.  So,  from  (7)  ,we  can  choose  m  as  0  <  mi  (yu)  <  m  <  m*, 
where  mi(yu)  satisfies  the  following  equation  in  x\\  -offx^a^Ki  Xi~buyu  ~ 
0.  There  exists  Ti  >  0;  if  t  >  we  have  min{xi(i),  x2(t)}  >  m.  According  to 
system  (1),  we  have  y  >  y(-cu  +  dLm  -  auy).  Prom  (8),  we  say  that  m  can 
be  chosen  close  to  m*  such  that  the  inequality  -cu  +  dLm  >  0  holds,  we  let 

_  ,  dLm  -  cu 

yW  =  — 777 — > 

So  we  can  choose  yL  as  0  <  yL  <  y(m)  such  that  y(t)  >  yL(t  >  T2  >  0).  Fi¬ 
nally,  we  let  Hi  —  {(xi7x2iy)\m  <Xi<  M(i  =  1,2), <  y  <  yu}.  Then  Hi 
is  a  bounded  compact  region  in  R+  which  has  positive  distance  from  coordi¬ 
nate  hyperplanes.  Let  T  —  maxfTx,!^}.  We  have  {xi (t),x2(t),y(t)}  €  Hi,  if 
t  >  T.  n  We  suppose  that  all  the  coefficients  in  system  (1)  are  continuous  and 
positive  Lj  periodic  functions,  then  the  system  (1)  is  an  to—  period  system  for 
this  case,  and  the  coefficients  will  naturally  satisfy  assumption(2).  We  denote 
the  unique  solution  of  periodic  system  (1)  for  initial  value  Z°  —  {zj,  x%,  y0}  : 

Z°)  —  Z°),X2(t,  Z°),y(t,  Z0)},  for  t  >  0,  Z(0,Z°)  =  Z°. 

Now  define  Poincare  transformation  A  :  R+  — ►  is 

A(Z°)  =  Z(w,Z°). 

Here,  <j  is  the  period  of  periodic  system(l).  In  this  way,  the  existence  of 
periodic  orbit  of  system(l)  will  be  equal  to  the  existence  of  the  fixed  point  of 
A. 
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Theorem  10  If  u— periodic  system  (1)  satisfies  (6)-(8),  then  there  is  at  least 
one  strictly  positive  periodic  orbit  of  (1). 

proof  If  assumption  (6) -(8)  is  satisfied,  then  from  Theorem  1  we  know  that 
the  compact  region  H\  c  R+  is  a  positive  invariant  set  of  system(l),  and  H\ 
also  is  a  closed  bounded  convex  set.  So  we  have 

Z°  eHi  =>Z(t,Z°)  efTi, 

and  Z  e  Hi,  thus  AH\  C  H\.  The  operator  A  is  continuous  because  the 
solution  is  continuous  about  the  initial  value.  Using  the  fixed  point  theorem 
of  Brouwer  [4],  we  can  obtain  that  A  has  at  least  one  fixed  point  in  Hi,  then 
there  exists  at  least  one  strictly  positive  u;— periodic  orbit  of  system  (1).  □ 
Theorem  11  Suppose  that  the  lj— periodic  system  (1)  satisfies  (6)-(8)  and 

2m*  >  a^KxU  +  du  +  §r, 

2m* a%  >  cgK?'+  §£,  (9) 

aL  >  bu. 

Then  the  system(l)  has  a  unique  strictly  positive  u— periodic  orbit  which  is 
globally  asymptotically  stable. 

proof  Suppose  Z(t)  =  {xi(t),X2(t),y(t)}  is  a  solution  of  (1)  with  £*(())  > 
0(i  =  l,2),y(0)  >  0;  according  to  Lemmal,  we  let 

Xi(t)  =  \nxi(t),(i  -  1,2 ),y(t)  =  ln y(t), 

Ui(t)  =  lnu;(t)>  (i  =  1,  2 )jv(t)  =  In v(t). 

Here,  U(t)  =  {u\(t),U2(t),  v(t)}  is  strictly  positive  o;-periodic  solution  of  (1), 
and  its  existence  is  ensured  by  Theorem  2.  By  Theorem  1,  we  know  that 
each  solution  with  positive  initial  conditions  will  be  ultimately  bounded  in  Hi . 
Consider  the  Lyapunov  function 

2 

V(t)  =  V*  I Xi(t)  -  +  I y(t)  -  S(t)|. 

i=l 

Now  we  calculate  and  estimate  the  upper  right  derivation  of  V ( t )  along  the 
solution  of  (1). 

D+V(t)  <  —  (2maf  -  -  du)\xx{t)  - ui(f)| 

- (2 ma%  -  a% K% )\x2 (t)  -  u2 (t) | 

~{aL  -  bu)\y(t)  -  u(t)|  +  Dx(t)  +  D2[t). 
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where 


Di{t)  = 

We  can  obviously  obtain 


__  (  A(0(f$J  “  X»W  >  «»(*)>  . 


Xi(t)  Ui(ty 

D  (+\  { Hi  (*)  gj  W 

^Wlui(i)  Xi(t) 


AW  <  -  UjWI, *  ^  =  1,2. 

So  we  get 

D+l/(t)  <  -  (2maf  -*  ^r)\xx W  -  «iWI 

-  (2maf  -a%K%  -  %?)\x2 (t)  -  u2(t)\ 

-  ( aL  -  bu)\y(t)  -v(t)|. 


From  the  proof  of  Theorem  1,  we  know  that  yu  can  be  close  to  yu *  sufficiently, 
while  m  can  be  close  to  m*  sufficiently  if  M  is  close  to  M*  sufficiently.  So 
according  to  the  assumption  (9),  we  can  choose  appropriate  M  such  that  for 
m  which  is  sufficiently  close  to  m * ,  we  have 

2  ma$>a¥KV+du  +  ^-, 

2ma%  >  a%K%  4- 
>  bu. 


So  there  exists  0>  0  such  that 


D+V(t)  <  -P(S^  \xi(t)  -  Ui(t)\  4-  \y(t)  -  u(t)|),  t>T,  (10) 

i- 1 

where  (3  =  min{2 maf  —  a\ 1  —  du  —  2ma £  —  ~  ^-,aL  —  6^}.  An 

integration  of  (10)  leads  to 

t  2 

V(t)  +/3  ^>(Y'  |xj(s)  -  Ui(s) |  +  |y(s)  -  v(s)|)ds  <  V(T)  <  +oo, 

rp  t  —  1 

as  a  consequence  of  which  we  have 


lim  sup  ^ (V'  |a?i(g)  -  tti(g)[  4-  \y(s)  -  v(s)\)ds  <  <  +00.  (11) 

t-^+00  p 

rp  % —  1 
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It  follows  from  (11)  that 

| Xi(t)  -  Ui(t) |  =  0 (i  ~  1, 2),^  lim^  \y(t)  -  v(t)|  =  0.  □ 
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In  this  paper,  a  chemostat  model  of  n  predators  competing  for  a  prey  in  two- 
nutrients  with  delay  is  considered.  The  key  feature  of  our  model  is  the  incorpo¬ 
ration  of  two-nutrients  on  two  trophic  levels  and  the  incorporation  of  time  delay. 
Based  on  the  technique  of  Razumikhin,  we  obtain  the  sufficient  conditions  for 
global  asymptotic  stability  of  the  extinct  equilibrium. 


1  Introduction 

The  paper  of  Hsu  et  al  ([1])  was  the  first  paper  to  give  a  mathematical  analysis 
of  chemostat  model  on  n  competing  microorganisms  for  a  single  nutrient.  Since 
this  paper,  many  papers  have  been  written  on  chemostat  model.  In  those 


papers,  lots  of  paper  dealt  with  single  nutrient ([2- 4]),  however,  microorganisms 
often  depend  on  not  only  one  nutrient,  but  depend  on  many  nutrients.  Hence, 
it  is  necessary  to  study  chemostat  model  on  two- nutrients. 

Under  condition  of  single  trophic  level  for  nutrients,  Ballyk  et  al  ([5,6])  con¬ 
sidered  the  model  of  single-species  growth  on  two  nutrients,  got  the  sufficient 
conditions  for  stability  of  the  extinct  equilibrium  and  survival  equilibrium,  but 
they  didn’t  consider  species-specific  time  lag  due  to  lapses  between  the  uptake 
of  nutrients  by  cells  and  the  incorporation  of  those  nutrients  as  biomass(i.e., 
growth).  Based  on  the  paper  [5,6],  paper  [7]  lead  this  delay  into  model,  ob¬ 
tained  the  sufficient  conditions  for  uniform  persistence  and  the  existence  of 
periodic  solution.  For  two  trophic  level,  paper  [4]  considered  the  model  on 
single  nutrient.  In  this  paper,  a  chemostat  model  on  n  competing  predators 
for  a  prey  in  two-nutrients  is  considered.  The  key  feature  of  the  model  is  the 
incorporation  of  two-nutrients  on  two  trophic  level  and  the  incorporation  of 
delay. 

This  paper  is  organized  as  follows.  In  the  next  section,  we  describe  the 
model  on  n  competing  predators  for  a  prey  in  two-nutrients  and  obtain  some 
preliminary  results.  In  section  3,  we  discuss  the  global  stability  of  extinct 
equilibrium,  get  some  sufficient  conditions. 


2  The  model  and  the  preliminary  results 
In  this  paper,  we  consider  the  following  model: 

'  S'(t)  =  (S°  -  S(t))D  -  Px(S(t),  R(t))x(t), 

R'(t )  =  (R°  -  R(t))D  -  ft(S(t),  R(t))x(t), 
x  (t)  =  - Dx(t )  +  aP(S(t  -  r),  R(t  -  r))x(t 

y'i(t)  =  -Dyi(t)  +Pifi(x(t  -  r))yi(t  -  t), 

where  D  denotes  the  dilution  rate;  S°,  R°  represent  the  input  nutrient  con¬ 
centration  rate  of  S  and  R ,  respectively;  5(t),  R(t),  x(t ),  yi(t)  are  the  nutrient 
concentration  of  S ,  R  and  the  microorganism  concentration  of  x ,  yi  at  time 
i  =  1,2,  •  •  •  ,n. 

The  functions  Pi (5,  R )  and  P2(S,  R)  represent  the  rate  of  consumption  of 
resources  S  and  P,  respectively.  It  is  generally  assumed  that 


-r)~  £  fi(x(t))yi(t), 

i—1 

i  —  1 , 2,  •  •  •  ,  72. 


(1) 


Pi(S,R)  = 


mskRiS 

kskR  +  IcrS  +  ksR  ’ 


P2(S,R)  = 


mjiksR 

ks^R  +  kRS  +  ksR 


324 


where  ms  is  the  maximal  growth  rate  of  species  x  on  resource  S  in  the  absence 
of  resource  R,  and  ks  is  the  corresponding  half-saturation  constant.  The  con¬ 
stant  mR  and  kR  are  similarly  defined.  The  function  P(S>  R)  will  represent 
the  rate  of  conversion  of  nutrient  to  biomass  of  population  a:  as  a  function  of 
the  concentrations  of  resource  S  and  R  in  the  culture  vessel.  Since  nutrients 
S  and  R  are  perfectly  substitutable,  we  take 

p(s  R v  =  ™>skRS  +  mRksR 
1  ;  kskR  +  kRS  +  ksR' 

fi(x)  represents  the  consumptive  function  of  predator  y*  on  prey  x,  here,  we 
take 

fi(x)  =  — — ,  *  =  1,2,  •••,«. 

di  +  x 

where  c*  is  the  maximal  growth  rate  of  predator  yi  on  prey  x,  a>i  is  the  corre¬ 
sponding  half-saturation  constant.  0  <  a,  pi  <  1  represent  the  rate  of  change 
from  nutrients  (or  prey)  to  biomass,  r  >  0  is  the  lag  time. 

Let  Banach  space  of  continuous- functions  mapping  be  C  =‘C([— r,  0],  RnJrZ) 
(with  supermum  norm),  the  nonnegative  cone  is  defined  by  C+  =  C([-r,  0],  i^+3). 
For  the  meaning  of  biology,  we  take  initial  date  for  system  (1)  is  (0,y?), 

(p  e  C+  and  </?(0)  >  0.  Denote  the  solution  of  system  (1)  through  (0,<p) 
as  (S(t) ,  R(t) ,  x(t) ,  yi (t) ,  •  •  • ,  y„ (t)). 

In  this  paper,  we  assume  that  resource  S  is  superior  to  resource  R  in  the 
sense  that  ms  >  m^,  when  the  inequality  is  strict,  the  partial  derivatives  of 
P(S,  R)  satisfy  the  following  conditions: 

R)  >  0,  for  all  ( S ,  R )  €  intR\ , 

|£(5,  R)  >  0,  for  all  R  >  0,  0  <  5  <  Sc,  (2) 

|^(5,  R)  <  0,  for  all  R  >  0,  S  >  Sc. 

where  Sc  =  ...  If  ms  =  ms,  then  we  define  5°  =  oo. 

if  os  fff'R 

Define 


[  oo  ,  otherwise. 

where  A  is  obtained  by  solving  the  equation  P(5, 0)  =  §  when  ms  > 
Thus,  A  represents  the  breakeven  concentrations  for  resource  S  when  none  of 
the  resource  R  is  available. 
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Theorem  1  For  system  (1),  all  solutions  through  (0,  ^),  (p  £  C+  and 
<p( 0)  >  0,  are  nonnegative,  and  system  (1)  is  dissipative. 

Proof  If  S(ti)  —  0  for  some  ti  >  0,  then  the  first  equality  of  (1)  imply 
that  S'  (ti)  —  S°D  >  0,  thus,  S(t)  must  remain  positive  for  t  >  0.  As  the 
similar  reason,  R(t)  remain  positive  for  t  >  0.  If  there  exist  some  >  0, 
such  that  x(t)  >  0,  t  G  (0,ti),  but  x(ti)  =  0,  thus,  x(ti  -  r)  >  0,  so  we 
have  x  (ti)  =  aP(S(ti  -  r),R(ti  -  r))x(ti  -  t)  >  0,  from  this  we  obtain 
that  x(t)  always  remain  nonnegative.  As. the  same  reason,  yi(t)  always  remain 
nonnegative,  too. 

Let  Z(t)  =  S(t)  +  R(t)  +  1 x(t  +  r)  +  52  +  2 r),  then 

Z{t)  =  -DZ{t)  +  D(S°  +  R?), 

thus, 

Z{t)  =  (Z( 0)  -  S°  -  R°)e~Dt  +  5°  +  R°  ->  S°  4-  B°. 

Being  (S(£),  i?(t),x(t),  yi(t),  ■  ■  •  tyn(t))  remain  nonnegative,  we  obtain  that  all 
solutions  of  (1)  are  ultimately  bounded,  i.e.,  system  (1)  is  disspative.  □ 

3  Extinction 

For  convenience,  we  are  adopting  the  convention  that,  for  each  a  e  R,  a 
denotes  the  constant  function  a{u)  =  a,  u  £  [— r,0].  It  is  clear  that  Eq  = 
(S'0,  R°y  6, 6,  •  •  • ,  6)  is  always  the  equilibrium  of  (1),  called  extinct  equilibrium. 
In  the  section,  we  study  the  stability  of  Eo. 

Lemma  1  (Hayes [8])  If  A,  B  £  S,  then  all  roots  w  of 

Aew  +  B  —  ue"  =  0 

have  negative  real  parts  if  and  only  if  A  <  1  and  A  <  —  B  <  V a2  +  A2,  where 
a  is  the  root  of  a  =  A  tan  a,  a  £  (0, 7 r).  (If  A  =  0,  then  take  a  =  ^). 

Theorem  2  If  P(S°,  R°)  <  then  Eo  is  local  asymptotically  stable. 
Proof  The  system  linearized  of  system  (1)  around  Eq  is 

'  S'(t)  =  ~DS(t)  -  Pi(S°,i?°)x(*), 

R'(t)  =  —DR(t)  -  P2(S0,R°)x(t), 

*  (3) 

x(t)  =-Dx(t)  +  aP{S°,R°)x(t-T), 

y'S)  =  -Dyi(t),  i  —  1, 2,  ■  •  •  ,n. 

\ 
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the  characteristic  equation  associated  with  (3)  is  H( A)  =  detA(X)  =  0,  where 

fA  +  D  0  Pi(S°,R°)  0  0 

0  A  +  P>  P2(P°,P°)  0  0 

0  0  A  +  D-aP(S0,R0)e~TX  0  0 

0  0  0  A  +  D  0 

0  0  0  0  0  A  +  D  1 

Upon  simplification,  the  characteristic  equation  becomes 

H{ A)  =  (A  +  P)n+2( A  +  D  -  aP(5°,  P°)e-rA)  =  0. 

Denoting  the  two  factors  of  H( A)  by  P\(A)  and  JET2(A),  respectively.  It  is  clear 
that  H( A)  =  0  if  and  only  if  Hi{ A)  =  0,i  =  1,2.  The  location  of  the  roots  of 
the  quasi-polynomial  #2  (A)  is  accomplished  by  using  the  lemma  L 

Let  lj  =  rA,  so  that  w  and  A  have  real  parts  of  the  same  sign.  Multiplying 
both  sides  of  H%  (A)  =  0  by  — re w  yields 

H;(u)  =  ~Dre“  +  arP(S° ,  R°)  -  ue“  =  0. 

H2  is  the  form  to  which  lemma  1  applies  for  A  —  - Dr  and  B  =  arP(S°}  P°). 
So  A  <  1,  -P  <  0,  also,.  j4  <  -P  if  and  only  if  P(5°,  P°)  <  then  all  roots 
u  of  H^u)  —  0  have  negative  real  parts.  Thus,  all  roots  A  of  H2{ A)  =  0  have 
negative  real  parts.  So  we  conclude  that  E0  is  local  asymptotically  stable  if 
and  only  if  P(S°,R°)  <  £  □ 

Now,  based  on  the  technique  of  Razumikhin  and  the  idea  of  [10],  we  discuss 
the  global  stability  of  Eq  . 

Lemma  2  For  every  ip  6  C+  and  </?(0)  >  0,  all  solutions  of  system  (1) 
satisfy  limsupP(t)  <  5°,  limsupP(t)  <  R°. 

t — >-oo  t — >00 

Proof  We  give  the  proof  in  the  case  of  S(t)}  the  same  argument  can  be 
modified  to  prove  the  result  on  R(t). 

Let  S°°  ~  limsupp(t),  and  suppose  that  5°°  >  S°.  Next  we  consider  two 

t — ►oo 

possible  case:  either  S(t)  — >  S°°  or  liminf  S(t)  <  S°°. 

t— ►oo 

i)  If  S(t)  S°°,  by  the  first  equality  of  (1),  we  obtain 
limsup  S'(t)  <l(S°-  SQO)D  <  0, 
which  would  imply  that  S(t)  -oo,  a  contradiction. 
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ii)  If  liminf  S(t)  <  5°°,  then,  by  the  fluctuation  lemma  ([9]),  there  is  a 

t  OO 

sequence  tn  |  oo  such  that  when  n  —>  -foo  have  S(tn)  — >  S°°  and  S  ( tn )  =  0. 
So  by  the  first  equality  of  (1),  we  obtain 

s'(tn)  =  (S°  -  S(tn))D  -  Pi{S(tn),  R(tn))x(tn) , 

then' 

gfj.  )  _  g0  _  Pl(S(tn)i  R(tn))x(tn)  ^ 

which  lead  to  a  contradiction. 

Thus,  we  conclude  that  lim  sup  S' (t)  <  5°.  □ 

t— *oo 

Theorem  3  If  one  of  the  following  conditions  satisfied: 

i)  ms  < 

ii)  ms>  %,mR>^  and  P{S°,  R°)  < 

iii)  ms  >  §  >  mR ,  S°  <  A 

then  for  every  solution  of  system  (1)  though  initial  date  (0,  (p),  <p  €  C+  and 
</?(0)  >  0,  we  have  lim  x(t)  =  0  and  lim  yAt)  =  0,  i  =  1, 2,  •  •  • ,  n. 

t—>  OO  t— t-oo 

Proof  By  the  third  equality  of  (1),  we  have 

x  ( t )  <  —Dx(t)  +  aP(S(t  —  r),  R(t  —  r))x(t  —  t). 

Consider  following  system 


'  s'(t)  =  (5°  -  S(t))D  -  Pi(s(t),  R(t))x(t), 

R'{t)  =  (R°  -  R(t))D  -  P2(S(t), R{t))x{t), 

I  x  (t)  =  —Dx(t)  4-  aP(S(t  —  r),  R(t  -  r))x(t  -  r), 


(4) 


y'i(t)  =  -Dyi(t)  +  Pifi{x(t-T))yi(t-T),  i=  1,2, 


Under  one  of  three  conditions,  we  first  proof  every  solution  of  (4)  through 
(0,<p),  ip  e  C+  and  y?(0)  >  0,  exist  Ti(ip)  >  0,  such  that  P(S(t)i  R(t))  < 

i)  when  ms  <  if  there  exist  (5,  R)  G  R+,  such  that  P(S,  R)  >  then 


(ms  —  — )IcrS  4-  (mR - )ksR  >  —kskR. 

a  a  a 
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Thus,  at  least  one  of  the  inequalities,  ms  >  ^  or  mR  >  must  be  strict, 
contradiction.  So  for  every  (5,  R)  e  R+,  we  have  P(S,  R)  <  ~  at  this  case; 

ii)  when  ms  >  mR  >  By  P(S0,R°)  <  we  have 

(ms  -  ~)kRS°  +  (mR  -  ~)ksR°  <  —kskRl 
a  a  a 

thus, 

— kskR  -  (mR  -  —)ksR° 

S°  <  St -  D  a - 

(ms - )kR  (5) 

a 

<SC, 

so,  for  every  (0,  <p ),  tp  6  C+  and  </?(0)  >  0,  by  lemma  2,  there  exists  Ti(<p)  >  0, 
such  that  S(t)  <  5°,  P(£)  <  P0,  t  >  Ti.  By  (2)  and  (5),  when  t  >  T\}  we  have 
P(S(t),R(t))<P(S°,R°)<% ; 

iii)  when  ms  >  ^  >  mR,  S°  <  A.  Every  P,°  >  0,  we  have  P(A,  R°)  <  ® 

and  P( A,0)  =  ^  By  lemma  2,  there  exist  Ti(<p)  >  0,  such  that  S(t)  <  S°, 
R(t)<  R\  t  >  Ti.  By  (2),  if  5°  <  Sc,  then  P(S(t),R(t))  <  P(S°,R°)  < 
P(A,  R°)  <§,t>  Ti;  if  S°  >  5C,  then  P(S{t),R(t))  <  P(S°, 0)  <  P(A,0)  = 

Choose  1  <  r  <  min{—^  ^  }•  Let  9(y)  =  ry,  then  once 

x(t  +  8)  <  q(x(t)),  8  e  [— r,  0],  we  have 

x  (t)  =  -Dx(t)  +  aP(S(t  -  r),  R(t  -  r))x(t  -  r) 

(6) 

<  [o:rP(5(£  —  r),  R(t  -  r))  -  Z>]rr(t), 

from  before  discuss,  we  know  x  (t)  <  0,  t  >  T\  +  r. 

Let 

x(t)  =  max{x(t  +  0)  \  —t  <  8  <0}, 

when  t  >  Ti  +  r,  we  suppose  x(t)  =  x(t  +  0O)>  then  either  80  <  0  or  80  =  0.  If 
80  <  0,  suppose  when  80  <  8  <  0,  x(t  +  0O)  >  x(t  +  8 ),  so  it  is  clear  that  for 
very  small  h  >  0,  we  have  x(t~\~h)  <  x(t  +  8o)  —  x(t ),  thus  x  (t)  <  0;  if  80  =  0, 
then  x(t  +  8)  <  x(t)  <  q(x(t)),  8  €  [— r,  0],  by  (6),  x  (t)  <  0,  so  for  very  small 
C  >  0,  we  have  x(t  +  ()  =  x(t  +  0O)  =  x(t),  thus  x  (t)  =  0. 

In  brief,  when  t  >  T\  +  r,  we  always  have  x  (t)  <  0,  so 

x(t)  <  max{x(t)  |  0  <  t  <  T\  +  r}  =  tj. 
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Next,  we  prove  for  every  0  <  (3  <  77,  there  exist  T(ip)  >  T\  4-  r,  such  that 
x(t)  <  P,t>T. 

Take  positive  integer  N  such 

j3  +  (N-l)d<r]<p  +  Nd, 

where  d  =  min{g(y)  —  y  \  (3  <  y  <  77}.  Now,  we  show  that  when  t  >  T\  4-  2r, 
the  solutions  of  system  (4)  can’t  always  satisfy  z(i)  >  /?  +  (AT  -  l)d,  otherwise, 

q(x(t))  >  x(t)  +  d  >  (3  +  Nd  >  rj  >  x(t  +  9),  9  G  [-r,  0], 

by  (6),  we  have 

x(t)<7, 

where  7  =  max  {^(arP^0,  P°)  —  D),x(arP(S° ,  0)  —  D)}  <  0.  Integrating 

p<x<rj 

fromTi4-2r  tot,  wehavex(t)  <  x(Ti+2r)4-7(t~Ti~-2r),  thus,  x(t)  — ►  —00,  a 
contradiction.  So  there  must  exist  T2  >  Ti+2t,  such  that  <  P+(N—l)d. 
Next,  we  prove  when  t  >  T2,  always  have 

*(t)  <  P  +  (iV  -  l)d.  (7) 

If  (7)  can’t  be  established,  there  must  exist  t*  >  T2,  such  that  x(t*)  — 
P  4*  (N  —  l)d  and  a/(£*)  >  0.  However,  being 

g(*(t*))  >  x(t*)  +  d  =  p  +  Nd>  77  >  ®(t*  +  fl),  0  e  [-r, 0], 

by  (6),  a/(t*)  <  0,  contradiction.  So  (7)  is  remain. 

As  the  same  method,  there  exist  T3  >  T2  +  r  >  T\  +  3r,  such  that  a?(t)  < 

/3  +  (JNT-2)d,  t>Ts. 

Continually  done,  we  obtain  that  there  exist  T  =  T n  >  7V  +  (N  —  l)r, 
such  that  for  t  >  T,  we  always  have  x(t)  <  p.  Since  p  is  arbitrary,  we  conclude 
that  lim  x(t)  =  0. 

t— KX>  w 

For  the  last  equality  of  (4),  since  lim  x(t)  =  0,  so  lim  fi(x(t  -  r))  =  0, 

t— >00  t — »oo 

then,  it  is  easy  to  prove  lim  yi(t)  —  0,  i  —  1, 2,  *  •  • , n. 

t— MX) 

By  normal  comparison  theorem,  we  have  lim  x(t)  =  0  and  lim  yAt)  —  0 

i— *  00  i— >00 

for  every  and  y?(0)  >  0  in  system  (1),  i  =  1, 2,  ■  *  • ,  n.  □ 

Corollary  Under  condition  of  theorem  3,  Po  is  global  asymptotically 
stable. 

Proof  From  theorem  3,  we  have  lim  x(t)  —  0  and  lim  yAt)  =  0,  i  = 

i— k>o  £— ►  00 

1,2,  •••jTi.  By  (1)  and  theorem  2,  it  is  easy  to  prove  lim  S(t)  =  S°  and 
lim  R(t)  =  P°.  Thus,  Eq  is  global  asymptotically  stable.  □ 

t— » 00 


330 


Remark  In  theorem  3,  we  have  lim  z(t)  =  0  and  lim  yAt)  =  0,  i  = 

i~ +oo  t — ►OO 

1, 2,  •  •  • ,  n.  Being  x  represent  prey,  yi  represent  predator,  we  can  think  that 
extinction  of  predator^/*)  due  to  the  lack  of  prey(x)  at  this  time,  this  phe¬ 
nomenon  is  general  in  nature. 
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Chemotaxis  and  diffusivity  (also  called  motility)  of  cells  are  known  to  affect  their 
growth.  We  study  qualitatively  some  chemotactic  diffusion  systems  with  emphasis 
on  the  effects  of  chemotaxis  and  motility  on  the  steady  state  population,  spatial 
distribution,  competition-exclusion  and  stable  co-existence. 


1  Introduction 

Here  we  are  interested  in  the  effects  of  diffusivity  and  chemotaxis  on  the  growth 
of  cells.  Diffusivity  of  cells  is  also  called  motility  in  some  engineering  literature. 
Chemotaxis  is  the  oriented  movement  of  cells  in  response  to  the  concentration 
gradient  of  chemical  substances  in  their  environment.  It  is  “anti-diffusion” . 

The  effects  of  diffusion  on  the  dynamics  of  reaction  diffusion  equations  has 
long  been  the  subject  of  intensive  studies.  It  is  essentially  true  that  for  single 
equations,  diffusion  exhibits  the  smoothing  effect.  On  the  other  hand,  for  a 
class  of  activator-inhibitor  reaction  diffusion  systems,  we  have  the  celebrated 
Turing  (1950)  phenomenon:  a  large  difference  in  the  diffusion  rates  of  the 
activator  and  inhibitor  destablizes  constant  steady  states  and  creates  stable 
nonconstant  ones.  For  more  discussions  on  the  effects  of  diffusion,  see  a  nice 
expository  paper  of  Ni  11 . 

The  history  of  mathematical  studies  on  chemotaxis  has  not  been  very 
long:  the  first,  mathematical  models  were  proposed  by  Keller  and  Segal  7  in 
1970.  They  were  trying  to  model  the  phenomenon  called  chemotaxis  collapse: 
chemotactic  cells,  initially  distributed  almost  homogeneously,  aggregate  at  sev¬ 
eral  spots  in  finite  time,  as  in  the  case  of  slime  mold  amoebae  in  response  to  a 
chemical  released  by  the  population  itself.  New  models  continue  to  be  proposed 
to  date  1  >2,6,13,14  Mathematical  and  rigorous  analysis  for  this  phenomenon  has 
been  carried  out  3’5’10’12.  Spiky  stationary  patterns  are  rigorously  constructed 

for  the  Keller-Segal  model,  and  give  an  alternative  explanation  for  aggregation 
n 

All  the  results  mentioned  above  do  not  concern  the  effects  of  diffusion 
and  chemotaxis  on  the  growth  of  cells.  On  the  other  hand,  this  was  originally 
observed  experimentally  and  numerically  by  physiologists  15,8,9 :  when  several 
species  of  cells  compete  for  a  limited  resource,  the  species  with  smaller  diffusion 
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rate  and  larger  chemotaxis  rate  enjoys  better  growth,  even  when  the  other 
species  have  superior  growth  kinetics;  in  the  special  case  when  all  the  species 
involved  have  identical  growth  kinetics,  the  species  with  the  smallest  diffusion 
rate  and  largest  chemotaxis  rate  wipes  out  the  populations  of  all  the  others. 

So  far  there  has  been  no  mathematical  proof  of  this  phenomenon,  except 
in  the  case  of  a  Lotka-Voterra  competition  model  (nonchemotactic)  which  is 
“monotone”  (i.e.,-the  comparison  principle  applies)4.  But  systems  often  are 
not  monotone  (or  have  variational  structures )-t his  is  the  case  for  all  chemotaxis 
models,  sometimes  even  in  the  absence  of  chemotaxis.  Thus  new  tools  have  to 
be  invented.  There  are  many  good  mathematical  problems  such  as  this  in  this 
field.  Their  solutions  may  lead  to  break-throughs  in  nonlinear  analysis. 

To  illustrate  the  general  idea  in  modeling  chemotaxis,  we  consider  a  species 
of  cells  which  respond  chemotactically  to  a  chemical.  Let  u(x,  t)  and  v(x,  t)  be 
the  concentration  and  density  of  the  chemical  and  cells,  respectively.  Assum¬ 
ing  Fick’s  law,  the  random  diffusive  flux  is  given  by'  —D\  Vu,  where  D\  >  X) 
is  assumed  to  be  a  constant.  The  cell  flux  is  assumed  to  be  the  sum  of  the 
random  diffusive  flux  and  chemotactic  flux,  with  the  latter  parallel  to  Vu,  so 
it  takes  the  form  -D2Vv  +  x^^(w)V u\  where  D2  >  0  and  x  are  constants, 
and  4>f(u)  >0.  D2  (the  motility  of  cells)  measures  the  ability  of  cells  to  dif¬ 
fuse  randomly;  x  (positive  if  the  chemical  is  an  attractant  and  negative  if  it 
is  a  repellant)  is  called  the  chemotaxis  coefficient  and  measures  the  magni¬ 
tude  of  cell-response  to  the  chemical.  <j>(u)  is  called  the  sensitivity  function 
-  the  sensitivity  of  cells  to  the  chemical  may  vary  with  the  level  of  chemical 
concentration.  Conservation  of  mass  leads  to  the  following  system: 

/j\  ’  fut  =  D1Au  +  k(u,v), 

'  '  vt  =  V  •  (D2Vv  -  xv^Hu))  +  h(ui  v)> 


where  k(u,v)  is  the  creation-degradation  rate  of  the  chemical  and  h(u,v)  is 
the  birth-death  rate  of  the  cells. 

To  elucidate  the  effects  of  cell  motility  and  chemotaxis  on  population 
growth,  Lauffenburger,  Aris  and  Keller  8  investigated  a  single  bacterial  pop¬ 
ulation  in  a  ID  medium  of  finite  length  with  growth  limited  by  a  nutrient 
diffusing  from  an  adjacent  phase  not  accessible  to  the  bacteria.  Their  model  is 

(ut  —  uxx  -  f(u)vy  0  <  x  <  1,  t>  0, 

(o\  J  vt  =  (Av*  “  XV{4>(u))x)z  +  {kf(u)  -  0)v, 

{  ;  Ux{ 0)  =  0,  ux{  1)  =  h(l  -  tt(l)), 

v  -  xv{4>{u))x  =  0  at  a;  =  0,1. 

Here  u  is  the  concentration  of  the  substrate  and  v  the  density  of  the  bacteria; 
f(u)  is  the  consumption  rate  of  the  substrate  per  cell;  the  term  ( kf(u )  -  0)v  in 
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the  u-equation  represents  that  the  bacteria  have  a  Malthusian  (or  exponential) 
growth  with  kf(u)  and  9  measuring  the  respective  birth  and  death  rates.  The 
boundary  condition  for  u  at  x  =  1  reflects  the  fact  that  the  substrate  is  diffusing 
into  the  medium  through  that  point.  Notice  that  the  boundary  condition 
for  v  is  nonlinear.  From  biological  considerations,  /  and  <j>  should  satisfy 
/( 0)  =  0,  f'(u )  >  0,  <j>l(u)  >  0.  Typical  choices  for  /  and  (j>  are:  f(u )  = 
au/(b  +  u),  4>{u)  —  u ,  <fi(u)  =  log(c  +  u),  <j>(u)  =  u/(  14-  cu),  'etc. 

The  existence  of  steady  states  of  (2)  was  studied  by  Zeng  16  who  proved 

(i)  if  9  >  kf(  1),  the  only  steady  state  of  (2)  is  the  trivial  one:  (u,v)  —  (1,0); 

(ii)  if  0  <  9  <  kf(  1),  then  (2)  has  a  positive  steady  state  (u,u).  Numerical 
simulations  of  these  states  (with  <p(u)  =  u,  x  proportional  to  A  and  f(u )  = 
step  function)  led  to  the  following  observations  8 :  (a)  Random  motility  A  may 
lead  to  decreased  population  (at  least  in  the  non-chemotactic  case  x  —  0)  and 
(b)  the  chemotaxis  coefficient  x  acts  1°  increase  population  size. 

(2)  is  a  single  species  case  which  does  not  include  the  competitor.  Moti- 
>  vated  by  the  above  observations,  I  have  worked  on  this  case,  obtaining  results 
supporting  them  on  one  hand,  discovering,  on  the  other  hand,  that  if  the  cells 
have  Logistic  growth,  the  opposite  of  (b)  is  true:  large  chemotaxis  rate  is  detri¬ 
mental  to  the  steady  state  population  of  cells.  Y.  Wu  and  I  studied  the  case 
of  two  species  competing  for  the  same  resource.  Theses  results  are  described 
in  the  folll owing  sections. 


2  Single  Species 

I  proved  the  following  theorems(to  appear  in  SIAM  J.  Math .  Anal).  Theorem 
1  concerns  the  behavior  of  steady  states  of  (2)  with  small  or  large  motility  A 
and  chemotaxis  coefficient  %. 

Theorem  12  Suppose  0  <  9  <  kf(  1).  Let  (u(x),v(x))  be  a  positive  steady 
state  of  (2). 

(i)  Allow  the  chemotactic  coefficient  x  ^  0  to  be  dependent  on  the  motility 

A  in  any  fashion.  Then  as  A  — ►  0,  u  — ►  constant  c  uniformly  on  [0, 1] 
where  kf(c)  —  6,  v  concentrates  and  blows  up  at  x  —  1,  i.e.,  v  converges 
to  zero  uniformly  outside  any  left  neighborhood  of  x  =  1  and  u(l)  — ►  oo; 
Moreover ,  the  total  population  of  cells  v(x)dx  — >  kh(  1  —  c)/0.  (Thus 
v  converges  to  a  multiple  of  the  5-function  centered  at  x  =  1.) 

(ii)  Allow  A  and  x  1°  be  dependent  on  one  another ,  and  assume  that  as  ei¬ 

ther  x  00  °r  A  oo,  A/x— >0  (so  x  is  relatively  large).  Then  the 
conclusion  in  (i)  is  true. 
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(Hi)  Suppose  X/x  -+  oo  as  x  ->  oo  or  as  A  — ►  oo  (so  x  is  relatively  small). 
Then  u(x)  — >  some  function  u^x),  v(x)  — >  some  constant  Vqq  in 
^([0, 1]),  where  u ^  and  are  uniquely  determined  by 

(  Uoo  =  f(u 00)^00 J  X  €  [0,  1], 

(4)  t  <,(' 0)  =  0,  <4(1)  =  A(1  -  «oo(l)), 

^  constraint :  J^fc/(t4(®))  -  $)voodx  =  0. 

(«/)  Suppose  X/x  ->  constant  a  >  0  as  x  00  or  as  X  — ►  00  (so  X  and 
X  are  of  the  same  order).  Then  after  passing  to  a  subsequence  u(x)  — > 
“oo(*),  «(*).-►  ^(x)  =  (const.  M)exp((p(u00)/a)  in  C71([0, 1]),  where 
ttoo  and  Vqq  satisfy  (4). 

Parts  (i)  and  (ii)  of  this  theorem  imply  that  small  motility  and  large  chemo- 
taxis  (compared  to  motility)  have  the  same  effect  on  the  distribution  as  well 
as  the  total  population  of  bacteria.  (This  was  not  observed  formally  or  nu¬ 
merically  before,  to  the  best  of  our  knowledge.)  Furthermore,  by  (i)  and  (ii) 
we  can  deduce  that  the  total  cell  population  (for  fixed  A  or  x)  [q  v(x)dx  < 
lim;\-*o  [q  v(x)dx  =  limx_»oo  f*  v(x)dx.  Thus  the  total  population  for  fixed  A 
or  x  is  less  than  that  for  A  small  or  x  large  (relative  to  A),  (iii)  and  (iv) 
imply  that  if  A  is  large  and  at  least  at  the  same  order  of  x,  then  u  and  v 
are  close  to  profiles  that  can  be  determined,  (i),  (iii)  and  (iv)  also  imply 
lim  /q  v(x)dx  <  lim  [*  v(x)dx.  These  support  the  suggestions  of  Lauffen- 

burger  et  al  8  that  the  decreased  motility  leads  to  increased  population  size 
and  that  chemotaxis  acts  to  increase  this  effect. 

We  see  that  for  small  A  or  large  x  (compared  to  A),  the  bacteria  concentrate 
in  a  small  neighborhood  of  x  =  1,  which  is  a  “fertile  zone”.  This  promotes  the 
growth  of  bacteria  if  they  have  a  Malthusian  growth,  as  in  (2)  but  may  not  do 
so  if  the  growth  is  logistic.  This  prompted  me  to  study  the  steady-states  of 
(2)  with  ( kf(u )  —  0)v  replaced  by  a  logistic  growth  term  (kf(u)  —  0  —  /3v)v. 
Theorem  13  (z)  A  positive  steady  state  (tz(x),  v(a:))  exists  if  and  only  if  0  < 
0  <  kf(  1)  (which  will  be  assumed  in  the  rest  of  this  theorem). 

(ii)  Allow  X  to  be  dependent  on  x  with  X/x  0  as  x  — ►  00.  Then  as  x  — ►  00, 
we  have  u(x)  — ►  1  uniformly  on  [0,1],  v  concentrates  at  x  =  1  (i. e., 
v  — ►  0  outside  any  left  neighborhood  of  x  =  1,  while  v(l)  is  bounded  away 
from  0);  Furthermore ,  lim  /!?  v(x)dx  =  0. 

X“*oo  u 

(Hi)  Suppose  X/x  — ►  00  as  x  — ►  00  or  as  X  — ►  00.  Then  the  conclusion  of  (iii) 
of  Theorem  1  holds  with  the  constraint  in  (4)  replaced  by  ^(kf^oofe))  — 
0  —  fdvoojvoo  dx  —  0. 
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(iv)  Suppose  X/x  — ►  constant  a  >  0  as  x  ^  00  or  as  X  ^  00.  Then  the 
conclusion  of  (iv)  of  Theorem  1  holds  with  the  modification  as  above. 

(v)  Allow  x  t°  be  dependent  on  X  with  x/'/X  remaining  bounded  as  X  — >  0. 
Then  as  X  — >  0,  u  and  v  converge  to  functions  uq  and  vq,  respectively , 
where  kf(uo)  =  9  +  (3v 0  and  uq  is  the  unique  solution  of 

[  Wo  =  f{uo){kf{u0)  -  0)/0, 

<  kf(u 0)  >  6,  x  6  (0, 1), 
l  uo.(0)  =  0,  u'0(l)  =  h(l-u0(l)). 

In  particular,  lim  inf  v(x)dx  >  0.  This  is  true  in  the  special  case 

<j){u)  —  u  requiring  only  x  0  as  X  — »  0. 

Part  (i)  of  the  above  theorem  reveals  that  in  sharp  contrast  to  the  Malthu¬ 
sian  case,  if  the  bacteria  have  logistic  growth,  then  large  chemotaxis  coefficient 
✓  x  (compared  to  motility  A)  is  detrimental  to  the  growth  of  bacteria.  Part  (v) 
indicates  that  small  motility  A  no  longer  has  exactly  the  same  effect  on  the 
distribution  and  the  bacterial  population  as  for  large  chemotaxis  x  :  u  is  not 
concentrating  at  x  —  1,  and  the  total  population  f0  v(x)dx  is  not  diminishing 
for  shrinking  A.  I  conjecture  that  in  the  logistic  case  liin  v(x)dx  is  less  than 

/q1  v(x)dx  for  any  fixed  A  >  0,  in  contrast  to  the  Malthusian  case.  Parts  (iii) 
and  (iv)  imply  that  large  motility  A  has  the  same  effect  on  u  and  v  in  the 
logistic  case  as  in  the  Malthusian  case. 

The  next  result  concerns  the  global  existence  and  boundedness  of  time- 
dependent  solutions,  and  stability  of  steady  states  for  both  Malthusian  and 
logistic  cases. 

Theorem  14  Consider  the  full  system  (2)  with  (kf(u)—9)v  replaced  by  (kf(u)— 
0~/3v)v}  where  /3  >  0  is  a  constant  (so  that  both  Malthusian  and  Logistic  cases 
are  covered). 

(i)  If  the  initial  value  (u(x,  0),  v(x,  0))  is  H1 -smooth  and  0  <  u(xy  0)  <  1, 

u(x,0)  >  0,  then  (2)  (with  the  modification  indicated  above)  has  a  unique 
global  positive  solution  (u(x:t)iv(xit))  with  0  <  u  <  1  and  v  being 
bounded  for  all  t  >  0. 

(ii)  If  0  >  kf(l),  then  as  t  — >  oo,  u(*,£)  — ►  1,  v(-,t)  — >  0  in  L°°([0, 1]) 

norm,  i.e.  the  trivial  steady  state  (1,0)  is  globally  asymptotically  stable; 
moreover,  the  convergence  rate  is  exponential  if  9  >  A;/(l),  and  algebraic 
if  9  —  kf{  1)  and  (3  >  0.  If  0  <  9  <  kf(l),  then  the  trivial  steady  state 
(1,0)  is  unstable. 
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(iii)  For  0  G  (0,  kf(l))  but  close  enough  to  kf(  1)7  the  ‘positive  steady  state  of 
(2)  is  unique  and  asymptotically  stable . 

Part  (i)  of  the  above  theorem  implies  that  there  is  no  possibility  of  a  chemo- 
tactic  collapse.  In  (iii),  the  uniqueness  and  asymptotic  stability  of  positive 
steady  states  for  the  full  range  of  the  (bifurcation)  parameter  6  G  (0,  kf(  1)) 
are  not  obtained,  though  we  conjecture  that  these  should  be  true.  (Y.  Lou 
and  later  J.  Shi  pointed  out  that  if  x  =  0,  then  we  do  have  uniqueness  for 
6  G  (0,  kf(l)).)  These  properties  of  positive  steady  states  are  important  in 
understanding  the  effects  of  motility  and  chemotaxis.  The  uniqueness  would 
ensure  that  the  functions 


(5) 


A 


f 1  f1 

1  v(x)dx ,  x  v(x)dx 

0  0 


are  single- valued.  We  then  can  proceed  to  study  the  monotonicity  of  these 
functions.  It  seems  that  the  monotone  dependence  of  the  integrals  (5)  on 
parameters  has  never  been  studied  analytically  for  any  diffusion  systems  (with 
or  without  chemotaxis) . 

The  global  stability  of  positive  steady  states  would  imply  that  the  behavior 
of  steady  states  represents  that  of  the  time  dependent  solutions  for  large  time. 
Unfortunately,  part  (iii)  of  Theorem  3  covers  steady  states  only  for  6  close  to 
kf(  1).  In  fact,  it  has  been  an  outstanding  open  problem  for  many  “classical” 
(non-chemotaxis)  diffusion  systems  to  obtain  uniqueness  and  stability  of  steady 
states  for  the  full  range  of  parameters. 


3  Competition  between  Two  Species 

To  better  understand  the  effects  of  motility  and  chemotaxis  on  population 
growth,  Y.  Wu  and  I  studied  a  model  of  two  species  of  bacteria  competing 
for  the  same  nutrient,  where  the  growth  kinetics  of  both  species  are  identical 
but  their  motility  and  chemotaxis  coefficients  are  different.  The  interest  is  in 
the  possibility  of  “competition  exclusion”  and  stable  coexistence,  attributable 
solely  to  the  motility  and  chemotaxis.  Let  the  competing  species  have  density 
function  w  and  to  focus  solely  on  the  effect  of  motility  and  chemotaxis  assume 
that  both  species  have  the  same  consumption  rate  of  the  substrate,  and  the 
same  birth  and  death  rates.  The  model  is 

(  Ut  =  uxx  -  f(u)(v  +  w),  0  <  x  <  1,  t  >  0, 
vt  =  (Xivx  -  xM4>(u))x)x  +  ( kf{u )  -  6)v, 

(6)  <  wt  =  (X2wx  -  X2 w((/>(u))s)x  +  ( kf(u )  -  9)w, 

I  Ai«x  -  Xiv{<t>(u))x  =  0  =  X2wx  -  X2 w(<j>(u))x,  at  x  -  0, 1, 
v  ux  =  0  at  x  =  0,  ux  —  h(  1  -  u)  at  x  =  1.  . 
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Malthusian  growth  is  assumed  for  both  species.  We  are  primarily  interested  in 
finding  the  ranges  for  motility  and  chemotaxis  parameters  Ai ,  A2,  Xi>  and  X2  so 
that  one  species  can  wipe  out  the  other,  or  they  coexist  in  a  stable  equilibrium. 

Parts  (i)  and  (ii)  of  Theorem  3  can  be  easily  generalized  to  the  current 
case,  only  now  the  trivial  steady  state  is  (u,u,u;)  =  (1,0,0).  In  particular,  if 
0  >  kf(  1)  the  only  nonnegative  steady  of  (6)  is  the  trivial  one.  If  0  <  9  < 
kf(l),  then  the  result  for  the  existence  in  the  single  species  case  implies  that 
(6)  has  two  semitrivial  steady  states  (u{x),v(x),0)  and  (u(x),  0,  uJ(z)).  Let 
di  >  0  and  Xi  >  0  be  fixed.  We  are  interested  in  the  conditions  on  the  pair 
(d2 ,  X2)  for  the  stability/instability  of  the  semitrivial  states  and  for  coexistence 
of  two  species  (i.e.,  existence  of  positive  steady  states). 


Theorem  15  (i)  For  (d2,X2)  in  the  shaded  regions  (excluding  (di,xi)  and 
X2 -axis),  the  only  nonnegative  steady  states  of  (6)  are  the  trivial  one 
(1,0,0),  and  the  semitrivial  ones  (u,v,  0)  and  (u,0,w).  Moreover ,  in  the 
shaded  Region  A,  all  (u,  0,  w)  are  unstable ,  and  if  (u,  v)  is  asymptotically 
stable  with  respect  to  the  dynamics  of  system  (2)  (known  to  be  true  ifO  is 
close  to  kf(  1)),  then  so  is  [u,v,  0)  with  respect  to  that  of  (6).  The  same 
is  true  in  Region  B  if  we  exchange  (u,  0,uJ)  and  (u,  t;,0). 

(ii)  There  exists  a  continuous  function  x(d2),  strictly  increasing  on  [do,  00] 
(where  0  <  d0  <  d\  with  the  equality  holding  only  if  x  1  =  Q) 
lim  x(d2)  =  00.  For  (d2,X 2)  below  the  graph  of  x(d 2),  all  (u,t/,0)  are 

d  2—^00 

asymptotically  stable  provided  0  is  close  to  kf(  1)  (closeness  independent 
of  and  X2 )',  for  (d2,x 2)  above  the  graph ,  all  {u,v,  0)  are  unstable. 

(in)  For  each  fixed  d2  (and  di  and  xi)  with  do  <  d2  ^  di,  local  bifurca- 
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tion  of  positive  stable  steady  states  of  (6)  occurs  near  (x2  ,u,v,w)  = 
(*2(^2), «,  H,  0),  provided  9  is  close  to  kf(  1)  (closeness  independent  ofd2 

andxz)- 

(iv)  The  branch  of  positive  steady  states  mentioned  in  (Hi)  can  be  extended 
and  it  reaches,  at  a  finite  value  of  x 2  >  x(d2),  the  branch  of  semitrivial 
steady  states  (u,  0,  w). 

As  we  can  see,  some  of  the  results  rely  on  the  stability  of  positive  steady 
states  of  (2)  which  has  not  been  proved  except  in  the  case  when  9  is  close  to 
kf(l).  And  even  when  we  have  this  condition,  our  proof  of  the  stability  of 
bifurcating  solutions  mentioned  in  (iii)  is  already  very  long  and  technical. 

We  believe  that  there  should  exist  a  curve  x  =  x(d2)  passing  through  the 
point  (di,xi)  and  staying  above  the  curve  x  =  x(d2),  such  that  (i)  for  (d2,x 2) 
between  these  two  curves,  there  exists  a  globally  asymptotically  stable  positive 
steady  state(thus  we  have  stable  coexistence);  (ii)  for  (d2,  X2)  not  between  these 
two  curves,  we  have  competition  exclusion:  below  the  curve  x  =  x(d2),  the 
semitrivial  ^steady  state  (u,v,  0)  is  globally  asymptotically  stable;  above  the 
curve  x  =  x(d2),  (u,v,0)  is  globally  asymptotically  stable.  The  nonexistence 
of  positive  steady  states  and  the  local  stability/instability  of  other  steady  states 
suggest  this.  However,  as  mentioned  before  the  difficulty  we  encounter  here  is 
common  and  new  ideas  are  needed. 
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We  established  a  group  of  necessary  and  sufficient  conditions  for  nonoscillation  of 
a  second  order  linear  impulsive  differential  equation  with  delay. 


1  Introduction 

Recently,  Huang  ([1])  investigated  the  oscillatory  and  nonoscillatory  behaviors 
of  a  second  order  linear  impulsive  differential  equation  with  the  form: 

u  —  - p{t)u(t ),  t  >  0;  (1.1) 


where  p(t)  =  a^(t  ~  *n)  and  S(t)  is  a  ^-function,  i.e, 

rco  re 

'  5(t)(f(t)dt  =  '  5{t)(p(t)dt  —  (p(  0) 

—oo  —  e 


for  all  <p(t)  being  continuous  at  t  =  0.  Under  the  assumptions  that 

0  =  t0  <  h  <  h  <  ■  ■  ■  <  tn  <  ■  ■  ■,  and  liain^ootn  =  oo, 
’Supported  by  NSF  of  Guangdong  Province  and  Higher  Education  Bureau 
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and  an  >  0  for  all  n  £  N ,  he  obtained  a  group  of  necessary  and  sufficient 
conditions  for  nonoscillation  of  (1.1). 

In  this  paper,  we  consider  the  equation  with  the  form 

u  =  -p(t)u(t  -  r),  t  >  0.  (1.2) 


Here  p(t)  and  {tn}  are  defined  as  above.  We  shall  pay  attention  on  the  influence 
of  r  on  the  oscillatory  and  nonoscillatory  behaviors  of  the  given  equation.  We 
obtain  a  conclusion  that  if  the  impulsive  points  {£n}  and  the  delay  r  have  the 
relationship:  tn+i  -  tn  >  r  for  all  n  >  n*,  then  a  group  of  refined  necessary 
and  sufficient  conditions  for  nonoscillation  still  hold  for  equation  (1.2).  It  can 
be  seen  in  the  following  sections  that  one  gets  the  main  theorem  of  [1]  from 
Theorem  3.1  in  this  paper  by  setting  r  =  0. 

A  function  u(t)  is  called  the  solution  of  equation  (1.2)  if  it  is  continuous 
on  [ — t,  +oo]  and  it  is  a  linear  function  on  every  interval  [£n,  £n+i]  such  that 

u'(ti)=u'(t)  =  u'(tn+i)  for  t„<t<tn+i,  n  =  0,1,2, 

u{t~)  -  u{t+)  =  lim  p(t)v,(t  -  r)dt  =  u(tn  -  r)an  for  all  n  6  N. 

(1.3) 

(1.2)  is  said  to  be  nonoscillatory  if  all  its  nontrivial  solutions  are  nonoscil¬ 
latory,  and  to  be  oscillatory  if  all  its  nontrivial  solutions  are  oscillatory. 


2  Two  Lemmas 

In  this  paper,  we  always  assume  that  there  is  a  positive  integer  n*  6  N  (N  is 
the  set  of  positive  integers)  such  that  r  satisfies  £n+1  —tn>r  for  all  n>n*. 
For  each  n  €  AT  we  define  the  sequence  {Pk}™=l  by  induction: 


P\  —  1  (^n+1  T)  > 

Pk+ 1  = ( +  an+k  (tn+k+l  ~ tn+k  ~ r)>l  ’  (2’4) 

thus  we  have  P^+1  =  oo  provided  P%  =  1.  Denote  Sn  ==  sup  {Pg\  k=  1,2,-*}. 
We  note  that  Sn  <  1  implies  0  <  Pg  <  1  for  all  k  £  N. 

Lemma  8  If  Sno  <  1  for  some  n0  €  N  (n0  >  n*),  then  5no+i  <  1  and 
therefore  Sn  <  1  for  all  n  >  no* 

Lemma  9  Suppose  that  0  <  oik  <  Pk,  Afc  >  0  for  all  k  €  N.  Define  by 
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induction 


Pi  =  <*iAi,  qi  —  /?iAi, 

Pk+i  =  ^f£^  +  «*0. 

9*+i  =  ^fa^+/JkA«A  fc  =  1, 2  •  •  • . 

If  0  <  qk  <  1  /or  all  k  E  N,  then 

o  <Pk<^qk<  1,  (2.5) 

/or  all  k  E  N. 

3  Main  Result  and  Its  Proof 

Theorem  16  The  following  statements  are  equivalent : 

(i)  There  is  no  E  N,no  >  n*  such  that  Sno  <1. 

(ii)  There  is  no  E  N,  no  >  n*  such  that  Sn  <  1  (n  >  no) 

(in)  Equation  (1.2)  is  nonoscillatory. 

(iv)  Equation  (1.2)  has  a  nonoscillatory  solution. 

Proof.  It  is  clearly  that  (i)  implies  (ii)  from  lemma  1.  Next  we  want  to 
show  that  (ii)  implies  (iii). 

Suppose  that  (ii)  holds.  Then  there  is  no  E  N,  no  >  n*  such  that 

0  <  P£  <  1,  for  alln  >no,k>  1.  (3.6) 


Let  u(t)  be  a  nontrivial  solution  of  equation  (1.2)  and  u(t)  is  oscillatory.  Then 
without  loss  of  generality,  there  exist  n  :  n  >  no  and  tE  [tn,tn+ 1)  such  that 

u(t)  =  0,  u  (t+ )  >  0. 

By  (1.3),  we  have 

u  ft+ }  -  U  (t++1)  =  u  (t~+1)  -  u  (i++1)  =  u(tn+i  -  r)an+1.  (3.7) 

There  are  two  subcases: 

(1)  If  tn+ 1  -  r  <t 9  then  u  (in+ 1  -  r)  <  0. 

(2)  If  tn+i  -  r  >i ,  then  u  (fn+ 1  -r)>  0. 

In  both  cases,  we  could  show  that 

U  (t++ 1)  >  (1  -  PD  u  ( t+ \  =  (1  -  PP)  u  (t+)  >  0.  (3.8) 
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n+1 


Thus  we  derive  from  (3.3)  and  (3.2)  that 

P\+_Tpn+lu'  >  (u  (Wl  -  t)  +  tu  (t+ ^  an+1. 

Therefore  we  obtain 

P>'  ($+ 1)  =  ^7  +  «n+l  (*„+ 2  -  tn+l  -  T)1  tt'  (t++1) 

>  an+ 2  r„  (tn+i  -r)  +  tu  (i+^  +  u'  (f++1)  (fn+2  -  t. 

=  U  (tn+2  “  r)  ttn+2  • 

Now,  we  can  show 

«'  (t++fc-l)  >  0. 

Pk+ lu  (^n+k^  —  u  (^n+fc+1  —  t)  dn+k+ 1 

by  induction  (we  omit  the  details).  Note  that  (3.5)  contracts  with  the  assump¬ 
tion  that  u(t)  is  oscillatory,  then  (ii)  implies  (iii). 

It  is  obvious  that  (iii)  implies  (iv).  Now  we  want  to  show  that  (iv)  implies 
(i).  Suppose  that  u(t)  is  a  nonoscillatory  solution,  so  there  is  tno  (n0  >  n*) 
such  that  u(t)  >  0  for  t  >  tno.  We  claim  that 

u'  (tto+k)  >  0  for  a11  fc  =  o,  1,2,  •  •  •.  (3.11) 

If  we  can  show  that 

0  <  ,  u  (tta+k)  <  (1  -  P£°)  u  f*+ +fc_0 ,  k  e  N,  (3.12) 


-r)l 

(3.9) 


(3.10) 


then  combining  with  (3.6),  we  obtain  (iv)=>(i).  In  fact,  one  could  show  (3.7) 
and 

)  ^  ^(^no+fc+l  ^~)^no4-fc+l  j  &  E  N  (3.13) 

by  induction, but  we  omit  it.  Thus  we  complete  the  proof. 

Corollary  2  Let  q(t)  =  Y^=1  bn5(t-tn).  Suppose  that  0  <  an  <  bn,  for 
large  n  6  N  (n>  n*).  Then  we  have  the  following  conclusions: 

(i)  If  equation 

u  =  -q{t)u(t  -  t)  (3.14) 

is  nonoscillatory,  then  (1.2)  is  nonoscillatory. 

(ii)  If  (1.2)  is  oscillatory,  then  (3.9)  is  oscillatory . 

Example  8  Consider  the  equation  (1.2).  Lettn  =  nT  +  nr  (0  <  r  <  \T)  and 
bn  —  snhvpLjT'  V  there  is  no  €  N  such  that  an  <  bn  for  n  >  no,  then  equation 
(1.2)  is  nonoscillatory. 
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EXISTENCE  AND  UNIQUENESS  OF  PERIODIC  SOLUTIONS 
FOR  A  CLASS  OF  HIGHER  DIMENSIONAL 
NON- AUTONOMOUS  SYSTEM  WITH  DELAY 
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In  this  paper,  the  sufficient  conditions  for  the  existence  and  uniqueness  of  the 
periodic  solutions  of  a  higher  dimensional  system  with  delay 

x  (t)  =  A(t)x(t)  H- g(ty x(t  -r))}x  .6  Rn 

are  given  by  Schauder’s  fixed  point  theorem.  Some  results  in  [1-4]'  are  extended 
and  improved. 

1  Basic  Knowledge 

Considering  a  higher  dimensional  non-autonomous  system  with  delay 

x  (t)  =  A(t)x(t)  +  g(t,  x(t  -  r)),  x  e  Rn  (1) 

where  r  6  R,  A(t)  €  C[R,RnXn],  g(t,x)  €  C[R  x  RnyRn ],  and  there  is  a 
constant  u  >  0,  it  makes  A(t  +  u >)=A(t),  g(t  +  w,x)=g(t,x).  Besides  we 
assume  homogeneous  linear  system 

x  (t)  —  A(t)x ,  x  G  Rn  (2) 

has  a  non-trivial  a;-periodic  solution.  In  the  above  condition  and  r  =  0,  in  [1-4] 
they  ever  studied  the  existence  of  cj-periodic  solution  in  system  (1).  In  this 
paper,  the  author  discusses  the  existence  and  uniqueness  of  u;-periodic  solution 
under  the  condition  of  r  ^  0,  and  extended  and  improved  these  results  in  [1-4]. 
And  the  author  also  draws  some  new  conclusions. 
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Let  Bw  =  {«(«)  :  u(t)  €  C(R,Rn),u(t  +  u)  =  u(t)},  for  u(t)  e  Bw,  we 
define  its  norm  ||«||  =  sup0<f<w  |«(t)|,  it  is  easy  to  know  Bw  is  a  Banach  space. 
We  define  an  operator  in  Bu 

rU) 

T[u](t)=  G(t—ku,T)g(r,u(T—r))dT  (ku  <t  <(k  +  l)u,k  =  0,  ±1,  ±2,  •••), 
here  G(t,  r)  is  a  Green  matrix  defined  as  following 


ru  -  f  +  D)X~l (t),  0  <  r  <  t  <  w 

V  '  X{t)DX-l{r),  0  <t<r<u 


where  X(t)  is  the  fundamental  solution  matrix  of  system  (2)  with  X(0)  =  E> 
and  D  =  ( X  1(u>)  —  E)*1.  we  can  prove  that  the  following  Lemma  are  true, 
the  proof  is  omitted. 

Lemma  1  (i)  Operator  T  :  B w  — >  B u  is  a  completely  continuous  operator. 

(ii)  The  fixed  point  of  operator  T  is  equivalent  to  the  ^-periodic  solution 
of  system  (1). 

Let  a  G  Rn,<p(t)  =  T[a](t),  it  is  clear  that  <p(t)  G  B w.  let  SR((p)  =  {u(t)  : 
u  G  Buj,  ||u  -  <p\\  <  R}.  It  is  easy  to  know  that  SR(<p)  is  a  bounded  closed 
convex  subset  in  B^.  Its  boundary  is  dSR  -  {u(t)  :  u(t)  G  B ,  \\u  -  <p\\  -  R}. 
Define  the  nuclear  conservative  contraction  projection  of  Bw  to  SR(cp)  is 


f{u)  = 


f  u , 


l|w-V>U 


if  u  G  ^(9?) 

if  w  g  S*(y>) 


Lemma  2  (i)  /  is  a  continuous  operator  from  Bw  to  SR(<p). 

(ii)  If  f(u)  G  Sr((p)  =  {u(t) u  G  ||u  -  <p||.<  R},  then  /(«)  =  u. 
Lemma  3  fT  :  Bw  — >  SR{ip)  is  a  completely  continuous  operator. 


2  Main  Results 

The  following  discussions  are  based  on  which  all  the  above  conditions  are 
satisfied. 

Theorem  1  If  there  Exists  R  >  0,  it  makes  sup  ,*,<*  \g{t,x)\  =  K'(t), 

0<t<uj 

and  fQ  K(r)dr  <  then  system  (1)  has  at  least  one  cu-periodic  solution, 
where T  =  maxo<t)T<a,  \G(t,r)\. 

Proof  Let  SR  —  {u(t)  :  u(t)  G  B WJ  ||u||  <  R},  Vu  G  SR,  we  have  u(t  —  r)  G 
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Sr,  so  Vi  G  [0,cj],  we  have 

\T[u](t)\  =  I  fg  G(t,T)g(T,u(r  -  r))dr\ 

<T  \g{T,u(r  -  r))\dr 
<  ft  K(r)dr  <  R, 

so  ||T[u](i)||  <  R,T{Sr}  C  Sr.  Because  Sr  is  a  bounded  closed  convex  subset 
in  Bu,  and  also  from  (i)  in  Lemma  1,  we  know  T  :  Sr  — *  Sr  is  a  completely 
continuous.  By  Schauder’s  fixed  point,  T  has  a  fixed  point  in  Sr.  By  (ii)  in 
Lemma  1,  so  system  (1)  has  a  ^-periodic  solution  in  Sr. 

Corollary  1  If  lim|x[_>+00  —  K(t)  for  t  G  [0,u;]  is  uniformly  true, 

and  K(r)dr  <  then  system  (1)  has  at  least  one  ^-periodic  solution. 
Proof  Since  [“  K(r)dr  <  ^r,  so  there  exists  So  >  0  such  that 

^  K(r)dr  £quj  <  —  ,  (3) 

>  o  1 

and  lim|x|^+OQ  =  K(t)  for  t  G  [0,0;],  then  for  above  £o  >  0,  there  exists 

Mi  >  0  such  that  <  Kit)  4-  ^  (0  <  t  <  lj)  for  \x\  >  Mi  ,  that  is, 

\g(t,x)\  <  (K(t)  +  ^)\x\  (0  <  t  <  uj).  hence  WZ  >  Mi,  we  have 

sup  \g(t,x)\<{K(t)  +  ^-)R  (0<i<w)  (4) 

M\<\x\<R  z 

Let  P  —  sup  0<t<o,  \g(t,x) |,  since  limj^+oo  4=0,  thus  for  above  e0  > 

0,  there  exists  M2  >  0,  when  iZ  >  M2,  we  have  ^  So  when  R  > 

max{Mi,M2},  and  from  (4),  we  obtain 

^sup[x[<K|s(t,x)|  <  |^(i,®)|+supAfl<|a.|<fl|p(iJa?)|). 

<|  +  (K(t)  +  f) 

5*  K(t)  +  £q  (0  <  t  <5  Oj). 

Therefore 

sup  | g(t}  x)|  <  (K(t)  4-  £o)R  (0  <  t  <  cj), 

\x\<R 

and  from  (3),  we  have  [q  R(K(t)  +  £o)dr  —  R(  f^  K(r)dr  +  £qlu)  <  By 
Theorem  1,  we  know  this  Corollary  is  true. 

Corollary  2  If  there  exists  R  >  0,  it  makes  r(R)  =  max0<t<w  \g{t,x)\  < 

\x\<R 

then  system  (1)  has  at  least  one  w-periodic  solution. 


346 


Proof  For  R  >  0,  let  K(t)  =  sup^*  |^(t,  x)\  (0  <  t  <  w),  it  is  obvious 
that  K(t)  <  ^  (0  <  t  <  cj),  therefore  K(r)dr  <  By  theorem  1,  we 
know  the  Corollary  is  true. 

In  system  (1),  let  r  =  0,  from  Corollary  1  and  2,  we  get  the  same  conclu¬ 
sions  in  [1-2],  In  Corollary  1,  let  K(t)  also  satisfied:  sup0<t<w  K(t)  <  we 
get  the  result  in  [3]  (see  [1]). 

Example  Considering  a  periodic  system  of  two-dimension 

x  (t)  =  Ai  (t)x(t)  +  gi  (t,  x(t  -  r)) ,  (5) 

and  suppose  (5)  is  satisfied  all  the  conditions  for  u  =  2tt  in  the  first  section 
in  this  paper.  Let  g(t,x)  =  ^  .  Next  we  prove  that  there  exists  a 

rXl  1  , _ 

2?r-periodic  solution  of  (5).  For  x  =  1  1 ,  let  its  module  Id  .=  Jxi  +  x$. 

X2  1  * 

Because  sup|x[<R  |p(t,*)|  =  =  K(t)  (0  <  t  <  2ir), 

f2*  vt  R  f2*  i .  , w  r  r  ■  j 

=  IF  |sinr|dr  =  —  sinrdr  =  — , 

0  41  o  o  1 

thus  from  theorem  1,  we  know  has  at  least  one  27r-periodic  solution  in  system 
(5).  However,  max0<t<2„  \gi(t,x)\  =  jp  >  ^ ,  so  the  above  result  cann’t 

|x|<i? 

be  got  by  Corollary  2.  And  also  I5n|a:|-.+0O  for  t  €  [0,  2tt]  is 

uniformly  true.  But  lsi"p|dT  =  p,  so  the  results  can  not  be  deduced  by 
Corollary  1. 

Corollary  3  If  Hmn_00  £  sup[x|<n  \g{r, x)\ dr  <  i,  then  has  at  least 
one  ^-periodic  solution  in  system  (1). 

Proof  Because  lim)x|^+00  ±  sup|x|<n  | g(r,  x)\ dr  <  p,  then  there  exists 

natural  number  n0,  it  makes  JL  f“sup|x|<no  \g(r,  x)\dr  <  i.  If  we  let  K(t)  = 

suP|*|<n?  ls(*.*)l  (0  <t<  u),  we  have  K(r)dr  <  f-,  by  Theorem  1,  we 
know  this  Corollary  is  true. 

Theorem  2  suppose  that  conditions  of  Theorem  1  or  Corollary  2  is 
satisfied,  and  the  system  (1)  also  satisfied:  Vu1(t),u2(t)  S  Sr, we  have 

\9(t,ui(t  -  r))  -  g(t,  u2(t  -  r))|  <  aUlU2(t)|ui(t  -  r)  -  u2(t  -r)\  (0  <t<  c u), 

and  T  [” aUlU2(r)dr  <  1,  Then  system  (1)  has  a  unique  ^-periodic  solution  in 

Sr . 

Proof  The  existence  is  obvious.  In  order  to  prove  the  uniqueness,  we 
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prove  at  first  T  is  the  contraction  projection  in  Sr.  Vui,  U2  G  Sr , 

||T[ui](t)  -  r[u2](*)||  =  ||  fouG(t,  T)(g(r,ui(r  -  r))  -  g(t,  u2(t  -  r)))dr|| 

<  r  fo  aUl U2  (r)|ui(r  -  r)  -  u2(r  -  r)\d,T 

<  ||«i  -  «a||r  fo  aUlU2(r)dT 

<  ||«i  -  W2II  (if  ||ui-u2||^0) 

If  system  has- two  different  w-periodic  solutions  u10(t)  and  U2o(t )  in  Sr, 
then  ||ifcio  -  1*20 II  =  \\T[uio]  “  T[t*2o]||  <  ll^xo  -  U20II,  which  is  contradicted. 
Prom  the  same  reason,  we  can  prove: 

Theorem  3  For  system  (1),  suppose  that  conditions  of  Corollary  i 
(i=  1,3,4) 

is  satisfied,  and  it  still  satisfied:  Vui,it2  €  we  have 

\g(t,ui(t  -  r))  -  g(t,u2(t  -  r))|  <  aUlU2(t)\ui(t  -  r)  -  u2{t  -  r)|  (0  <  t  <  w), 

and  T  [q  aUlU2  ( r)dr  <  1,  then  there  exists  a  unique  w-periodic  solution  of  (1). 

Next  we  discuss  the  existence  and  uniqueness  of  the  w-periodic  solutions 
of  system  (1)  on  the  super  spherical  area  SR(<p). 

Theorem  4  If  there  exists  Sr(cp),  such  that  Vu  G  8Sr ((f),  we  have 

| g\t,  u(t  -  r))  -  g(t ,  a)\  <  / 3u(t)\u(t  -  r)  -  a\  (0  <  t  <  u), 

r  [q  pu(r)dr  =  9(u)  <  1,  and  also  ||u  —  a||  <  R ,  then  system  (1)  has  at  least 
one  ^-periodic  solution  in  Sr((p). 

Proof  From  Lemma  2,  we  know  fT  :  Sr(<p)  SR(<p)  is  a  completely 
continuous  operator,  and  SR(<p)  is  a  bounded  closed  convex  subset  in  Bw. 
By  Scauder’s  fixed  point  theorem,  we  know  fT  has  a  fixed  point  uo(t)  in 
SR(<p)  :  f{T[u0](t)}  =  u0. 

Next  we  prove  uo(t)  is  a  fixed  point  of  T.  For  this  purpose  we  prove  at 
first  T{dSR(ip)}  C  SR(ip)y  Since  Vu  G  dSR((p),Vt  G  [0,u>],  we  have 

\T[u](t)  -  <p(t) |  =  |  C  G(t,r)(g(T,u{T  -  r ))  -  g(t,a))dr\ 

<  r  [g  /3u(r)\u(t  -  r )  -  a|dr 

<  r||u  -  a||  fg  0u(T)dT 

—  0(u)\\u  —  o||  <  R, 

so  II T[u](t)  -  <p(t) II  <  R,  and  T[u](t)  G  SR(<p). 

Because  u0  €  Sj?(<p),  if  uq  G  dSR(<p),  from  above  we  have  T[u](t)  G  SR(<p)> 
By  the  definition  of  /,  we  have  uq  —  f{T[uo\(t)}  —  T[uo]{t).  And  if  uq  = 
f  {T[u0](t)}  €  S%(ip).  By  (ii)  of  Lemma  2,  we  have  u0  -  f{T[u0](t)}  - 
T[uo\(t).  Therefore  uq  is  the  fixed  point  of  T.  By  (ii)  of  Lemma  1,  we  know 
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there  exists  uz-periodic  solution  in  SR(ip). 

Theorem  5  If  there  exists  SR((p),  Such  that 
(i)  Vtxi,«2  €  Sr(<p),  we  have 

\g(t,ui(t  -  r))  -  g(t,u2(t  -  r))|  <  pUlti2  (i)|wi(i  -  r)  -  u2{t  -  r)|  (0  <  t  <  w), 


and  T  fg  (3UiU2  (' r)dr  =  0(iti ,  u2)  <  1. 

(ii)  a  e  SR{<p),  and  Vu  €  dSR(<p),  if  0(u,a)  >  we  have 


1  -  6(u,  a)  R 
9(u ,  a) 


then  there  exists  a  unique  ^-periodic  solution  of  (1). 

Proof  Since  a  6  SR(<p)}  from  (i),  Vu  €  SR((p ),  we  have  \g(t,u)-g(t,a)\  < 
PUlu2\  u(0  -  o|  (0  <t<  u)j  and  9(u ,  a)  <  1. 

Since  0  <  d(u,  a)  <  §,  >  1,  so  ||V-a||  <  R  <  ^  Therefore 

from  (ii),  Vk  €  dSR(<p),  If  0(u,a)  ±  0,  we  have  \\tp  -  a||  <  1  g9j“ R,  therefore 


\T[u] (t)  -  <p(t) |  <  T  /"  |s(t,  u(t  -  r))  -  s(r,  a)|dr 

<  r  [0  Pua(r)\u{t  -  r)  -  a\dr 

<  6{u,a)\\u  -  a|| 

<  6(u,  a)[\\u  —  (p\\  +  ||<p  —  a||] 

<  0(u ,  a)jR  4*  (1  -  0(u,  a))#  =  E, 


thus  || T[u](t)  -  <p(t) ||  <  R,T{dSR(ip)}  C  Sj?(<p).  From  the  proof  of  Theorem 
2,  it  is  easy  to  know  that  system  (1)  there  exists  ^-periodic  solution  in  SR(tp). 

Now  we  prove  the  uniqueness,  Vui,U2  €  SR((p),Vt  €  [0, u],  from  condition 
(i),  we  have 

\T[ui](t)  -  T[u2\(t) |  <  T  |s(r,  ti!(r  -  r))  -  g{r ,  u2(r  -  r))|dr 

<  T  fo  /3Ul1i2(r)|ui(t  -  r)  -  u2(t  -  r)|dr 

<  ^(«l,«2)||t*l  -U2||, 


so  \\T[ui](t)  ~T[u2\(t)\\  <  0(ui,u2)\\ui-U2\\  <  II til  -W2II  (if  ll^i  -U2II  #  0). 
Therefore  the  fixed  point  of  T  in  SR((p)  is  unique.  System  (1)  there  exists  a 
unique  w-periodic  solution  in  SR(<p ). 

If  r  =  0,  from  this  theorem  we  can  induce  the  results  in  [4]  (see  Corollary 
4  in  [2]). 
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1  Introduction 

The  simplest  discontinuous  solution  of  hyperbolic  conserved  system 


tit  +  /(«)*  =  o 

are  the  shock  wave  solution  defined  by 


u(x,  t )  = 


f  Ul  X  <  st 
UrX>  St 


and  ul,ur  and  s  satisfy  Rankine-Hugoniot  conditions 


-s(uR  -  UL)  +  /( Ur)  -  f(uL)  -  0. 


Consider  the  viscous  conserved  system 

ut  +  f(u)x  =  n[B(u)ux]x. 


(1.1) 


(1.2) 


(1.3) 


(1.4) 
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the  admissible  shock  of  (1.1)-(1.3)  is  the  limit  of  the  smooth  travelling  front 
(viscous  shock  profile)  U((x  —  st)/fi)  as  — >  0,  if  some  entropy  conditions  are 
satisfied  and  B(u)  is  admissible3’5. 

The  existence  and  stability  of  viscous  shock  profile  for  various  viscous 
conserved  system  has  been  considered  by  many  authors  3’4,5’6’7’8. 

The  typical  viscous  conserved  equation  is  Burger’s  equation: 

ut  +  uux  =  uxx. 

The  stability  of  travelling  front  has  been  obtained  in3,4. 

Recently,  A. Kurganov  etc.1’2  considered  a  new  variant  of  the  burgers  equa¬ 
tion  with  a  genuinely  nonlinear  saturating  diffusion 

ut  ~b  f{u)x  =  ft[Q{y>x)]x  (1-5) 

with  Q(s)  =  Qi(s)  —  yj=f,<5(5)  =  Q2 (s)  =  resp. 

The  numerical  results  in  1)2  showed  that  some  travelling  fronts  may  be 
stable. 

In  this  paper,  we  consider  the  the  existence  and  stability  of  the  smooth 
travelling  waves  for  (1.5)  with  Q(s)  —  Q2(s)- 

2  The  Existence  of  Travelling  Fronts 

Consider  the  following  quasilinear  Burgers-type  equations 

ut  4-  f(u)x  =  [ Q{ux)\x  (2*1) 

with 

/W  =  f-  =  )•  (2-2) 

Let  u(x,t)  =  U(x  -  ct)  be  a  travelling  wave  solutions  of  (2.1)  and  (2.2) 
connecting  u\  and  0,  then  U(x  —  ct)  satisfies  the  following  boundary  value 
problem: 

—cU'  +  (U2/2)'  =  [U’/(l  +  {U')2)]’ ,  (2.3) 

U(-co)  =  tii,  U(+ 00)  =  0  (2.4) 

Integrating  the  equation  (2.3)  from  £  to  H-oo,  we  have 

jj2  jj 

-dJ  +  —  =  Y+jjJi) a >  and  Ul  =  2c'  (2-5) 

If  u\  <  2,  we  can  show  that  there  exists  travelling  front  solution  U(x  —  ct) 
satisfying  (2.3)  and  (2.4)  with  c  — 
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and 


(2.6) 


(l-!7|)/(l  +  £/f)2>co>0, 
with  c0  only  depends  on  u\ . 

Theorem  1.  For  any  0  <  u\  <  2,  there  exists  a  travelling  front  solution 
U(x  —  ct)  connecting  u\  and  0  with  speed  c  =  Ui/2,  satisfying  (2.7). 


3  The  Stability  of  Travelling  Front  Solutions 

In  this  section  ,  we  consider  the  following  initial  value  problem  of  (2.1)  and 

(2-2), 

( ..  ,  ....  _  i-4 

Ut  +  WWx  —  (l-f-til) 2  ^ 

u|t=0  =  Uo(x). 

Introducing  new  variable  f  =  x  —  ct,  (3.1)  can  be  written  as 

^  ut  ~  cu£  +  uu£  =  uzz  —  [Q(u^)]^  ^2  2) 

w|t=0  =  Wo(0- 

Define  w(€,t)  =  u(£,t)  —  {/(£),  then  tu(£,t)  satisfies 

f  iut  -  cwe  +  (CM*  +  =  [Q(U^  +  we)  -  Q(C/*)]€  /« 

tn|*=o  =  «o(0-^(0.  1  j 


Rewrite  (3.3)  as 


=  £r/w  +  g( *>«), 


9  5 

A/W  =  ^(oo(0w«)  - 

a0(0  =  (l-f/|)/(l  +  ^2)2, 


||p(u),w?,u;c?)||£s(ij)  <  C\\wfH2{R),  if  IMItf2(.R)  small. 
Define  weighted  space 

Xa  =  {tu/uo(£M£)  e  L2(R)},va(Z)  =  exp(a£)  +  exp(— a£), 


Obviously 


D(A)  =  {w€  Xa,t;0(flMfl  €  tf2(fl)}. 


||ff(tu,«;f)tuei)||xa  <  C||u)|||)(A),  if  ||u»||i>w  small. 
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Define  operator  A  :  D(A)  — ►  Xa ,  and  Aw  =  £c/u;. 

Lemma  3.1.  For  any  0  <  ui  <2,0  <  a  <  A  is  a  sectorial  operator 
in  the  weighted  space  X ,  and 

sup  Re  {cress(A)}  <  -c0  <  0.  (3.7) 

Lemma  3.2.  For  ReA  >  —  cro,  the  eigenvalue  of  A  must  be  real  and 

sup{Re{crp(J4)  \  {0}}}  <  0, 

and  0  is  a  simple  eigenvalue  of  A 

Theorem  3.1.  For  any  0  <  a  <  c/2, 

sup{<7(4)  \  {0}}  <  0,  with  D{A)  =  {w/va(0™(0  .€  H2(R)} 

and  0  is  a  simple  eigenvalue  of  A. 

Applying  the  theory  of  analytic  semigroup  to  the  fully  nonlinear  equation 
(3.4),  we  can  prove  the  exponential  stability  of  travelling  waves  obtained  in 
Theorem  1  in  the  weighted  space  D(A). 

Theorem  2.  For  0  <  u\  <  2  and  any  fixed  0  <  a  <  Ui/4,  there  exists 
small  6  >  0^  such  that  for  ||ua(f)(uo(0  -  ^(0)IIh2(k)  < 

IMO(«(*iO  “  +  7))IIh»(b)  <  Cexp(-<rt), 

with  a  >  0,7  and  C  depending  only  on  a,ui  and  u0. 

Remark.  Similar  results  about  the  existence  and  stability  of  travelling 
waves  of  equation  (2.1)  can  be  obtained  for  more  general  function  /(u),  and 
other  types  of  Q(ux),  e.g.  Q{ux)  =  . 
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The  object  of  this  paper  is  to  consider  the  asymptotic  behavior  of  solutions  of  the 
partial  functional  differential  equations.  A  new  approach  is  developed  to  study  the 
invariant  sets  and  global  attractor  of  semilinear  reaction-diffusion  equations  with 
time  delays.  The  results  obtained  are  new  even  in  the  context  of  reaction-diffusion 
equations  whose  the  reaction  term  do  not  contain  delays. 


1  Preliminary 

Let  H  be  a  bounded  domain  in  Rn  with  smooth  boundary  d£l.  C(X ,  Y)  denotes 
the  class  of  continuous  mapping  from  a  Banach  space  X  to  a  Banach  space 
Y,  specially,  C  —  C([—r,  0]  x  ft,Rm).  L2(ft)  is  the  space  of  real  Lebesgue 
measurable  functions  on  Q.  It  is  a  Banach  space  for  the  norm 

Ml  =  [  ^  \u(x)\2dx}1/2, 

Q 

Jpart  of  this  research  was  supported  by  Key  Item  of  the  National  Natural  Science  Foundation 
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where  \u\  denotes  the  Euclid  norm  of  a  vector  u  e  Rp  for  any  integer  p. 

Let  =  {u  €  L2(Q, ),  \/u  e  L2(fl)y  v  is 'the  gradient  operator}, 

H]  is  the  closure  of  Cg°(ft)  in  tfx(n),  where  Cg°(fi)  is  the  space  of  real  C°° 
functions  on  f2  with  a  compact  support  in  SL  H]  is  also  a  Banach  space  for 
the  norm 

m\\=[r  \vu(x)\2dx]^. 

n 

Let  ut(x)  =  (u](x),  ■  ■  ■,uYl(x))t  =Col{wj(a;)}  €  C,  for  any  t  >  t0  each  u\ 
is  defined  by  u\{s,  x)  =  ul(t  +  s,  x)  with  x  6  fi  and  s  6  [-r,  0].  For  u  €  Rm, 
we  define  [u]+  =Col{|«*|},  and  for  ueC,  we  define  [ut]+  =Col{|uj|r},  where 
lut(x)|r  =  SUPt_r<s<t  |u*(t  +  S,  *)|. 

In  the  similar  manner,  we  may  define 

[«(t)]i  =  Col{||«<(t)||},  [«,]?  =  Ool{||ti*||r},  ||u‘||r  =  sup  ||ti*(t+*)||, 

t—r<s<t 

M*F  =  Col{|||u<(t)||.|},  [tit]?  =  Col{|||uj|||r},  |||t4|||r»  sup  |||u*(f+s)|||. 

t—r<s<t 

Then  CL  =  C([— r,  0],I/2(fJ)m)  and  Cv  =  C([— r,  0],  ^(H)771)  are  also  Banach 
space  for  the  norms  ||u||r  =  {([ u]L)T[u]L }1!2  and  |||«|||r  =  {(Mv)T[w]v}1/2, 
respectively. 

A>  B  (A  <  B)  means  that  each  pair  of  corresponding  elements  of  A  and 
B  satisfies  the  inequality  “  >  ”  (“<”),  especially,  A  is  called  a  nonnegative 
matrix  if  A  >  0. 

Lemma  1 3.  If  M  >  0  and  p(M)  <  1  then  (I  -  M)-1  >  0. 

The  symbol  p(M)  denotes  the  spectral  radius  of  a  square  matrix  M. 
Lemma  26.  We  assume  that  H  is  a  metric  space  and  the  semigroup  T(t) 
is  continuous  and  uniformly  compact  for  t  large.  We  also  assume  that  there 
exists  a  bounded  set  B  such  that  B  is  absorbing  in  H.  Then  there  is  a  global 
attractor  R  for  the  semigroup  T(t).  Furthermore \,  if  H  is  a  Banach  space ,  then 
1Z  is  connected  too. 

2  Main  Result 

Consider  semilinear  reaction  diffusion  equations  with  delay,  for  i  =  1,  •  •  • ,  m, 

f  au<at'’^  =  aiAul(t,x)  -  biU^t,  x)  +  fi(ut(x)),  t>t0,  x€  f2, 

^  u'(t,x)  =  0,  t>t0y  x  €  dQy  Vz,  (2.1) 

{ui(xyt0  +  s)  =  <pi($,x),  -r<s<  0, 
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where  ai  >  0,  bi  >  0  are  constants  and  if  bi  =  0  we  agree  that  no  boundary  con¬ 
dition  applies  to  u i,  A  is  the  Laplace  operator,  the  initial  data  =Coi{0i}  G  C 
is  a  given  function.  /  ==Col{/i}  €  C(C,Rm)  is  globally  Lipschitz  uniformly  in 
x  €  Q. 

Under  the  above  conditions,  the  assumptions  of  existence  and  uniqueness 
results  5  are  then  satisfied.  This  is  however  sufficient  to  define  the  semigroup 
T(t):  we  set 

T(t)  :  <f>  £  CL  ->  ut  €  CL. 

In  the  following,  we  always  suppose  that: 

(Hi)  [f(ut(x)}+  <  B[ut\t  +  P,  B  -  (fcjj)mxmi  P-(Pir"  iPrnf , 

( i?2 )  <1,  M  —  (TYlij)rnXmy  Tflij  =  “f ,  Tji  =  4*  where 

=  7i(H)  is  a  constant  determined  by  Poincare  inequality.  7 i  —  hjyffn  if 
H  =  {x  G  .Rm||zi|  <  h}. 

(JT3)  p(iV)  <  lj  AT  =  (nij)mxmj  nij  —  2ai6i J  •  Especially,  riij  =  2aibi 
if  ft  =  {x  G  i?m||a;i|  <  /i}. 

Theorem.  We  assume  that  the  hypotheses  (Hi),  (#2)  and  (H3)  are 
satisfied .  Then  the  semigroup  T(t)  associated  to  the  system  (2.1)  possesses  a 
global  attractor  A  which  is  bounded  in  Cv ,  compact  and  connected  in  CL ;  A 
attracts  the  bounded  sets  of  CL. 

Remark  1.  Temam6  studied  Equation  (2.1)  without  delay  (i.e.  r  —  0). 
Under  the  conditions  those  (2.1)  has  an  invariant  region  and  /  is  bounded  (i.e., 
B  =  0  in  the  condition  (Hi)),  Temam6(Th.l.3,p96)  proved  that  (2.1)  possesses 
a  local  attractor.  Our  result  leaves  out  the  above  Temam’s  conditions  and 
gives  more  exact  region  of  positively  invariant  and  attracting  set  by  a  pseudo¬ 
rectangle  instead  of  pseudo-ball. 

3.  Proof  of  theorem 

In  order  to  prove  our  theorem,  we  first  show  the  following  propositions  1-4. 

Proposition  1.  Let  M(£l)  is  the  measure  of  Q  and  Q  =  [gi,  •  •  ■ ,  qm]T > 
Qi  =  Pi\TM^)h 7i-  If  (Hi)  and  (H2)  hold ,  then  the  set  Sa  =  {<t>  G  CL \[4>]$  < 
aK  —  a(J  — M)_1Q,  a  >  1},  which  is  called  a  pseudo-rectangle,  is. a  positively 
invariant  set  for  the  semigroup  T(t)  associated  to  the  system  (2.1). 

Proof  After  multiplying  (1)  by  ul(t,x),  by  integration  of  (1),  and  using 
the  Green  formula,  the  Poincare  inequality  and  Holder  inequality,  we  have 

m 

-Jokii]2  <  --iku2  -  Mu!2 + ikiifTMkiir (2.2) 

dt  7»  j=1 
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From  ^4 -  6<  =  7]i ,  we  obtain 

-t  m 

IM|2  <  e-^-^\m2T  +  '  e-^^II^IKVmylluJII,.  +  «]*.  (2.3) 

t0  j= 1 

Without  loss  of  generality,  we  assume  that  P  >  0,  i.e.,  Q  >  0.  Since 
p(M)  <  1,  from  Lemma  1,  (I  -  M)~l  >  0  and  K  ~  (I  ~  M)~lQ  >  0.  We  now 
prove  that,  when  <  aK 

[u(t)]L  <  aK  for  t  >  t0.  (2.4) 

If  (2.4)  is  not  so,  there  must  be  some  i,  and  t\  >  £0,  such  that 

\ul(ti)\  =  afc»,  \ul(t)\  <  aki ,  for  t  <  ti,  (2.5) 

[u(t)]L  <  aK ,  for  to  <t  <ti,  (2.6) 

where  hi  is  the  i  th  component  of  vector  K.  Then 

rti  m 

\ul(ti)\2  <  mijakj  +  <&]ds. 

'  t°  j=i 

Let  diagjfc*}  (or  diagif )  is  a  diagonal  matrix  with  diagonal  entries  fe.  Noting 
that  K  —  (I  —  M)_1Q,  i.e.,  MK  +  Q  =  K ,  we  have 

Col{|ul(£i)|2}  <  a2dia.g{e~r}i(tl-to')ki}(MK  +  Q) 

+(/  -  diagfe'^^^^^Jadiagf^lfaMi^  +  Q] 

<  a(a ■-  l)diag{^}(?  +  adiag{fc» +  Q] 

=  a2  diag{ki}K  =  a2Col{fc2}.  (2.7) 

This  implies  that  |ul(ii)|  <  aki ,  which  contradicts  the  equality  in  (2.5),  and 
so  (2.4)  holds. 

Proposition  2.  If  (Hi)  and  (H2)  hold ,  then  the  pseudo-rectangle  S  = 
{0  €  C'L|[<^]r  <  K  =  (I  —  M)~lQ }  «5  a  pfo&aJ  attracting  set  for  the  semigroup 
T(t)  associated  to  the  system  (2.1). 

Proof.  For  any  <f>  €  CL,  there  is  a  pseudo-rectangle  Sa  such  that  <j>  €  Sa- 
From  Proposition  1,  the  solution  u(t ,  x)  satisfies  [u(t)]L  <  aif ,  and  there  exist 
a  constant  vector  a  >  0  such  that  lim^+oo  sup[w(t)]L  =  <7.  Then,  for  sufficient 
small  positive  constant  e,  there  is  t2  >  t0i  such  that,  for  any  t  >  t2, 

Mr  <  (<r  +  Ee),  £=  (2.8) 
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Since  77*  >  0,  for  the  above  €  and  K ,  there  must  be  T  >  0  such  that  for  t  >  T, 

rOO 

a2diag{e-,Ii(t-to)fc?}  +  1  dia.g{e~r'iSTli}dia.g{aK}(M(aK)  +  Q)ds  <  JBe. 

T 

So,  when  t  >  t2  4-  T, 

Colfluf}  <  Col{e-7,<(‘-t°)|^|2} 

+{  ^  ^  }diag{e-,,i(t-s)J7i}diag{|ul|}(M[it(s)]r +<3)ds 

to  t-T 

/*t 

-fife  +  '  diag{e_77i^“s^i}diag{cr  4-  Ife}(M(cr  4-  ife)  4-  Q)ds 

t-T 

<  Ee  4-  diag{cr  4-  ife}  (M (<r  4-  Ee)  +  Q) . 

Letting  £  — *  0  and  using  (2.13),  we  obtain 


diag{cr}cr  <  diag{cr}(Q  +  Ma), 

that  is,  a  <  Ma  4-  Q  or  a  <  (I  —  M)~lQ.  Hence  (3)  holds,  and  the  proof  is 
completed. 

We  now  prove  the  existence  of  an  absorbing  set  in  iio(ft).. 

Proposition  3.  Let  P  =  [pi,  •  •  •  ,pm]T,  v%  =  If  (Hi)  and  (H3) 

hold ,  we  have  the  pseudo-rectangle  Ta  —  {<f>  €  C,v|Col{|||0i|||^}  <  aK  =  a(I  — 
N)~1P ,  a  >  1 },  is  a  positively  invariant  for  the  semigroup  S(t)  associated  to 
the  system  (2.1). 

Proof.  Multiplying  equation  (1)  by  —Aul  and  integrate  over  ft,  using 
the  boundary  condition  of  (1)  and  the  Green  formula,  we  have 


4llkll|2  <  — 2ai||Aui||2  -2fc|||ti<|||2  +2  f  | Au«| |/* («*(*)) |d*,  (2.9) 

dt  n 


By  using  Holder  inequality  and  the  Poincare  inequality  we  obtain 

d  Viii2  <  -2MKIII2 + f'^?,||i4iii2+^^) 


dt 


(2.10) 


j=i 


We  now  prove  that,  when  Col{|||0i|||^}  <  aK 

Col{|||u2(t)|||}  <  aK  for  t  >  to- 


(2.11) 
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If  (2.11)  is  not  so,  there  must  be  some  i,  and  ti  >  to ,  such  that 

lllu*(*i)ll|2  =  llltt<(*)ll|2  <  a^i>  for  t<tu  (2.12) 

Col{|||ui(t)|||2}  <  <*£,  for  t0<t<h,  (2.13) 

where  fcj  is  the  i  th  component  of  vector  K.  Prom  (2.10) 

[ t  rn 

IIKtolll2  <e-26‘(t-t°)|||^|ll^+  1  e-^-’hbi  VM|uJ|||a+ft]da. 

*°  l 

Letting  b  —diag{&i}  and  noting  that  K  =  (I  -  N)~XP,  i.e.,  NK  -f  P  =  K,  we 
have 

Col{|||u*|||2}  <  e-2b^-to)aK  +  (I  -  e-2b^~to))[NaK  +  P] 

<  (a  -  l)P  +  NaK  +  P  =  a(NK  +  P)  =  aK.  (2.14) 

This  implies  that  ||«t(t)||2  <  aki,  which  contradicts  the  equality  in  (2.12),  and 
so  (2.11)  holds. 

Proposition  4.  If  (H\)  and  (Hs)  hold.  Then  the  pseudo-rectangle  T  = 
{< p  e  Cv|Cpl{|||0i|||^}  <  K  =  (7~iV)”1P}  ,  attracts  each  bounded  set  B  C  Cv 
under  T(t).  the  semigroup  T(t)  associated  to  the  system  (2.1). 

Proof.  For  any  bounded  set  B  C  (7V ,  there  is  an  a  >  1  such  that  B  C  Ta . 
From  Proposition  3,  for  any  $  €  B,  the  solution  u(t ,  x)  satisfies  ||'til(£)||2  <  otki. 
For  any  given  ft  >  0,  we  choose  T\  such  that  for  t  >  T\ 

e-2d(t-t0)Col{ ||^.||2}  +  e-2hT'{aNk  +  P)  <  pCo\{l},  (2.15) 

where  |(-)U  denotes  the  Euclid  norm  of  matrix. 

Then,  from  (2.10),  we  have 

pt  rn 

IK(i)||2<  1  e-^^hbiCrmjWuiWU+p^ds  +  p.  (2.16) 

j- 1 

Let  limt_>+00  sup  111^(^)111  =  cr  =  [<n  •  •  ■ ,  crm]T,  and  following  the  remainder 
of  the  proof  of  Proposition  2, 

m 

<r2  <  Y'  riija2  +Pi+  0.  (2.17) 

3=  1 

Letting  f3  — >  0,  we  have 

cr  <  K  =  (I  —  N)~XP 
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This  implies  that  T  attracts  each  bounded  set  B  C  Cv  under  T{t). 

Proof  of  Theorem.  We  shall  prove  that  the  operators  S(t)  are  uniformly 
compact. 

For  any  given  <f>  £  CL,  by  Proposition  1,  there  is  an  a  such  that  <j>  £  Sa, 
i.e.,  ||ul(t)||  <  ah  for  all  t  >  to-  Then  from  (??),  we  obtain 


7  m 

j- 1 

<  -ai|||u<|||2  +  l5  Vi>t0,  (2.18) 

where  6  =  5(aK)  =  aki  [hjCxkj  +  pi\/M(JVj}. 

For  h  >  r  fixed,  we  integrate  (2.18)  between  t  and  t  +  h  and  obtain 

||ui(s)||2ds  <  —  +  — Iw’tOI2  <  —  +  (2.19) 

t  0>i  Q>x  CLi  Q,{ 

On  the  other  hand,  from  Proposition  1  and  (2.9),  we  have 

sll“‘»lls  <  f'  £  ft.  (2.20) 


3~  1 


We  multiply  (2.20)  by  t  and  obtain 


^(i||«i|2)<^  +  IK||2.  (2.21) 

By  integration  between  0  and  h>  r  and  using  (2.19) 

IKWII2  <  Uih  +  1  ^  II^IH*  <  Uih  +  ±[-  +  4  Ci.  (2.22) 

"  o  A  tl  CLi  &i 

For  the  above  £  =Col{£i},  there  must  be  a'  such  that  £  <  a'iF.  If  <fi  £  Sa  C 
CL ,  then  u/t  =  T(h)<j>  £  ra'  C  <7V.  It  is  easy  to  deduce  from  Proposition  3 
and  4  that  the  pseudo-rectangle  Ta/  =  {<j>  6  (7v|Col{||0*||2}  <  K,a'  >  1}  is 
positively  invariant  and  uniformly  absorbing  in  Cv .  If  B  is  any  bounded  set 
of  CL  included  in  Sai  after  a  certain  time  =  t\ (#,  a/),  we  find  that  u(£) 
belongs  to  the  absorbing  set  Ta/ .  This  shows  that 

T(t)B  CIV,  Vt>t  i. 

The  embedding  JF1^)  C  T2(H)  is  compact9,  so  is  Fa/  C  CL . 

From  the  above  proof  and  Proposition  1-4,  all  the  assumptions  of  Lemma 
2  are  now  satisfied  with  H  =  CL  and  the  proof  of  Theorem  is  completed. 
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Abstract 

One  will  show  that  if  f(t)  is  a  nonnegative  function  such  that  f(t)  >  tq 
with  q  >  1  for  t  >  0,  then  there  is  no  C2p  positive  solutions  to  the  equation 
(-A)pu  =  f(u)  on  Rn  provided  n  <  2 p. 

1  Introduction 

Classification  for  positive  solutions  of  the  equation 

Au  +  up  =  0,  in  Rn  (1.1) 

has  played  a  very  important  rule  in  geometric  related  problem. 

Since  the  elegant  result  of  Gidas,  Ni  and  Nirenberg1  has  surfaced,  there  are 
much  work  on  this  type  of  equations.  However  the  geometric  correspondence 
to  such  equations  has  been  known  earlier.  One  refers  to  Obata’s  work. 

From  geometric  point  of  view,  higher  order  elliptic  differential  equation  will 
be  much  harder  since  the  geometric  meaning  of  them  are  not  clear.  The  finding 
of  Paneitz’s  operator  can  be  considered  as  the  breakthrough.  It  leads  one  to 
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completely  understand  the  corresponding  biharmonic  equations  even  though 
it  has  been  widely  studied  previously.  The  interesting  reader  can  consult  the 
recent  papers  2 , 4  and  5 . 

Once  one  understands  the  biharmonic  semilinear  equations,  one  can  go  one 
step  further  to  study  semilinear  polyharmonic  equations3.  The  nonexistence 
of  the  entire  (positve)  solutions  for  certain  semilinear  polyharmonic  equations 
frequently  appeared  in  the  mathematical  literatures.  However  it  seems  that 
systematically  understood  such  problem  has  not  been  appeared  yet.  Based 
on  our  knowledge  for  biharmonic  equations,  in  this  paper  we  will  show  the 
following  main  result: 

Theorem  1.1  If  n  >  2p,  1  <  q  <  (n)/(n  -  2 p)  and  f(t)  >  tq  for  t  >  0,  the 
only  C2p  nonnegative  entire  solutions  of 

(-A )pu  =  f(u)  in  Rn  (1.2) 

are  the  nonnegative  algebraic  solutions  of  f(t)  =  0. 

Theorem  1.2  There  is  no  C2p  entire  positive  solutions  to  (1.2)  ifn  <  2 p  and 
f(t)  >  tq  for  t>  0  and  q>  1. 

The  organization  of  the  paper  is  as  follows:  In  section  2,  one  will  prove 
several  elementary  properties  of  the  entire  solutions  to  (1.2).  Proof  of  theorems 
1.1  and  1.2  will  be  given  in  Section  3  based  on  Section  2. 


2  Prelimaries 

In  this  section,  we  should  prove  the  following: 

Lemma  2.1  Let  u  be  a  positive  solution  of 

(-A )pu  =  f{u)  in  Rn  (2.3) 

with  f(t)  >  tq  for  t>  0  and  q  >  1,  then  we  have 

(— A)*u  >  0,  2  =  1, 2,  •  •  ■  —  1.  (2.4) 


Proof:  This  is  known.  We  refer  the  reader  to  3  for  the  detail  of  the  proof. 
The  only  thing  we  need  to  point  out  is  that  at  there  the  proof  is  given  for  the 
case  f(t)  —  tq.  However,  the  argument  goes  through  without  any  difficulty  for 
present  case. 
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3  Proof  of  Theorems  1.1  and  1.2 

A  lemma  goes  first. 

Lemma  3.1  Suppose  w  =  w(r)  >0  satisfies 

71  —  1 

.  w”(r)  -1 - w'(r)  +  <p(r)  <0,  r  >  0 

r 

with  ip  nonnegative  and  nonincreasing,  and  wl  is  bounded  for  r  near  0.  Then 

w(r)  >  cr2ip(r ),  (3.5) 

where  c  =  c(n)  is  a  constant  depending  only  on  the  dimension  n. 

Proof:  It  is  clear  that  the  given  differential  inequality  implies,  by  multi¬ 
plying  rn_1 ,  the  following 

—w'(r)  >  rl~n  f  sn~l(p(s)ds 
o 

W2 

>  r1_n  sn~1ip(<s)ds 
o 

*  2^r/2)' 

Integrate  this  from  r  to  2r  then  to  yield 

1  f2r  r2 

w(r)  >  w(2r)  +  ^  '  s<p{s/2)ds  >  - —<p{r) 

which  is  as  required. 

Proof  of  Theorem  1.1:  Some  notations  first.  Let  us  denote  (— A)?zt  =  Ui 
with  i  =  0, 1, 2,  •  *  •  ,p  -  1  where  (- A)°ti  =  u .  Thus  clearly  we  have 

A  Ui  4-  Ui+i  =  0  for  i  =  0, 1  *  •  ■  p  -  2  (3.6) 

and 

Aup-i  +  f(u)  =  0.  (3.7) 

Denote  the  sphere  in  Rn  of  radius  r  and  center  at  0  by  dBr  and  its  included 
solid  ball  in  Rn  by  Br  respectively.  un  is  equal  to  its  sphere  area  in  Rn. 
And  also  let  us  denote  the  integral  (l/(ria;n7'n~1)}  fdBr  Uidcr  by  U{  for  i  = 
0, 1,2,  *  •  •  jP  -  1.  By  taking  spherical  average  of  above  equations  (3.6)  and 
(3.7),  we  get,  by  venture  of  Jenson’s  inequality, 
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Av,i  +  Ui+i  =  0,  for  *  =  0,1,  •••,?-  2  (3.8) 

and 

Aup-i +Cg  <  0.  (3.9) 

Now  Lemma  2.1  implies  that  for  each  i ,  U{  is  nonnegative  and  so  is  its 
spherical  average  u,.  Since  u  is  regular,  for  each  i,  u[(r)  is  bounded  near  r  =  0 
and  it  follows  from  above  equations  (3.8)  and  (3.9)  that  for  each  i,  Ui{r)  is 
nonincreasing  function  of  r.  Thus  by  applying  Lemma  3.1,  one  gets 

Ui(r)  >  cr2ui+i(r) 

for  i  =  0, 1, 2,  ■  •  •  —  2  and 

Up-i  >  cr2ul. 

If  q  =  1,  then  claerly  we  have 

uo(r)  >  cr2ui(r)  >  •  >  c?r2pu0 

for  all  r  which  implies  that  u0  =  0.  This  implies  that  u  is  identically  zero. 

If  q  >  1,  then  we  get 

6o(r)  <  c~p^q~1^r~2p^q~1^  (3.10) 

and 

Up-i(r)  <  c~(P-1+P/(9“l))r-(2(p-l)+2p/(g-l))>  (3 U) 

Thus  we  have,  for  any  R  >  0, 


r 

Br 


uqdx  < 


f 


f(u)dx 


Br 

<  CRT 


r>2  R  /> 

-2  /  rl-n  I 


r2R  p 

.  =  - CRn~ 2  '  -1~n  1 


R  Br 

2  R 

r* 


f(u)dxdr 
A  up-idxdr 


R  Br 

r2R 

=  -CRn~ 2  '  u;_i(r)dr 
<  Ci?n— 2tip_i(i?) 


(3.12) 


364 


If  q  <  then  it  is  not  hard  to  check  that 

n  —  2  —  (2(p  —  1)  H — <  0. 

-  1 

By  letting  R  goes  to  infinity  in  (3.12),  we  find  that 

^  uqdx  <0. 

Rn 

Thus  u  is  identically  zero. 

Proof  of  Theorem  1.2:  It  follows  from  equation  (3.12)  that  if  n  <  2p 
and  q  >  1,  then  clearly 


n  —  2  —  (2(p  —  1)  +  <  0. 

Thus  same  as  above,  u  =  0.  For  q=  1,  we  can  again  argue  as  in  the  proof 
of  Theorem  1.1  to  conclude  that  u  must  be  zero. 

Thus  we  finish  the  proof. 
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In  this  paper,  by  means  of  a  newly  developed  Zp  index  theory,  we  discuss  a  class 
of  retarded  nonlinear  nonautonomous  wave  equations  and  obtained  multiplicity 
results  to  its  periodic  solutions. 


1  Introduction  and  Main  Results 

For  nonlinear  nonautonomous  differential  systems,  many  authors  have  studied 
the  existence  of  multiple  periodic  solutions  (cf.  [1,2]  and  [5]  etc.).  However,  it 
should  be  noted  that  almost  every  results  on  this  topic  have  been  established 
for  normal  variable  systems,  and  little  has  been  done  for  delayed  systems. 
Especially,  fbr  nonautonomous  partial  differential  equations  with  deviating  ar¬ 
guments,  we  have  not  yet  found  any  progress  in  this  field. 

In  this  paper,  we  discuss  the  following  equation: 

[  W  ~  fo?  =  9(t,X,u(t  -  TUx),u(t  -  T2,x),-  ■  •  ,u(t  -  Ts,x)) 

'*  u(*,0)-u(t,f)  =  0  te(0,T)  .  ,  (1.1) 

[  u(t,  X )  =  u(t  +  T,  X )  (t,  x)  e  (0,  T)  x  (0,  f) 

where  T  >  0  is  constant,  g{t  +  |,  x, u{t - n,  x), u(t -r2,x),  ■  ■  ■  ,u(t-rs, x))  = 
g(t,  x,  u(t  -  n ,  x),  u{t  -  t2  ,  x),  ■  ■  ■ ,  u(t  -  rs,  x)),  V(t,  x,  u )  €  (0,  T)  x  (0,  f )  x  R, 
n,T2,---,Ts  €  R  satisfying  73  =  rjT,  r3  integer,  j  =  1,2,  ■■■,$,  and  there 
exists  a  function  f(t,x,u)  €  (^((O.T)  x  (0,  f)  x  R,R )  such  that 

f(t,  x,  u)  =  g(t,  x,  u,  ■  •  • ,  u),  V(t,  x ,  u )  €  (0,  T)  x  (0,  x  R. 

Set  Q  =  (0  ,T)  x  (0,  f), a  =  jfp  -  with  domain  V{U)  =  {u  €  C2(Q)\u  is 

T—  periodic  in  t  and  u(t ,  0)  =  u(t ,  ^-)  =  0}.  Let  H  be  the  self-adjoint  extension 
of  □  on  Hilbert  space  L2(Q).  We  know  the  spectrum  of  H  is 

0<T r 

a(H)  =  {A|A  =  (-)2(i2  -  k2)\(j,  k)€Nx  Z}.  (1.2) 
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(1.3) 


Now,  we  assume  that 

(/i)  There  exist  constants  a  <  aft  >  0,  such  that 

cl  <  fu(t,x,u)  <  P,  V(f,x,u)  eQx  R. 

Without  loss  of  generality,  assume  ot}p  £  <r(H).  Set 

cr(i7)  Pi  [ot,P]  =  {Ai  <  A2  <  *  *  •  <  A*}, 

B[a,0\  =  {k£  Z\3j  G  N  such  that  (^)2(j2  -  k2)  6  [a,/?]}.  (1.4) 

Assume  0  £  B[a,/3],  then  jB[a,  /3]  is  a  finite  set.  We  denote  it  by 

B[a,0\  =  {-ka  <  -fc0_!  <  •  •  •  <  -fci  <  fci  <  •  •  •  <  ka}.  (1.4)' 

For  any  r,  1  <  r  <  l,  we  write  dT  as  the  multiplicity  of  Ar  €  a( H)  O  [a,0\.  Let 

l 

n  =  ^  dr.  (1-5) 

r=l 

Denote  by  <:  k>  l  >  and  [k,  l ]  the  greatest  common  divisor  and  smallest  common 
multiple  of  positive  integer  fc,Z,  respectively. 

Now,  our  main  results  are  the  following  theorem. 

Theorem  1.1  Assume  that  f(t,x,u)  satisfies  (/i)  and 

(/a)  .  ,  x 

[fci,  for* ’A]2  ^O(modp).  (1.6) 

(/3)  There  exist  £  >  0,  p  >  0  and  b  €  Z  such  that 

A6  +  e<  <\b+l-e,V(t,X)eQ,\u\>P-  (1-7) 

U 

(/4)  f(t,x,0)  -  0  and  there  exists  Ac  6  <r(H)  satisfying  Ac  <  A b  (or 
Ac  >  Afc+i)  such  that  f'u{t,x, 0)  <  Ac  -e  (or  fu{t,x, 0)  >  Ac  +e),  V(f,x)  €  Q. 

b  c 

Then,  equation  (1.1)  has  at  least  £  dr  (or  ^  dr)  geometrically  distinct 

r=c  r—b 

periodic  solutions. 

2  Preliminaries 

For  a  given  positive  integer  >  1,  we  need  a  Zp  index  theory  defined  in  [6]. 

Let  Y  be  a  Banach  space  and  /ibea  linear  isometric  action  of  Zv  on  Y.  A 
subset  A  of  Y  is  called  /i-invariant  if  /x(A)  C  A.  A  continuous  map  tp:  A ->Y 
is  called  ju-equivariant  if  =  V><p{y),Vy  £ 
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Set 


2  —  {A  C  Y  is  closed  and  /^-invariant},  (2.1) 

W=  {z£C\zxgz  =  ~~>r  =  0, 1,  •  •  •  ,p  —  1}.  (2.2) 

According  to  [6],  VA  €  E,  a  Zp  geometrical  index  im(A)  can  be  defined  as 
follows 

im(A)  =  min{A;  €  AT|there  exists  a  (p,  Em)k-type  map  ip  :  A  ->  IFfc\{0}}. 

(2.3) 

If  no  such  map  exists,  we  define  im(A)  =  +oo  and  set  im(0)  =  0,  where  the 
definition  of  (n,  Em)k- type  map  can  be  found  in  [6]. 

Lemma  2.1  Let  J  £  C^{Y,R)  be  a  /i-invariant  functional  satisfying  the 
(P.  S.)  condition.  For  integer  j  define 

cj  =  inf  sup  J(u).  (2.4) 

Assume  -oo  <  Cj  <  +oo,  then  c0  is  a  critical  value  of  J.  And  if  c  =  Cj  =  Cj+i  = 

•  •  •  =  Cj+i-u  then  im(Kc)  >  l,  where  Kc  =  {u  €  X\  J(u)  =  c,6  €  dYJ(u)}. 


3  The  Proof  of  the  Main  Results 

In  this  section,  we  fix  m,  n  as  follows 

m=  [fci,  Afe,  •  ••,*„] 
i 

n=  J2dr 

r=l 


(3.1) 


where  kr  6  B[a,  0\,r  —  1,2  dr,r  =  1,2  ,*•*,/  is  the  same  as  those 

introduced  in  Section  1. 

Proof  of  Theorem  1.1  For  simplicity,  we  set  T  =  2tt.  Assume  that 
(/1M/4)  hold.  For  each  r,  r  =  1,2,  •  •  • we  denoted  by  Gr  the  subspace  of 
L2(Q)  which  is  spanned  by  the  following  set 

{sin(jI.a:)ei^rt^ ,  sin(Jrx)e~i^krt^  \  (jr,kr)  €N  x  Z  such  that  Ar  =  (j2  -  A:2)}, 

i.e.  Gr  is  the  eigenspace  corresponding  to  the  eigenvalue  Ar. 

Set 

Ln  —  G\  0  G2  ®  •  •  ■  ©  Gi.  (3.2) 

We  define  a  Zp  action  fi  on  L2(Q)  as  follows 


=  u(t  +  —,x). 
P 
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j  • 


On  the  subspace  Gr, 

n(sm(jTx)ei('kr^)  =  e*2^  sin(jrx)e‘(krt\ 

n(sm(jTx)e~^krt))  =  e~1^  sin {jrx)e~l{-krt\ 

i.e.,  n{u(t,  x))  =  u(t,  x)  or  p{u(t,  x))  =  x). 

We  can  easily  check  that  dim  Ln  =  n,  where  n  is  even,  defined  by  equation 
(3.1).  So,  when  identifying  Ln  with  Ct,  we  can  apply  our  Zp  index  theory  to 
a  corresponding  functional  onIn. 

By  similar  discussions  as  in  [1,2]  etc,  we  have: 

Lemma  3.1  Under  assumptions  there  exists  a  ju-invariant  func¬ 

tional  J  €  C2(L„,  R)  satisfying 

(i)  The  critical  points  of  J  are  the  solutions  of  equation  (1.1). 

(ii)  J(0)  =  0,  J'{6)  =  0  and  J  satisfies  the  (P.S.)  condition. 

(iii)  There  exists  a  5  >  0,  such  that 


2  <  (H  -  Ab+i  +  | )u,u  >  -6  <  J(u) 

<  ^  <  (H  -  At  -  | )^> u  >  +<5,  Vu  e  Ln 

(iv)  If  /' (t,  x,  0)  <  Ac  -  e  (or  fu{t, x,  0)  >  Ac  +  e),  then 

J(  u)  >  i  <  (H  -  Ac  +  e)u,u  >  +0(|MI)2  a su^O, 

(or  J{u)  <  i  <  (H  -  Ac  -  e)u,u>  +0(||u||)2))  as  u  ->  0. 

J* 


(3.3) 


(3.4) 

(3.4) ' 


This  conclusion  reduces  the  problem  to  finding  the  critical  points  of  func¬ 
tional  J. 

For  each  j  €  AT,  define 


Obviously, 

Set 


Cj  —  inf  sup[-J(u)]. 

*m(^)>i  u£A 


—00  <  Cl  <  C2  <  •  ■  •  <  +00 


Gc  =  span{sin  j xeikt  \j2  -  k2  €  a(H)  n  [Ac,/3]}. 

Prom  (iv)  of  Lemma  3.1,  for  u  €  Gc,  u  — >  0, 

-J(u)  <  -i  <  (H  -  Ac  +  e)u,u  >  -0(||u||)2  <-e-<u,u>  -0(||u||)2 
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When  we  take  e  >  0  small  enough,  set 


s£  =  {ueG I  \\u\\=e}. 


Then, 


-J{u)  <  0 ,Vu  E  S£. 

By  the  conclusion  of  [6],  we  know  that 

i 

—  N  dr  =  dim(Gc). 


Prom  the  definition  of  Cj,  we  have 


-oo  <  cx  <  c2  <  •  ■  •  <  cdim(Gc)  <  0. 

To  complete  the  proof  of  Theorem  1.1,  we  also  need  the  following  lemma. 
Lemma  3.2  Assume  that  J  6  C1  (Ln)  R)  is  an  ji-  invariant  functional 
satisfying  the  (P.S)  condition  and  J{6)  =  0.  Then  J  possesses  at  least  n2  —  ti\ 
critical  points  under  the  following  assumptions: 

(i)  There  exists  a  ^-invariant  subspace  Y1  C  Ln  with  dimension  m  and  a 
constant  7  such  that  J(u )  >  7,Vu  €  3^,  where  is  even. 

(ii)  There  exists  a  ^-invariant  subset  A  C  Ln  satisfying  im(A)  >  n2  >  ni 
such  that  sup  J(u )  <  0. 

u£A 

The  proof  of  this  lemma  is  similar  to  Theorem  2.3  in  [5]  with  slight  modifi¬ 
cation  and  Lemma  3.2  is  a  Zp  version  of  the  result  concerning  even  functionals 
in  [4], 

We  now  apply  Lemma  3.1  to  functional  -  J. 

Set 

Gb+i=spa,n{smjxeikt\j'2 -k2  €cr(H)n[\b+1,p}}. 

By  Lemma  3.1  (iv),  Vw  e  G^+1,  we  have 

—J(u)  >  —  -  <  (H  —  Xb  —  -)u,  u>  —6  >  -  <  u,  u  >  —  <5  >  —5. 

l 

Note  that  dim(G6+i)  =  dT,  By  Lemma  3.2,  there  exist  at  least 

r=6+l 

b 

dim(Gc)  -  dim(G(,+1)  =  J2  dr  critical  points  for  -  J.  And  this  complete  the 

r=c 

proof  of  Theorem  1.1. 
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Finally,  we  give  a  example  to  illustrate  the  applications  of  our  results. 
Consider  the  following  equation: 

=  —  [llu(£  -  2tt,x)  -  8sinu(t  -  4tt,x)][17  +  sin5fy?(a;)],  (3.5) 

where  cp(x)  6  C{R ,  R)  is  any  given  bounded  function  satisfying  |^(a;)|  <  1. 

We  can  easily  check  that  equation  (3.5)  satisfies  all  the  assumptions  of 
Theorem  1.1.  According  to  the  expression  of  Theorem  1.1,  5  =  2,  c  —  1  and 
di  =  d2  ~  2.  By  Theorem  1.1,  there  exist  at  least  4  periodic  solutions  with 
period  2tt  to  equation  (3.5). 
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EXISTENCE  OF  STABLE  SUBHARMONIC  SOLUTIONS  FOR 
REACTION-DIFFUSION  EQUATIONS 


Eiji  Yanagida 

The  semilinear  parabolic  problem 


ut  ~  Au  +  xGfi, 

du 

—  =  0,  x€dQ, 

dv 

is  studied,  where  u  =  u(x,t)  e  R,  Q  is  a  smooth  bounded  domain  in  RN ,  and 
/  :  R2  — *  R  is  a  smooth  function  that  is  periodic  in  t  with  period  r  >  0.  A 
solution  of  (P)  is  said  to  be  subharmonic  if  it  is  periodic  in  t  with  the  minimal 
period  kr  for  some  integer  k  >  1.  It  is  shown  that  for  any  N  >2  and  k  >2  there 
exist  Q,  and  /  such  that  (P)  has  a  linearly  stable  subharmonic  solution  with  the 
minimal  period  kr. 
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1  Introduction 

This  article  is  based  on  a  joint  work  with  Peter  Polacik 17 .  We  consider  the 
parabolic  problem 


(p) 


ut  =  Au  +  f(u,t), 
du 


x  6  dfl, 


where  u  —  u(x ,  t)  e  R,  is  a  smooth  bounded  domain  in  and  f  :  R2  ^  R 
is  a  smooth  function  that  is  periodic  in  t  with  period  r  >  0.  We  say  that  a 
solution  (f){x ,  t)  is  subharmonic  if  it  is  periodic  in  t  with  the  minimal  period  kr 
for  some  integer  k  >  1.  The  subharmonic  solution  <t>(x,t)  is  said  to  be  linearly 
stable  if  the  period  map  of  the  linearized  problem 


(L) 


vt  —  Av  fu{<t>{x,  £),  t)v,  x  G  D, 
dv 

—  —  0,  x  e  <9D, 


has  all  eigenvalues  inside  the  unit  circle  in  the  complex  plane. 

Let  us  take 

x  =  c(n) 

as  the  state  space  for  (P).  For  any  uo  £  X ,  let  u(*,  t\ uo)  denote  the  solution  of 
(P).  If  1 1— ►  ||u(-}  t) \\x  is  bounded,  then  this  solution  exists  globally  in  time  and 
approaches,  as  t  — »■  oo,  its  a>limit  set  u(uo ).  In  general,  the  structure  of  u;(uo) 
is  not  known  and  can  probably  be  rather  complicated,  however,  a  description 
is  available  for  typical  trajectories.  More  specifically,  there  is  a  residual  set 
G  C  X  with  the  following  property:  if  u0  G  G  and  u(-,t]Uo)  is  bounded  then 
there  is  an  integer  k  >  1  and  a  kr- periodic  solution  <fi  of  (P)  such  that 


\\u(',t;u0)  -  <(>(•,  t)\\x  0  as  t  — ►  oo 


and  (j)  is  at  least  linearly  neutrally  stable,  that  is,  the  spectrum  of  the  period 
map  of  the  linearized  problem  (L)  is  contained  inside  or  on  the  unit  circle.  See 
15,7  for  more  general  results.  See  also  19  for  a  sharper  abstract  result  and  11 
for  an  additional  information  on  periods  of  stable  subharmonic  solutions';  for 
a  general  background  on  monotone  dynamical  systems  see  the  monographs 10 
and  references  therein. 

Thus  a  typical  bounded  trajectory  of  (P)  is  asymptotically  periodic,  and 
the  minimal  asymptotic  period  can  be  larger  than  r  if  (P)  has  a  stable  sub¬ 
harmonic  solution.  In18,5,  Takac,  and  Dancer  and  Hess  independently  proved 
that  linearly  stable  subharmonic  solutions  do  occur  for  some  reaction-diffusion 
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equations,  provided  the  nonlinearity  is  allowed  to  depend  on  x  explicitly: 
f  =  f(u,x,t). 

In  this  article,  we  consider  the  spatial  homogeneous  problem  (P).  In  this 
situation,  the  problem  of  existence  of  stable  subharmonic  solutions  becomes 
more  difficult  and  more  interesting  for,  first,  one  has  less  freedom  in  varying 
the  nonlinearity  around  and,  second,  the  effect  of  the  domain  shape  becomes 
important.  In  fact,  on  some  domains  there  are  no  stable  subharmonic  solutions, 
no  matter  how  the  nonlinearity  is  chosen. 

When  Q  is  convex,  by  a  result  of  Hess  9,  any  periodic  solution  of  (P) 
which  is  at  least  linearly  neutrally  stable  is  spatially  homogeneous  (similar 
results  on  autonomous  equations  appeared  earlier  in2,13).  Now,  for  spatially 
homogeneous  solutions,  (P)  is  simplified  to 

An  elementary  inspection  shows  that  there  are  no  subharmonic  solutions  of 
this  ODE,  thus  any  stable  periodic  solution  of  the  original  PDE  is  necessarily 
r- periodic.  Thus  there  is  an  interesting  interplay  between  spatial  and  temporal 
behavior  of  solutions  of  (P).  In  particular,  stable  oscillations  of  higher  period 
must  always  be  accompanied  by  nontrivial  spatial  patterns. 

We  remark  that  if  N  =  1  then  no  subharmonic  solutions,  stable  or  not, 
can  occur  (see3,7). 

Our  main  result  shows  that  spatially  homogeneous  equations  with  linearly 
stable  subharmonic  solutions  do  exist  on  some  domains. 

Theorem  1.1  For  any  integers  N  >  2  and  k  >  2  there  exist  a  domain  H  C 
Rn  with  smooth  boundary  and  a  smooth  function  f  =  f(u,t),  r-periodic  in  t, 
such  that  (P)  has  a  linearly  stable  subharmonic  solution  of  minimal  period  kr. 

Our  strategy  to  prove  Theorem  1.1  is  as  follows.  First,  we  construct  a  sta¬ 
ble  subharmonic  solution  for  a  one  dimensional  equation  with  variable  diffusion 
coefficient, 

vt  =  -^(d(e)vg)e  +  f(v,t),  ees1.  (1.1) 

The  construction  involves  an  analysis  of  solutions  with  two  sharp  transition 
layers,  that  is,  solutions  that  stay  close  to  ±1  everywhere  except  for  two  small 
space  intervals,  depending  on  £,  in  which  transition  layers  occur.  The  motion 
of  the  layers  is  governed  by  ordinary  differential  equations  on  S1 .  Finding 
subharmonic  solutions  of  these  ODEs  (Section  2)  and  using  the  monotonicity 
method  along  the  lines  of6,  we  obtain  a  stable  subharmonic  solution  of  (1.1) 
(see  Section  3). 

Next  we  consider  the  higher  dimensional  problem  (P)  on  a  thin  domain 
around  S1.  More  specifically,  we  assume  that  the  domain  Q,  =  f2(/z)  is  a 
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tubular  neighborhood  of  S'1  in  RN  that  varies  with  a  small  parameter  p  and 
and  shrinks  to  S 1  when  p  — >  0.  Under  certain  conditions,  one  can  show  that 

(1.1)  serves  as  a  limit  equation”  for  this  family  of  problems  (see®  for  a  general 
discussion  on  thin  domain  problems  and  their  limit  equations).  We  show  that 
the  stable  subharmonic  solution  of  (1.1)  is  approximated  by  a  subharmonic 
solution  of  the  equation  on  Cl(p),  f°r  anY  sufficiently  small  p>  0  (see  Section 
4).  Here  we  use  a  comparison  method  in  a  way  similar  to  that  in20.  This  gives 
a  subharmonic  solution  that  is  at  least  neutrally  linearly  stable. 

Finally,  we  perturb  the  nonlinearity  so  that  the  subharmonic  solution  be¬ 
comes  linearly  stable  (Section  5). 

2  ODE 

In  this  section,  we  study  ordinary  differential  equations  that  will  later  be  used 
to  describe  the  motion  of  transition  layers  of  a  solution  to  a  reaction-diffusion 
problem. 

Consider  the  equations 

Jt p(t)  =  g(p(t))  +  a{t ),  (2.2) 

^q(t)=9{q(t))-a(t),  (2.3) 

where  g{9 )  is  smooth  and  27r-periodic  in  9  and  a(£)  is  smooth  and  T-periodic 
in  t.  We  impose  the  following  condition  on  g : 

/*2tt 

'  g(9)d9  =  0.  (2.4) 

0 

We  first  prove  the  following  result. 

Proposition  2.1  For  any  integer  k  >  2,  there  exist  g{9)  and  a(t)  such  that 

(2.2)  and  (2.3)  have  linearly  stable  solutions  satisfying  p(t  +  kr)  =  p(t)  -f  2i r; 
q(t  *f  kr)  =  q(t)  -f  27 r  and  q(t)  <  p(t)  <  q(t )  +  2n  for  all  t.  Moreover,  these 
solutions  are  such  that  kr  is  the  minimal  period  of  p(t ),  q(t)  mod  27t. 

Note  that  the  linear  stability  of  p(t)  requires  that  the  solutions  of 

ft 

decay  to  0  exponentially  as  t  ->  oo.  This  is  equivalent  to 

/•kr 

gf(p(t))dt  <  0. 

0 

A  similar  remark  applies  to  q{t). 
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3  One-dimensional  problem 

Let  Sl  be  the  unit  circle  parameterized  by  9,  and  consider  the  equation 


Vt  =  +  /(«.*).  0  e  5,1  •  (3-5) 

We  assume  that  d{9)  is  smooth  and  27r-periodic  in  9,  and  /  is  smooth  in 
(v,t)  and  r-periodic  in  t.  In  this  section,  we  show  the  existence  of  a  stable 
subharmonic  solution  of  (3.5).  As  usual,  we  identify  9, 9  ±  27r,  9  ±  4n,  ■  ■  ■. 

Let  a  €  (—1,1)  and  0  be  parameters,  and  consider  the  autonomous 
reaction-diffusion  equation 

vt  =vxx  + f(y;a)  +  0,  x  €  R,  (3.6) 

where  f{v\a )  :=  ( v  -  a)(l  -  v2).  For  each  a,  if  \0\  is  small,  the  function 
f(v;a)  +  0  has  exactly  three  zeros,  say  f>i(a,  0)  <  bo(a,0)  <  b2(a,0).  It  is 
known  that  (3.6)  has  a  traveling  front  solution  v  =  <b(z;  a,0),  z  —  x—ct,  which 
satisfies 

$zz+c$z  +  f($;a)+0  =  0,  /37n 

$(-oo;a,0)  =  b2(a,0),  $(+oo;a,0)  =  bi(a,0). 

We  impose  an  additional  condition  $(0;  a,  0)  =  0  in  order  to  fix  the  phase  of 
the  traveling  solution.  We  note  that  by  fv(b2,a)  <  0  and  fv(bi,a)  <  0,  the 
convergence  of  $  to  h(a,0)  and  b2(a,0)  must  be  exponential. 

The  following  result  is  well-known  (see,  e.g., 7). 

Lemma  3.1  If  f(v;a)  +  0  has  three  zeros,  then  (3.7)  has  a  unique  solu¬ 
tion  ($,c)  =  ($(z;  a,0),  c(a,  0))  that  depends  on  ( a,0 )  smoothly.  Moreover, 
dc 

c(0,0)  =  0  and  >  0- 

Let  g{6)  and  a(t)  be  as  in  Proposition  2.1,  and  e  >  0  be  a  small  parameter. 
By  Lemma  3.1  (ii),  we  can  find  r-periodic  function  a(t)  =  0(e)  such  that 

c(d(£),0)  =  ea{t).  (3.8) 

Now  we  define  f(v,t)  by 

f{v,t)  :=  e~2f(v,a(t)), 

and  d(9)  by 

d(0):=ex p(-  ^  g(0)d$), 


375 


or  equivalently, 


9(0)  :=  -d?(0)/d(0). 

We  note  that  f(v,  t)  is  r-periodic  in  t  and  d{6)  is  27r-periodic  in  6  by  (2.4). 

We  have  the  following  result  concerning  the  existence  of  a  stable  Air- 
periodic  solution  of  (3.5). 

Proposition  3.1  Let  d{6)  andf(v,  t)  be  given  as  above .  Ife  >  0  is  sufficiently 
small,  then  (3.5)  has  a  stable  solution  that  is  periodic  in  t  with  the  minimal 
period  Air. 

Let  us  briefly  explain  the  mechanism  for  the  existence  of  a  stable  sub¬ 
harmonic  solution.  Suppose  that  initial  data  has  two  transition  layers  at 
0  =  p( 0)  and  g(0),  and  is  close  to  -1  for  9  €  (g(0),p(0))  and  close  to  +1  for 
0  6  (p(0),g(0)).  Since  the  nonlinearity  /  given  as  above  is  strongly  bistable, 
the  solution  of  (3.5)  is  mostly  close  to  the  stable  state  +1  or  -1,  and  there 
appear  very  thin  transition  layers  between  these  two  stable  states.  Therefore, 
roughly  speaking,  the  dynamics  of  solutions  of  (3.5)  can  be  reduced  to  that 
for  the  layers  which  depends  on  the  nonlinearity,  spatial  inhomogeneity,  and 
interaction  between  two  layers.  We  can  show  by  a  formal  approximation  (see 
Section  3  of>6)  that  the  asymmetry  of  /  and  the  spatial  homogeneity  yield  the 
driving  force  ±a(£)  and  g(9),  respectively,  but  the  interaction  between  two  lay¬ 
ers  is  very  small  and  negligible.  Thus  the  positions  0  =  p(t)  and  0  =  q(t)  of  the 
layers  are  described  by  (2.2)  and  (2.3),  respectively.  Then,  by  Proposition  2.1, 
we  see  that  the  layers  rotate  around  S 1  with  period  Air,  and  the  linear  stability 
of  p(t)  and  q(t)  together  with  the  smoothing  effect  by  diffusion  ensures  the 
existence  of  a  stable  Air-periodic  solution  of  (3.5). 

We  can  verify  the  above  intuitive  consideration  in  a  mathematically  rigor¬ 
ous  manner  by  a  comparison  method. 


4  Thin  domain 


In  this  section,  we  consider  the  existence  of  a  stable  subharmonic  solution  of 
the  equation 


ut  =  A  u  +  f(u,t), 
du 

^  =  0’ 


x  GCl, 
x  €  dQ., 


(4.9) 


where  fi  is  a  bounded  thin  domain  in  RN  ( N  >  2)  and  /,  d  are  as  in  Proposition 
3.1.  We  define  the  domain  Q  as  follows.  Let 


f(0)  =  (rcos0,r  sin0,O,  •  •  •  ,0)t  £  RN , 
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and  let  S 1  be  a  unit  circle  embedded  in  RN  given  by 

s1  =  {£(*);  «€[ o,2tt)}. 

We  note  that  77(0)  :=  (d/d0)f  (0)  is  a  unit  tangent  vector  of  S1.  Let  D(9,  fj)  be 
an  [N  —  l)-dimensional  disc  given  by 

D(9,/x)  =  {x  e  Rn  ;  ( x  -  f(0))  •  t]{6)  =  0  and  \x  -  f(0)|  <  fid(9)1^N~1^}) 

where  fi  >  0  is  a  small  parameter  and  d(0)  is  as  in  Proposition  3.1.  Then  we 
define  =  Q(/i)  by 

f2(/x)  :=  {x  e  ^  ;  z  €  D(0,/x),  9  £  [0,27t)}. 

We  have  the  following  result. 

Proposition  4.1  Let  f(u,t)  and  Q  be  given  as  above .  If  fj,  >  0  zs  sufficiently 
small,  (4.9)  has  a  stable  solution  that  is  periodic  in  t  with  the  minimal  period 
hr. 

Our  proof  of  this  proposition  is  based  on  the  comparison  method.  We  can 
construct  a  super-solution  of  (4.9)  by  modifying  the  method  of20. 


5  Linear  stability 

By  the  comparison  method  we  cannot  show  the  linear  stability  of  subharmonic 
solutions.  In  this  section,  we  refine  Propositions  3.1  and  4.1  by  perturbing  the 
nonlinearity. 

Let  us  first  recall  that  the  linear  stability  of  a  fcr-periodic  solution  u  means 
that  the  period-fcr  map  of  the  linear  variational  equation 


(L) 


vt  =  Av  +  fu(u,  t)v, 
dv 

d^  =  0i 


x  £  n, 
x  £  dQ, 


has  all  eigenvalues  inside  the  unit  circle.  By  the  Krein-Rutman  theorem,  this 
is  true  if  and  only  if  the  principal  eigenvalue  A  of  the  period  map,  which  is  a 
positive  algebraically  simple  eigenvalue,  satisfies  A  <  1. 

Consider  the  following  problem 


Ut  =  Au  +  f(u,t)  +  £h(t),  xeQ, 

=  0,  x  £  dft. 

dv 


(5.10) 


where  e  is  a  small  parameter,  h(t)  is  a  smooth  function  that  is  positive  and 
r-periodic  and  Q,  f  are  as  in  Section  4.  Specifically,  the  following  properties 
of  /  and  Q  are  assumed: 
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Both  /  and  Q  are  smooth  and  /  is  r- periodic  in  t  and  real  analytic  in  u. 
Problem  (4.9)  has  a  kr- periodic  supersolution  u+  and  a  kr- periodic  subsolution 
u~  such  that 

u~(x,t)  <  u+(x,  t)  (z  G  ft,  i€[0,fer],)- 
and  if  t  m  u(-,t)  is  kr- periodic  function  satisfying 

u~(x ,  £)  <  u(®,  t)  <  u+(x,  £)  (x  G  ft,  t  G  [0,  A;r])  '  (5.11) 

then  kr  is  its  minimal  period. 

If  e  is  sufficiently  small,  then  u~  and  uf  are  a  subsolution  and  supersolu¬ 
tion  of  (5.10)  as  well.  For  such  e  we  denote  by  u£  the  &T-periodic  solution  of 
(5.10)  satisfying  (5.11)  that  is  maximal  in  the  sense  that  any  other  kr- periodic 
solution  u  of  (5.10)  that  satisfies  (5.11)  also  satisfies 

u(x,t)  <  u£(x,t)  (x  e  t  e  [0, kr]). 

See10  for  the  proof  of  the  maximal  solution.  This  solution  is  stable  from  above, 
in  a  appropriate  sense,  and,  in  particular,  it  is  either  linearly  stable  of  linearly 
neutrally  stable: 

'  Ae  <  1. 

Here  Ae  is  the  principal  eigenvalue  of  the  period  -kr  map  of  the  linearization 


Vt  =  Au  +  fu(u£,  t)v,  x  e  ft, 
dv 

■5“  =  o,  ■  X  G  on. 

dv 


(5.12) 


Our  aim  is  to  prove  that  for  some  e  one  has  Ae  ^  1,  which  implies  that  u£  is 
linearly  stable.  There  is  nothing  to  prove  if  A0  ^  1,  so  we  assume  below  that 


A0  =  1. 


The  remaining  part  of  the  proof  of  the  linear  stability  is  carried  out  in  the 
following  lemmas. 

Lemma  5.1  There  is  an  interval  I  containing  0  such  that  the  function 
£  i— >  u£  e  C2'l( Q  x  [0,  kr]) 
is  continuous  on  I  and  of  class  C 1  on  I  \  {0}. 

Lemma  5.2  Let  I  be  as  in  Lemma  5.1.  Then  for  any  £  £  I\  {0}  one  has 
X£  7^  1,  hence  u£  is  linearly  stable. 

For  details,  see 1T. 
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In  this  note  we  consider  the  three-dimensional  isentropic  Euler  equations 

dt  -1-  V  •  pu  —  0, 
p(dtu  4-  (u  •  V)u)  4-  Vp7  =  0 

with  the  initial  values  which  are  a  small  perturbation  of  a  constant  state 
p(0,  x)  =  p  4-  epo,  u(0,  x)  -  eu€OJ 

where  e  >  0  is  a  small  parameter,  p  >  0  is  a  constant,  and  prove  the  classical 
solutions  to  the  above  Cauchy  problem  satisfies 

e«  <  T(e)  <  e? , 

where  c  and  C  are  positive  constants  independent  of  e,  T(e)  denotes  the  lifespan 
of  the  classical  solutions. 
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1  Introduction 


In  this  note  we  will  obtain  the  sharp  result  for  the  lifespan  of  classical  solutions 
to  the  three-dimensional  compressible  isentropic  Euler  equations 

at  +  V*pu  =  0,  (1.1) 

p(dtu  +  (u  •  V)«)  +  Vp7  =  0  (1.2) 

with  initial  data  of  the  form 

p(0,  x)~p  +  epoi  w(0,  x )  =  (1.3) 

representing  a  perturbation  of  order  e  from  the  constant  background  state 
(p,u)  —  (p,  0).  For  cosmetic  reasons,  we  will  omit  the  dependence  of  the  solu¬ 
tion  on  the  parameter  e,  here,  p  is  a  positive  constant,  7  >  1,  and  the  function 
Po  and  Uq  are  uniformly  bounded  in  the  Schwartz  space'  S(R 3),  for  all  e  >  0. 
If  Uq  is  irrotational,  then  we  will  show  that  the  lifespan  T(e)  of  the  classical 
solutions  to  (1.1)- (1.3)  satisfies 


e^<T(e)<e?  (1.4) 

for  small  e,  where  c  and  C  are  positive  constants  independent  of  e,  extending 
the  general  results  [4] 

\  <  T(e),  (1.5) 

which  holds  quite  generally  for  symmetric  hyperbolic  systems  in  any  number 
of  space  dimensions. 

It  was  also  shown  by  Sideris  [2,  3]  that  the  lifespan  satisfies 

e*  <  T(e)  <  e#  (1.6) 

under  mild  conditions  on  the  initial  data  p§,  Uq  in  (1.3).  Here,  we  can  see  the 
upper  and  lower  bound  of  lifespan  in  (1.6)  have  different  order  on  e,  comparing 
this  with  (1.4)  and  obtain  the  sharp  result. 


2  Main  theorem 

Following  Sideris  [3],  we  rewrite  equations  (1.1),  (1.2)  in  symmetric  hyperbolic 
form.  If  (p,u)  is  a  smooth  solution  of  (1.1),  (1.2),  define  the  new  variables 


£(t,x) 


2  ,A  f,s) 

7  —  2  p 


-1], 


v(t,x) 


C 
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where  c  =  .  The  equation  for  (£,  v)  now  take  the  form 

y  —  1 

dt£  +  v  •  v  +  v  •  +  -hrtv  • v  =  o. 

+  V|  +  (v  ■  V)v  +  =  0, 

with  initial  conditions  of  order  e 


where 


£(0,z)  =  e$(x),  v(0,x)  =  ev*0{x), 


Once  again,  fg  and  ug  are  uniformly  bounded  in  S(R 3).  Introducing  a  series 
partial  differential  operators  as  in  Klainerman  [1],  Sideris  [4]  has  obtained  the 
following  result  by  using  generalized  Sobolev  inequality. 

Theorem  1  There  exists  a  positive  constant  c  such  that  if  vo  is  irro- 
tational,  the  initial  value  problem  (2.1)-(2.3)  has  a  unique  C 1  solutions  on 
[0 ,  T(e))  x  R 3,  where  the  lifespan  satisfies  the  lower  bound 


T(e)  >  ei 


Now,  we  state  our  result. 


Theorem  2  Suppose  that  the  initial  data  (e£o,  evo)  is  support  in  {\x\  <  R} 
and  satisfies  £o  >  0,  x  •  vo(a;)  >  0  on  the  same  annulus  {i?i  <  |x|  <  i2}.  Then 
there  is  fixed  constant  C  such  that  the  C 1  local  solution  (£,  v)  cannot  be  extended 
to  the  region 

{(M)6iJ4:  Ri+t<\x\<R  +  t,  0  <t<T{e)} 

for  T(e)  >  e?. 

Combining  Theorem  1  and  Theorem  2,  we  end  the  proof  of  (1*4). 


The  proof  of  Theorem  2  follows  directly  from  the  following  Lemma  1  and 
Lemma  2.  Now  set 

Fm.  r  r‘r-,r  feLffifrw. 

0  Ri+t  |x|>r  I2'! 

Then  for  F(t ),  we  have  from  Sideris  [2] 
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Lemma  1  F(t)  is  a  C 2  function  with  F( 0)  =  0  and  F'( 0)  =  0  and  also 
satisfies 

F"{t)  >  Ce(t  +  jR)-1;  0  <  t  <  T 

and 

F”(t)  >  C[(R  +  f)3 4 5  W;  0  <  R2  <  t  <  T 

where  C,  and  R 2  are  positive  constants. 

To  finish  the  proof  of  Theorem  2,  we  only  need  to  prove 

Lemma  2  H(t)  is  a  C 2  function  with  H(0)  =  0  and  iJ^O)  —  0  and  a/sa 
satisfies 

H"(t)  >  c^(T  +  E)"1;  0  <  t  <  T 

and 

H"{t)  >  c[(R  +  t)3  log(^4^)]_1^2W;  0  <  R2  <  t  <  T, 

li 

where  c ,  A,  i?2  are  positive  constants.  Then  for  sufficiently  small  A ,  we  have 
T  <  00.  More  precisely,  we  have 

T<e*  (2.5) 

/or  some  positive  constant  c  independent  of  A. 


Proof  The  proof  of  this  lemma  one  can  see  Yang  [5]. 
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GLOBAL  STABILITY  OF  THE  SECOND  ORDER  EQUATION 

x  +  f(x ,  x)x  +  g(x)  —  0 
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This  paper  investigates  the  qualitative  behavior  of  the  equation  x-\-f{x ,  x)x+g(x)  = 
O.The  new  sufficient  conditions  for  globally  asymptotically  stability  are  established. 
It  improved  and  generalized  the  results  of  Antosiewicz,  Opial  and  Jiang’s.  In 
particular,  in  this  paper,  we  also  give  necessary  and  sufficient  conditions  on  the 
global  stability  for  the  system  x  +  [fi(x)  +  f2(x)x]x  +  g(x)  =  0. 


^  1  Introduction 

This  paper  is  devoted  to  the  investigation  of  the  global  stability  of  the  second 
order  equation  x  +  /(x,  x)x  *f  g(x)  —  0  or  its  equivalent  system 

x  =  y  y  =  -f(x,y)y  -  g(x)  (1) 

which  has  been  widely  studied  on  global  stability.  See 1  — 6  and  cited  therein. 
Antosiewicz 1  considered  the  boundedness  of  all  solution  of  the  following  system 
x  +  [. fi(x)  +  f2{x)x]x  4*  g{x)  =  0,  which  is  equivalent  to 

x  =  y  V  =  ~[h(x)  +  h(x)y]y  -  g(x),  (2) 

under  the  assumption 

(Ai)  f(x,  y)  >  0  for  x1  +  y2  >  0. 

Opial2  generalized  the  results  in1  and  proved  that  the  origin  of  (1)  is  globally 
stable  if  there  exists  a  continuous  function  /2(a)  on  R  such  that  (A2)  and 
suitable  additional  conditions  hold,  where 

(A2)  f  (£,  y)  -  f2(x)y  >  0  for  x2  +  y2  >  0. 

The  results  in  1,2  have  been  generalized  by  3  et.al.  .  In3,  Jiang  studied  the 
qualitative  behavior  such  as  the  global  stability  for  (1)  under  the  more  general 
assumption: 

(Hi)  there  are  two  continuous  functions  fi(x)  and  f2(x)  on  R  such  that 
fi(x)  =  inf{f(x,y)  -  }2(x)y  :  y  €  R} 
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However,  in1  —6,  it  plays  important  role  in  the  following  assumptions: 
(^3)  F(G~l(— z))  <  F(G(t)~1))  for  0  <  z  <  min(G(-oo),  G(+ 00)) 
(A*)  F(G-l(~z))^F(G^(z))  for  0  <  2  «  1, 
where  a(x)  =  exp(f*  h(s)ds),  F{x)  =  [*  a(s)f1(s)ds  and  G~1(z)  is  inverse 
function  of  z  =  G(x)sgnx  =  a2  (s)g(s)ds  *  sgnx. 

Our  aim  in  this  paper  is  to  obtain  some  sufficient  conditions  for  the  origin 
of  (1)  and  necessary  and  sufficient  conditions  for  the  origin  of  (2)  to  be  globally 
stable  respectively.  Our  results  are  different  from  those  of1  -  6  in  some  sense. 
In  particular,  all  our  results  also  allow  to  avoid  the  classical  assumptions  (^1)- 

(^4). 

2  Main  Results 

In  this  section,  we  first  introduce  basic  notations  and  hypotheses,  then  state 
our  main  results  for  global  stability.  Throughout  this  paper,  we  assume  that 
(H)  The  origin  is  global  stable. 

(Ho)  f  ( x ,  y)  and  g(x)  are  locally  Lipschitz  continuous  with  xg(x)  >  0  for  x  ^ 
0. 

From  any  point  p  6  P2,  we  denote  by  0+(P)(0~(p))  the  positive  (  nega¬ 
tive)  semiorbit  of  (1)  ,  (2)  or  system 

( E )  x  =  u  —  F(x)  u  —  —a2(x)g(x), 

where  a(x)  =  exp(  /*  f2(s)ds)JF(x)  =  /*  a(s)f(s)ds. 

For  the  sake  of  convenience,  let 

C+  =  {(x,u)  |  x  >  0,u  =  F(x)}  C~  =  {(; x,u )  |  x  <  0 ,u  =  F(x)} 

D\  =  {(x,u)  |  x  >  0,u  >  P(x)}  D2  =  {(x,u)  |  x  >  0,u  <  F(z)} 

Do  =  {(x,u)  |  x  <  0,u  <  F(x)}  D,  =  {(x,u)  |  x  <  0, u  >  P(x)} 

Now,  we  introduce  some  definitions  which  concepts  are  stated  in4. 

Definition  2.1  System  (E)  has  property  (X+)  in  right  half-plane  (resp. 
left  half-plane)  if,  for  every  point  p  €  Di(resp.,D3),  the  positive  semitrajec¬ 
tory  0+(p)  crosses  the  curve  C+(C“). 

Definition  2.2  System  (E)  has  property  (Zf)(re$p.(Z£))  if  there  exists 
a  point  p  €  C,+  (Cf~)  such  that  the  positive  semi  trajectory  0+(p)  approaches 
the  origin  through  only  the  first  ( third)  quadrant. 

definition  2.3  System  ( E )  has  property  (Z^^resp^Z^))  if  these  exists 
a  p  e  C~(C+)  such  that  the  negative  semitrajectory  0~(p)  approaches  the 
origin  through  the  second  (forth)  quadrant. 

We  are  in  the  position  to  state  our  main  results  for  system  (1)  or  (2). 
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Theorem  17  Assume  that  system  (2)  satisfies  the  following  conditions: 

(H\)i  fi(x),f2(x)  and  g(x)  are  continuous  functions; 

( H2 )  there  exists  function  /ij)( x )  G  C°  together  with  constants  b  >  0  and  c  G 
R  such  that  ip(b)  +  c  >  0  and  ^(x)  <  F(x),  /*  fraca2(s)g(s)F(s)  -  %/j(s)ds  < 
+  c  for  x  >  b; 

(H3)  Let  S  ==  {x  |  x  <  0,  F(x)  >  0},  if  S  ^  <f>,  let  a  —  — supS ,  and 
otherwise  let  a  =  +oo.F(x)  <  0  when  -a  <  x  <  0;  moreover,  there  exists  a 
non-negative  constant  j3  such  that  G{(3)  <  G(— a)  and  F(x)  >  0  when  0  <  x  < 

P; 

(iJ4)  4  +  where  G(x)  =  |QX  a2 (x) g (s) ds, 

then  ( H )  holds  if  and  only  if  (To)  xg(x)  >  0  for  x  ^  0  and 
(Yi)  System  (E)  has  property  (X+)  in  the  right  and  left-plane. 

Furthermore,  we  have 

Theorem  18  Suppose  that  assumptions  (Ho)  —  (#4)  and  (Yi)  are  satisfied, 
then  system  (1)  has  property  ( H ) . 

Our  next  theorem  is  on  global  stable  for  system  (2)  under  assumption  (A3). 
The  proof  of  the  case  is  similar  to  Theorem  3.1  in4. 

Theorem  19  Assume  that  hypotheses  (#1)1  and  (A3)  hold ,  then  system  (2) 
has  property  (H)  if  and  only  if  (Yb),(Yi)  and  (Y2)  system  (E)  has  neither 
property  ( Z %)  nor  property  (Z±);  (Y3)  there  has  sequence  { zn }  with  zn  — >  0+ 
such  that  F(G~l(—zn))  <  F(G~l(zn)). 

From  Theorem  2.3,  we  may  prove  that  the  following  theorem  is  true  by  the 
method  of  theorem  6.4  in3. 

Theorem  20  Suppose  that  system  (1)  satisfied  the  assumptions  (Ho),  (Hi), 
(A3)  and  (Yi)  -  (Y3),  then  property  (H)  holds . 

The  proof  of  Theorem  2.1  consists  of  four  main  steps  based  of  that  the  quali¬ 
tative  behaviour  of  (2)  is  just  as  the  same  as  that  of  system  (E). 

(a)  According  to  the  proof  of  theorem  1  in5  and  definition  2.1.  the  necessity 
may  be  obtained. 

(b)  Sufficiency.  First,  we  shall  proved  that  system  (2)  has  no  periodic 
solution  and  no  homoclinic  orbit  under  (i?i)i  and  (H2)  -  (JT4). 

(c)  All  point  in  R 2  can  be  divided  into  two  classes:  S\  =  {p  G  R2  \ 
there  is  to  >  0  such  that  0+(p)  G  D2  {JD4  for  t  >  to}  and  S2  —  {p  G  R2  \ 
0+(jp)  spirals  around  the  origin}.  Moreover,  R2  —  Si[jS2.  From  this,  we  may 
prove  that  all  positive  semiorbits  converge  to  the  origin. 

(d)  By  (H3),  it  can  be  proved  that  the  origin  is  (locally)  stable.  The  proof 
of  Theorem  2.2  is  based  on  the  comparison  approach.  The  method  was  in 
theorem  6.4  in3. 


386 


Acknowledgements 

This  work  was  supported  by  NSF  of  Guangxi  under  grant  9811021,  China. 
References 

1.  H.  A.  Antosiewicz,  J.  London  Math.  Soc.,  30,  64(1955). 

2.  Z.  Opial,  Ann.  Polon.  Math.,  8,  65(1960). 

3.  J.  F.  Jiang,  Math.  Proc.  Camb.  Phil.  Soc.,  122,  122(1997). 

4.  J.  Sugie,  Chen  D.  and  H.  Matsunaga,  J.  Math.  Anal.  Appl.,  219 
140(1998). 

5.  C.  Qian,  Nonl.  Anal.,  22,  823(1994). 

6.  Jiang  Jifa;  Nonl.  Anal.  ,  28,  855(1997). 

7.  J.  Sugie,  T.  Yoneyama,  Math.  Proc.  Camb.  Phil.  Soc.,  113,  413(1993). 


LIMIT  CYCLES  OF  KUKLES  SYSTEM  WITH 
TWO  FINE  FOCI 
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Fuzhou,  350002,  Fujian,  P.R.  CHINA 

The  so-called  Kukles  system  is  a  cubic  system  in  the  form  of 
dx  dy 

d t=y>  di=Q{x’y) ’  (01) 

where  Q(x,y)  is  a  polynomial  of  degree  3.  It  is  well-known  that  the  first  inves¬ 
tigating  the  centre  problem  of  such  a  system  is  due  to  I.S.KuklesW.  Nowadays 
the  main  problem  of  Kukles  system  is  to  study  the  number  of  its  limit  cycles. 
The  modern  approach  of  investigating  this  problem  is  based  on  bifurcation 
theory— closed  orbit  bifurcation,  homoclinic  bifurcation  and  Hopf  bifurcation. 
Perturbating  the  system  such  that  the  stability  of  the  critical  point  (gener¬ 
ally  focus)  is  changed,  then  by  Hopf  bifurcation  theory,  there  will  generate  at 
least  one  small  amplitude  limit  cycle  surrounding  that  critical  point.  So  the 
problem  of  generating  limit  cycles  can  be  reduced  to  the  so-called  cyclicity 
problem  of  fine  focus.  And  at  last  it  has  to  depend  on  the  calculation  of  the 
focal  quantities. 
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There  were  many  papers  concerned  with  the  calculation  of  focal  quantities 
to  special  Kukles  system  [2-7].  In  this  paper  we  shall  study  the  limit  cycles  to 
Kukles  system  with  two  fine  foci. 

Without  loss  of  generality,  we  may  assume  that  system  (1)  has  two  fine 
foci  at  0(0, 0)  and  B(a,  0),  where  a  >  1,  and  A(l,  0)  is  a  saddle.  Then  system 
(1)  can  be  reduced  to 


f  dt  “ 

ajf  =  -x  +  (1  +  \)x2  -  \x*  -  aa5xy  4-  a3y 2  +  a5x2y  +  a6xy2  +  a7y3. 

(0.2) 

We  first  consider  the  case  of  the  two  fine  foci  having  the  same  order.  By 
means  of  computer,  we  can  find  that  the  highest  order  of  these  two  fine  foci 
>  are  two,  and  system  (2)  can  be  reduced  into 

(  3?  =  y  =  P(x,y), 

J  =  -x  +  (1  +  i)x2  -  ±x3  +  — y2  +  a6xy2  -  aa5xy+  (0.3) 

(  a5x2y-aa%aia-l)h3  =  Q(x,y)- 

where  h  —  arctg^,  so  system  (3)  forms  a  rotated  vector  field  in  some  certain 
region  of  the  (x,  y)-plane.  The  curve  C  :  (x—  f)2+  0^3foli)  =  T  depends 
on  parameter  ae  :  C  is  elliptic,  if  a6  <  ,C  consists  of  two  straight  lines 
x  =  0  and  x  =  a,  if  a6  =  ^ ,C  is  hyperbolic,  if  a6  >  System  (3)  can  be 
regarded  as  a  perturbed  system  of  system 


ft  =  y> 

%  =  -X  +  (1  +  \)x2  -  £a;3  +  a-B+?r<*y2  + 


(0.4) 
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by  perturbihg  parameter  a$.  The  limit  cycles  of  system  (3)  are  closely  relative 
to  the  global  phase  portraits  of  system  (4). 

By  analyzing  the  topological  structure  of  the  trajectories  to  system  (4)  in 
the  neighbourhoods  of  critical  points  at  infinity,  the  global  phase  portraits  of 
system  (4)  can  be  shown  in  Fig.  1-3. 

1°  a6<0. 

Since 


d y 

dx 


(3) 


dy 

dx 


(4) 


\  /  Ot .  o 

=  °5  —  o) 


+ 


a[  1 


-  (a  -  l)a6]  2  _  a^] 
3(a  —  1)  y  4 


from  the  phase  portrait  of  system  (4)  (Fig.l),  we  can  choose  a  closed  orbit  L 
of  system  (4)  which  contains  the  ellipse  ( x  -  |)2  +  ^  3(^-1)  °G^  V2  =  x-  Thus 

when  a5  >  0  along  the  curve  L  we  have  jjf|(3)  >  gH(4),  and  the  two  fine  foci  are 
stable,  so  there  is  at  least  one  limit  cycle  in  int  L  (Fig.4(a)).  Similarly  when 
05  <  0  the  assertion  is  still  valid,  it  merely  has  a  different  stability  of  the  limit 
cycle  (Fig.4(b)).  By  perturbing  the  system  twice,  the  changes  of  the  stability 
of  the  foci  yields  4  limit  cycles.  Hence  system  (1)  has  at  least  5  limit  cycles, 
among  which  one  simultaneously  surrounds  critical  points  0(0,0),  j4(1,0)  and 
B(a,  0);  two  surround  critical  point  0(0, 0)  and  the  other  two  surround  critical 
point  B(a,0). 
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2°  a6  =  0 

In  case  of  Fig. 2 (2),  the  generation  of  limit  cycles  is  the  same  as  that  of 
Fig.l.  In  cases  of  Fig.2(l)  and  (3),  by  the  continuity  of  the  vector  field  with 
respect  to  a,  we  can  also  choose  a  closed  orbit  of  system  (4)  which  contains 
the  ellipse.  And  then  the  process  of  generating  5  limit  cycles  is  the  same  as 
that  in  case  of  as  <  0. 

3°  0  <  06  <  ~T[. 

It  is  sufficient  to  consider  the  case  of  a  =  2.  In  this  case,  after  translating 
the  origin  to  critical  point  A(  1, 0),  system  (4)  becomes 


(  d*  =  y 

*  d t 

$  =  f(l-  x){l  +x)+  a6xy 2, 


(0.5) 


which  is  an  integrable  system,  and  its  integral  curve  which  passes  through 
critical  points  (±1,  y— ,0)  and  (±1, -^^,0)  is  y2  =  -^(l  - *2)  +  It 
is  not  difficult  to  prove  that  this  integral  curve  lies  in  the  exterior  of  ellipse 
x2  +  |(1  -  a6)y2  =  1,  and  in  those  regions  >  0(<  0)  as  05  <  0(<  0). 
So  from  Fig. 3  we  know  that  the  relative  position  of  separatrices  to  system  (3) 
which  leave  critical  point  (±1,  ^=,0)  and  enter  critical  point  (±1,  — 
are  shown  as  Fig.5.  In  case  of  a5  >  0(<  0),  the  fine  foci  are  stable  (unstable), 
thus  system  (3)  has  at  least  one  limit  cycle  surrounding  simultaneously  three 
critical  points,  and  by  further  perturbation,  system  (1)  has  at  least  5  limit 
.  cycles. 

Sum  up  the  above  analysis  we  have 

Theorem  1  Kukles  system  (1)  has  at  least  5  limit  cycles  if  its  two  fine 
foci  have  the  same  order. 

Now  we  consider  the  case  when  the  two  fine  foci  of  system  (2)  have  different 
orders.  By  'means  of  computer,  we  can  find  that  if  the  highest  order  of  the  focal 
quantity  to  one  of  the  critical  points,  say  0(0, 0)  is  one,  then  the  highest  order 
of  the  focal  quantity  to  the  other,  say  B(a,  0) ,  is  five.  Hence  by  Hopf  bifurcation 
we  have. 

Theorem  2  Kukles  system  (1)  has  at  least  6  limit  cycles  if  its  two  fine 
foci  have  different  orders.  In  this  case,  0(0,0)  is  at  least  surrounded  by  one 
limit  cycles;  and  B(a,  0)  is  at  least  surrounded  by  5  limit  cycles. 

At  last  we  conclude  our  discussion  with  the  following  conjecture. 

Conjecture  Kukles  system  with  two  fine  foci  could  at  least  have  7  limit 
cycles  if  the  highest  order  of  the  two  fine  foci  are  different. 
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This  paper  review  and  propose  some  mathematical  problem  in  synchronization 
theory  of  dynamical  systems. 


1  Introduction 

Synchronization  is  a  ubiquitous  phenomenon  in  natural  systems  and  has  re¬ 
ceived  intensive  investigations  for  many  decades  due  to  its  fundamental  impor¬ 
tance  for  many  physical,  biological  and  technical  systems.  Roughly  speaking, 
if  two  systems  have  something  in  common,  then  a  synchronization-like  phe¬ 
nomenon  will  occur  between  them  when  they  interact  or  couple  each  other  in 
a  way.  The  so-called  frequency  locking  between  two  clocks  is  a  well  known 
synchronization- like  phenomenon. 

In  the  last  decades,  much  attention  has  been  paid  to  synchronization  and 
a  considerable  research  [1-10]  has  been  carried  out  on  the  mechanism  of  this 
universal  phenomenon  which  makes  its  show  in  various  forms  in  nature.  Much 
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work  has  been  done,  for  example,  on  drive-response  type  synchronization  of 
chaos  in  dynamical  systems  in  view  of  its  potential  applications  to  secure  com¬ 
munication  and  synchronization  in  two  systems  coupled  via  feedback  from  the 
physical  standpoint.  From  biological  point  of  view,  the  synchronization  of 
biological  oscillators  has  been  studied  by  several  authors. 

Without  knowing  the  rapid  development  of  the  theory  of  synchroniza¬ 
tion  in  dynamical  systems,  some  mathematicians  [14, 15]  also  consider  a  similar 
problem  concerning  synchronization  between  two  dynamical  systems  in  terms 
of  mutual  stability,  but  in  a  unpractical  context. 

Although  synchronization  theory  is  of  considerable  significance  to  many 
areas  of  science  and  engineering  and  it  is  a  very  active  branch  of  nonlinear  sci¬ 
ence  currently,  few  people  from  mathematical  community  paid  their  attention 
to  this  problem  to  the  knowledge  of  the  author.  However,  a  lot  of  mathemat¬ 
ical  problems  (which  are  usually  not  easy  to  be  coped  with)  arose  with  the 
progress  of  the  synchronization  theory,  and  much  activity  of  mathematicians 
is  apparently  in  need. 

2  Review  of  Some  Notions  of  Synchronization 
Consider  th$  coupled  systems 


*  =  /(z-y) 

(2.1) 

and 

v  =  g(x,y), 

(2.2) 

where  x  G  Rn ,  y  G  Rn. 

In  the  literature,  the  so-called  (identical)  synchronization  [1,2, 6, 7]  between 
two  dynamical  systems  is  as  simple  as  follows: 

Definition  1  Let  x(t,x o)  and  y(t,  yo)  be  the  solutions  to  (1)  and  (2),  respec¬ 
tively.  If  limt—oo  \\x(t,  Xq)  —  y(t,yo)\\  =  0,  provided  ||a:o  —  yo||  <  $  for  some  5. 
Then  (1)  and  (2)  are  said  to  be  in  synchronization.  Remark  It  is  easy  to  see 
from  the  above  definition  that  a  necessary  condition  for  identical  synchroniza¬ 
tion  is  that  f(x,x)  =  g(x:x)  on  the  omega  limit  set  of  x(t,xo)- 

Because  the  boundedness  of  trajectories  is  neglected  in  the  above  defini¬ 
tion,  and  it  is  physically  meaningful  to  have  the  hypothesis  of  the  boundedness, 
it  is  natural  to  adopt  the  concept  of  synchronizer  which  is  formulated  as  fol¬ 
lows. 

Definition  2  [5,10]  Suppose  that  A  is  an  attractor  of  coupled  systems  (1)  and 
(2),  A  is  said  to  be  a  synchronizer,  if  A  satisfies 

A  C  {( x,y )  :  x  =  y,{x,y)  e  Rn  x  Rn}. 
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In  case  that  A  is  asymptotically  stable  in  Liapunov’s  sense,  the  two  systems 

(1)  and  (2)  are  said  to  be  in  synchronization. 

Remark  It  is  easy  to  see  from  the  above  definition  that  a  necessary  condition 
for  identical  synchronization  is  that  f(x,x)  =  g(x,x)  on  A. 

Definition  3  Suppose  y  6  Rm  in  system  (2),  and  let  Pa  be  the  image  of  the 
natural  projection  of  A  onto  Rn .  If  the  above  attractor  can  be  expressed  as 

A  =  {(x,y)  :  y  =  H(x),x  €  Pa,H  is  a  transformation  from  Pa  to  Rm}, 

then  A  is  called  a  generalized  synchronizor.  As  in  the  previous  definition, 
if  A  is  asymptotically  stable  in  Liapunov’s  sense,  then  the  systems  (1)  and 

(2)  are  said  to  be  in  generalized  synchronization.  If  the  transformation  H  is 
continuous,  then  A  is  called  a  continuous  synchronizor. 

Remark  It  is  easy  to  see  from  the  above  definition  that  a  necessary  condition 
for  generalized  synchronization  is  that  f(x,  H{x))  =  g(x)H{x))  on  A . 

3  Some  Problems 

The  fundamental  problem  is: 

Problem  A  Under  what  conditions  two  coupled  dynamical  systems  are  in 
synchronization  or  in  generalized  synchronization? 

A  related  problem  is 

Problem  B  If  the  (generalized)  synchronizor  exists,  then  whether  it  is  smooth? 
If  not,  what  conditions  can  guarantee  the  smoothness  of  synchronizor? 

A  basic  treatment  of  the  problem  A  is  by  virtue  of  Liapunov  stability 
theory.  For  details,  the  readers  are  referred  to  [2,7]  and  references  therein. 

Recently  the  problem  A  has  received  a  lot  of  investigations  in  the  case  of 
drive  and  response  type  dynamical  systems. 

Consider  the  following  coupled  systems: 


x  =  f(x)  (drive  system) 

(3.3) 

and 

V  —  £(z>2/)>  (response  system) 

(3.4) 

where  x  €  i?n,  y  G  Rm . 

Under  the  hypothesis  that  (3)  has  an  attractor,  the  existence  of  generalized 
synchronizor  or  the  exhibition  of  generalized  synchronization  between  (3)  and 
(4)  has  been  discussed  by  many  authors  from  areas  other  than  mathematical 
sciences,  for  example  see  [1,2,6].  And  some  theorems  were  incorrectly  proved. 
In  view  of  such  situation,  [10]  presented  a  mathematical  theory  for  the  problem 
in  question. 
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Theorem  4  Consider  the  following  coupled  systems 

x  =  /(a)  (3.5) 

y-By  +  h(x)  (3.6) 

Suppose  that  the  system  x  =  f(x)  possesses  an  attractor  A ,  which  is  a  hounded 
set ,  and  the  system  y  =  By  is  asymptotically  stable ,  where  B  is  a  constant 
matrix ,  and  h(x)  is  continuous.  Then  (6)  has  a  continuous  synchronizor  Sa- 
For  more  general  nonlinear  case,  the  following  statement  is  obtained. 
Consider  the  following  unidirectional  coupled  systems 

x  =  f(x)  (3.7) 

y=g(y,h(x))  (3.8) 

where  x&Rn,y£  Rm,  and  /  6  c1^,  Rd],  g  €  c1[RdxRk,  Rd],  h  <=  c1^,  £*]. 
Theorem  5  Suppose  that  the  drive  system  (7)  and  response  system  (8)  satisfy 
the  following  conditions; 

a)  (7)  has  an  attractor  A; 

b)  maxX£A  ||^(0,  h(x))||  <  C  <  oo; 

c)  X (y,  h(x))  <  ~k  <  0. 

Here  A (y,  h(rr))  denotes  the  maximal  eigenvalue  of  the  matrix 
■  M(y,  h(x))  =  dyg(y ,  h(x)  +  (dyg(y,  h(x)))T]. 

Then  systems  (7)  and  (8)  possess  a  synchronizor  Sa  • 

An  open  question.  In  [10]  the  author  failed  to  prove  the  continuity  of  Sa, 
thus  whether  Sa  Is  continuous  is  still  an  open  question. 

Generally  one  is  interested  in  the  following  problem. 

A  conjecture  II  g(0,h(x))  is  bounded  on  a .  neighborhood  B  of  a  compact 
attractor  of  (7)  and  (8)  is  asymptotically  stable  for  every  solution  x(t}p)  in  B, 
then  (7)  and  (8)  possess  a  generalized  synchronizor. 

An  considerably  significant  aspect  of  synchronization  between  two  dynam¬ 
ical  systems  is  that  the  delay  of  effect  is  inevitable  in  couplings.  Therefore  the 
following  question  is  more  practical. 

Consider  the  coupled  systems 


X  =  fix,  y{t  -  t)) 

(3.9) 

V  =  9(x{t  -  A ),y), 

(3.10) 

where  x  €  Rn,  y  €  Rm ,  r  and  A  are  time  delays,  respectively. 
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Problem  C  Under  what  conditions  (9)  and  (10)  are  in  identical  (generalized) 
synchronization?. 

It  is  expected  that  the  theory  of  functional  differential  equations  [11,  12] 
should  be  useful  in  coping  with  this  problem 

In  this  section  we  just  touch  upon  the  synchronization  theory  for  case  of 
continuous  dynamical  systems.  For  the  difference  systems,  the  readers  are 
referred  to  [13] 

4  Comments  on  the  Current  Mutual  Stability  in  terms  of  Synchro¬ 
nization 

Mutual  stability  between  dynamical  systems  is  a  useful  concept,  because  it  de¬ 
scribes  a  kind  of  cooperation  behavior  in  dynamical  systems.  Recently  several 
authors  [14,  15]  have  dwelt  upon  this  topic  in  context  of  difference  systems. 
However,  as  commented  in  [3],  from  the  scientific  point  of  view,  the  current 
treatment  [14,15]  on  this  concept  neglects  the  interaction  or  coupling  between 
the  mutual  stable  systems,  and  this  is  very  important  because  it  is  less  mean¬ 
ingful  to  study  the  cooperative  behavior  in  dynamical  systems  without  con¬ 
sidering  their  mutual  interaction  or  coupling.  Now  let  us  recall  the  notions  of 
mutual  stability. 

Consider  difference  systems 

z(n+  1)  =  f(x(n)  (4.11) 

and 

y(n  +  1)  =  g(y(n)  (4.12) 

Recall  that  a  solution  or  orbit  x(n,x0)  to  (1.1)  with  initial  condition  x0  is 
defined  to  be  x(n)  =  fn(x0 ),  n  =  0, 1, .... 

According  to  [14,  15],  a  kind  of  mutual  stability  is  defined  as  follows: 
Definition  6  System  (11)  and  system  (12)  are  said  to  be  mutually  stable  if 
for  any  e  >  0,  there  exists  a  continuous  positive  function  6  =  8(e)  such  that 
any  two  solutions  x(n,x0)  and  y(n,y0)  of  (11)  and  (12),  respectively,  satisfy 

\\x(n,xo)  -  y(n,2/0)||  <  e,  for  n  >  0, 

Provided  ||x0  -  y0||  <  S. 

Definition  7  System  (11)  and  system  (12)  are  said  to  be  mutually  attractive 
if  for  any  two  positive  numbers  e  and  7}.  There  exists  a  nonnegative  integer  N 
such  that  any  two  solutions  x  and  y  of  (11)  and  (12),  respectively,  satisfy 

||s(n,  x0)  -  y(n.y0)\\  <  e,  for  n>N , 


395 


provided  ||xo  -  yo||  <  ?7- 

Remarks  Definition  7  clearly  implies  that  for  the  initial  conditions  satisfying 
ll^o  -  yo| I  <  V  the  expression  || x(n,x0)  -  y(n.y0)\\  — >  0  as  n  — >  oo  holds.  In 
fact  one  can  chose  a  sequence  e  — *  0  to  verify  this  observation. 

Note  that  the  mutual  attraction  does  not  imply  the  asymptotic  mutual 
stability,  thus  we  restate  the  definition  of  asymptotically  mutual  stability  of 
two  dynamical  systems  as  follows. 

Definition  8  System  (11)  and  system  (12)  are  said  to  be  asymptotically  mu¬ 
tually  stable,  if  for  any  positive  number  e,  There  exists  a  continuous  positive 
function  5(e),  such  that  any  two  solutions  x(n,x o)  and  y(n,yo)  of  (11)  and 
(12),  respectively,  satisfy 

||x(n,xo)-j/(n,yo)||  <  e,  for  n  >  0, 

and 

||x(n,x0)  —  y(n.yo)\\  — ►  0,  as  n  oo 

provided  ||xo  —  yo||  <  V-  - 

Remark  Clearly  the  so-called  mutual  stability  is  just  a  special  case  of  synchro¬ 
nization  in  the  current  literature. 

Recently,  it  has  been  shown  that  the  mutual  stability  between  two  dynam¬ 
ical  systems  is  also  less  of  interests  from  mathematical  point  of  view. 
Theorem  9  [16]  Suppose  that  system  (11)  and  system  (12)  are  asymptotically 
mutually  stable  on  a  compact  invariant  set  A  in  terms  of  Definition  8 ,  then 
(11)  and  (12)  possess  a  common  asymptotically  stable  equilibrium  point  in  A 
with  A  being  its  basin  of  attraction . 

The  same  is  true  of  the  continuous  system,  i.e.,  the  systems  described  by 
autonomous  ODE  [16]. 

This  theorem  assert  that  the  dynamic  of  two  asymptotically  mutually  sta¬ 
ble  autonomous  dynamical  systems  is  trivial. 
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The  structure  of  non-wandering  sets  of  continuous  maps  of  an  interval  has  been 
studied  by  many  authors.  In  this  note  by  providing  several  examples  we  show  that 
some  situations  in  the  theory  really  occur. 


1  Introduction 

Let  X  be  a  topological  space  and  /  :  X  — *  X  be  continuous,  x  G  X  is 
non-wandering  if  for  each  neighborhood  U  of  x  there  is  n  €  N  such  that 
fn(U )  n  U  ^  0.  The  collection  of  all  non-wandering  points  of  /  is  denoted 
by  H(/).  When  X  is  a  closed  interval  the  structure  of  Q(/)  is  quite  well 
understood.  The  best  way  to  describe  the  results  is  to  look  at  the  complement 
of  the  closure  of  the  periodic  points  of  /.  Let  P(f)  be  the  set  of  periodic  points 
of  /,  t u(x,  f)  be  the  u- limit  set  of  x,  and  A(/)  =  Ux<=xa;(x,  /).  For  an  interval 
map,  i.e.  a  continuous  map  from  a  closed  interval  I  into  itself,  let  C  be  a 
connected  component  of  I  \  P(f)-  We  have 

(1)  Q(f)  \  P(f)  is  countable  and  no- where  dense  [3]. 

(2)  Isolated  periodic  point  is  also  isolated  in  Q(/)  [4]. 

(3)  The  derived  set  of  f2(/)  is  contained  in  A (/)  [1]. 
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(4)  C  contains  at  most  one  point  from  H(/)  with  infinite  orbit  [3],  and  if 
x  £  C  H  A (/)  then  c j(x, /)  is  a  non-trivial  minimal  set  [2].  Moreover, 
if  x  £  C  PI  fi(/)  has  infinite  orbit  then  there  is  an  end  point  of  C  with 
infinite  orbit  [3]. 

(5)  There  are  interval  maps  /  and  g  [2]  such  that 

(a)  C  H  A (/)  ^  0.  (b)  there  is  £  €  £}(<;)  \  A(g)  with  infinite  orbit. 

In  this  note  we  will  show 

Theorem  21  There  are  interval  maps  /,  g  and  h  with 

(1)  there  is  a  component  C  of  I  \  P(f)  such  that  {x*}  CCD  Q(/)  is  infinite 
and  limxi  =  x  £  C. 

(2)  there  is  a  component  C  of  I  \  P(g)  such  that  {x*}  C  C  D  is  infinite , 
lim  Xi  —  x  £  C  \  C  and  x  has  infinite  orbit 

(3)  there  is  a  component  C  of  I  \P(h)  such  that  {x*}  C  C  H  ft(f)  is  infinite , 
lim  Xi  —  x  £  C\C  and  x  has  finite  orbit. 

2  Proof  bf  (1)  and  (2)  of  Theorem  1.1 

In  this  section  we  shall  show  that  there  are  examples  which  satisfy  (1)  and  (2) 
of  Theorem  1.1.  The  method  we  use  to  construct  the  example  can  be  explained 
as  follows.  First  we  define  a  subset  A  of  C(Iy  I)  (the  set  of  all  continuous  maps 
of  I  with  d(fyg)  =  supxeJ  |/(x)  —  <?(x)|).  We  then  define  an  operator  from  A 
into  itself  and  show  that  the  operator  is  a  contraction.  Finally  we  prove  that 
the  unique  fixed  point  provided  by  the  operator  satisfies  (1)  of  Theorem  1.1. 
Modifying  the  construction,  we  get  an  example  which  satisfies  (2)  of  Theorem 
1.1.  We  start  with  the  construction  of  (1)  of  Theorem  LI. 

Choose  real  numbers  ajy  1  <  i  <  10  such  that 

-1  =  a\  <  a\  <  a\  <  <  0  <  a\  <  a\  <  a\  <  a\  <  a\  <  a\  <  a\Q  —  2. 

Let  A  be  the  set  of  all  continuous  maps  from  [—1,2]  to  itself  with  /(— 1)  = 
2  =  /( 2)  and  /([— 1, 2])  C  [a£, 2]. 

Let  hi  be  an  orientation  preserving  homeomorphism  from  [a]; ,  a}0]  to  [aj ,  a\\ 
such  that  Ai|[_ij0]  =  id,  /ii|[ai  _i|  and  /ii|[0)Oi0]  are  linear.  Let  h 2  be  an 
orientation  preserving  linear  homeomorphism  from  [ai,aio]  to  [a^ag]  and 
hz  =  hx  o  h^1  :  [a£,a£]  — *  [aj.aj]. 

For  /  6  A  define  a  continuous  map  /  €  A  such  that 


398 


1  f(aD  —  aiOi  f{a2)  —  ah  f(a]i)  —  ab  f(al )  “  ah  f(a6 )  —  ab  f(a 7)  —  a7) 

/(as)  =  a}0,  /(flg)  =  O2,  /(0J0)  —  aio5 

2  /|[ai  ai+j  is  linear  for  i  ^  3, 5  and  1  <  i  <  9; 

3  f\[ala\)  =h2ofohi1  and  /|[oi,aJ]  =  Ai  ° AJ1. 

To  see  the  construction  clearly,  the  reader  may  draw  a  picture. 

For  each  x  €  H(/)  we  can  associate  a  subset  of  I  defined  by:  Pf(x)  = 
flcr(USii/n(^)).  wliere  ^  runs  over  neighborhood  of  x.  Note  that  Py(as) 
describe  the  behavior  of  points  near  x. 

Lemma  10  /  has  the  following  properties: 

A.  f[a\,a\]  C  [oj.oj],  /[oj.oj]  =  [oj.oj]  and  f2  |[a|,aJ]  =  hi  o/o/jf1. 

B.  a\  i  Cl(f),  a\  e  P(f)  and  fi(/)  n  [aj.aj]  =  hi(Sl(f)). 

C.  Q(f)  n  [aj,  a\)  =  {a^}  and  fl(f)  Cl  [aj.aj]  =  {a|}  U  hi(Q(f)). 

D.  if  d(f,g)  <  e,  then  d(f,g)  <  5s-^5ae. 

E.  Pf-(al)  =  [a^aiol- 

Proof:  A  follows  by  the  definition  of  /. 

As  /([— 1, 2])  C  \a\ ,  2] ,  we  know  that  there  is  e  >  0  such  that  U^=1/n((a 3  — 
e,  a\  4-  e))  C  [aj  This  implies  a\  ^  f2(/).  It  is  easy  to  see  that  a\  is  a 

periodic  point  of  /.  We  now  show  that  H(/)  D  [aj,  a\]  =  /ii  ($!(/)). 

In  fact,  since  /([a£,aj])  c  [a^aj]  and  /([aj,a^])  C  [al,a\]  we  have  that 
^(/)  n  («3>  O4)  =  fi(/2)  0  (a3>  a4)-  Thus 

fi(/)n(a3>a4)  =0(fti  o/o/i'1)n(aJ,aJ)  =  fti(a(/)). 

Combining  the  other  results  we  just  proved  we  finish  the  proof  of  B. 

To  prove  C  note  that  for  each  x  6  [—  1,  a^)  there  is  n  €  N  such  that  fn(x)  € 
[a\,  2],  and  for  each  x  e  (a^  ai)  there  is  n  e  N  such  that  fn(x)  e  [<4,  aj].  As 
a\  £  n(/),  we  have  that  Cl(f)  n  [a}, aj)  =  {a^}.  By  B,  0(/)  n  [aj , a\]  — 
Ai(H(/)),  thus  we  get  ft(/)  D  [aj,aj]  =  {a\}  U  hi(fl(f)).  This  proves  C. 

It  is  easy  to  see  that  D  follows  from  the  definition  of  /  and 
E  can  be  checked  easily.  This  ends  the  proof  of  Lemma  2.1. 

Let  O  :  A  — »  A  such  that  0(f)  =  /  for  each  /  e  A.  Since  A  is  a  Banach 
space,  by  Lemma  2.1(D),  there  is  a  unique  fixed  point  F  for  O  and  for  each 
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f  e  A,  F  —  lim On(f).  For  a  fixed  /  G  A  let  fn  —  On(f)  for  each  n  G  {0}  UN 
(we  set  fo  =  /). 

Let  af  =  1  <  i  <  10,  n  G  N.  Then 

aj  <  a\  <  a\  =  a?  <  <  a*  =  a\  <  . . .  <  -i  <  0  <  . . .  <  a\  <  a\  <  a\ 

£ 

and  limn  a™  =  —  limna4  —  0.  Note  that  for  each  i  G  N,  /ij  :  [a*,  a\0]  — * 

[a3  5  a\]  • 

Lemma  11  We  have  the  following  observation: 

(1)  for  each  n  G  N  and  1  <i<n,  f%*  |[aj,aj]  =  ft!  °  /n-i  °  ftp. 

(2)  /or  each  n  G  N,  fi(/n)  H  [aj,aj)  =  {a^aj  . .  .  ,<$}. 

(3)  /or  each  n  G  N,  d(/n+i,  /n)  <  3(^hp5-)n. 

(4)  /or  each  n  G  N,  P/PaJ)  =  {/n([a2 > aiol)  :  0  <  i  <  2n_1  —  1}  which  is  the 

disjoint  union  of  2n"1  intervals. 

Proof:  (1)  follows  from  A  of  Lemma  2.2. 

To  see  (2)  we  use  induction.  First  we  have  n(/i)D[ai,  ag)  =  {a^}*  Assume 
that  Q(fn)  H  [a\,  a£)  —  {a\y  a\  . . . ,  a£}.  Then 

ft(/n+l)  n  [«1>  a3+1)  =  fi(/n+l)  0  ([aj,  aj)  U  [ag,  03+1)) 

,  =  {a£}  U  (fi(/„+i)  n  [oj,  aj+1)) 

=  {4}  u  (/ii(fi(/n))n/ii[aj,a?)) 

=  {4}U(/ii(n(/„)n/ii[ai,aJ))) 

=  {a2}u(/ii{4...,a2» 

=  {a2>  •  •  •  i  a2+1}- 

(3)  and  (4)  can  be  checked  directly.  This  ends  the  proof  of  Lemma  2.2. 
According  to  Lemma  2.2  we  have 

Theorem  22  The  unique  fixed  point  F  of  O  has  the  following  properties : 

1-  ^[-4.0]  is  constant . 

2.  n(F)n[ai,0)  =  {a£,al,.'..}U{-|}  and  P(jF)  D  [a*, 0)  =  0; 

3.  Pf(— |)  =  fl^Li Pf(^2)  which  is  the  union  of  a  Cantor  set  with  countably 

many  non- degenerate  connected  components. 
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Proof:  (1)  Let  Fn  =  On(F)  =  F  for  each  n  €  N.  Since  =  h2  o  F  o 

hx  1 1[_ i>0] ,  and  since  hl  1|[_i)0]  =  id  and  Pi  =  F,  we  have  that  F|[_i  0j  = 
h2  oF\{_iA.  As  /12  has  a  unique  fixed  point  a,  we  get  that  F([—  0])  =  {a}. 

(2)  As  0(F)  n  (-|,0)  =  0  (by  1),  Sl(F)n[ala%]  =  {aj.ag . . .  ,aj},  for 
each  n  €  N  (by  (2)  of  Lemma  2.2),  and  limn  a£  =  we  have  that 

n(J0n[o}t0)=  I  i(fi(F)n[al,^])u{-i}  =  {o^,a2,...}u{-i}. 

n= 1  ^  2 

It  is  easy  to  see  that  P(F)  D  [aj,  0)  =  0. 

(3)  It  is  obvious  that  Pf(-§)  =  n£°=1PF(a£).  This  set  contains  [-|,  0]  and 
is  the  union  of  a  Cantor  set  with  countably  many  non-degenerate  connected 
components.  This  ends  the  proof  of  Theorem  2.1. 

Proof  of  (1)  and  (2)  of  Theorem  1.1:  The  F  constructed  in  Theorem 
2.1  satisfies  (1)  of  Theorem  1.1.  To  Prove  (2)  of  Theorem  1.1  we  just  need 
to  modify  the  construction.  Namely,  we  take  hi  :  [aj,a}0]  — >  [aj,  a\]  to  be 
an  orientation  preserving  homeomorphism  with  hi(-|)  =  -I,  and  Ai|[aj,-J] 
and  being  linear.  Set  a?  =  h?_1(c4)>  1  <  i  <  10.  Then  limna?  = 

limn  aj  =  With  this  modification  we  get  a  fixed  point  of  O  which  satisfies 
(2)  of  Theorem  1.1. 

3  Proof  of  (3)  of  Theorem  1.1 

In  this  section  we  give  the  proof  of  (3)  of  Theorem  1.1. 

Let  b\ ,  1  <  i  <  8  with 

-1  =  6}  <  b\  <  bl  =  0  <  b\  -  1  <  b\  <  <  b)  <  b\  =  2 

and  B  be  the  collection  of  continuous  maps  from  [-1, 2]  into  itself  with  /(— 1)  = 
/( 2)  and  /([- 1, 2])  C  [ b 6|].  For  f  €  B  define  /  such  that 

.  (1)  Ml)  =  bl  M)  =  H,  Ms)  =  b\  =  f(b\),  f(bi)  =  bi  f(bi)  =  bi 

f(b17)  =  bhf(b18)  =  bl 

(2)  /|[6ii6i+i]  is  linear  for  i  ^  3  and  1  <  i  <  7. 

(3)  fllblK)  =hiofo  hi1,  where  hx  :  [6},6|]  — >  [6|,6|]  is  an  orientation 
preserving  homeomorphism.  Note  that  hx  has  a  unique  fixed  point  We  have 
the  following  observation 

Lemma  12  (a).  b\  e  f 1(f)  iff  -1  €  Cl(f),  b\  is  a  fixed  point  off  and  Q{f)  n 

[%,$]  = 

(b).  n(f) n [6l,6|)  =  {bl}  and n (/) n [61, i)  =  {bl} u h{n{f) n [&}, §)). 
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(c).  If  d(f,  g)  <  e,  then  d{f,g)  <  |e. 

Proof:  Similar  to  the  proof  of  Lemma  2.1. 

Let  O  :  B  — >  B  with  O(f)  =  /.  Then  we  see  that  O  has  a  unique 
fixed  point  F.  Moreover,  for  each  f  £  B,  F  —  limOn(/).  Fixed  f  £  B,  let 
fn  =  Bn(f)  with  fo  —  f  and  n  €  N,  1  <  i  <  8.  It  is  clear  that 

lim  bi  —  lim  Ff  =  lim  63  =  lim  b\  —  i 

z 

Lemma  13  1.  For  each  n  G  N;  Q(/n)  n  [b{,  b%)  =  {bl,  h\yb\,  •  •  •}• 

2.  For  each  n  £ .N,  d(fn,fn+ 1)  <  (5)71* 

3.  64  is  a  fixed  point  of  fn . 

Finally  we  have 

Theorem  23  (1).  f2(F)  Pi  [b\,^)  =  {&2>  ^2>  •  •  •}  and  there  is  no  periodic 

point  of  F  in  [1 b\ ,  \). 

L  is  a  fixed  point  ofF. 

Proof  of  (3)  of  Theorem  1.1:  The  function  F  we  obtained  in  this  section 
satisfies  (3)  of  Theorem  1.1. 
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SOME  PROMISING  DIRECTIONS  OF  RESEARCH  IN  THE 
FIELD  OF  PLANAR  AUTONOMOUS  DIFFERENTIAL 
SYSTEMS* 
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Topics  and  problems  on  Poincare  index  theorem  as  well  as  distribution  of  critical 
points,  limit  cycles  and  Hilbert’s  16th  problem  of  planar  polynomial  differential 
systems  are  presented. 


I.  Generalizations  and  applications  of  the  Poincare  index  theo¬ 
rem. 

1.  Poincare  index  theorem.  G:  simply-connected  plane  region  with  smooth 
boundary  line  L.  With  respect  to  a  vector  field  F,  there  are  a  (i/)  inner  (outer) 
contact  points  but  no  critical  points  of  F  on  L.  Then  the  sum  of  indices  of 
critical  points  of  F  within  G  is  [1] : 


£  =  £ Ind  Oi  =  i  +  ho-  -  v)  (o.i) 

i  & 

2.  Generalizations 

a.  To  a  multiply-connected  plane  region  and  in  general,  to  any  two- 
dimensional  orientable  or  non-otientable  closed  surface  S  with  boundaries  [2,3, 4, 5]. 
We  have: 


£  =  £ Ind  Oi  =  x(S)  +  \{p-v)  (0.2) 

i  4 

where  x{Tg,b)  =  2-2 g  —  b,  x{Pg,b)  =  2  -  g  -  b  are  Euler-Poincare  char¬ 
acteristics,  b  &  g  are  number  of  boundary  circles  and  genus  of  S. 

Remark:  The  proof  in  [5]  is  more  elementary  and  having  less  assumptions 
than  those  in  [2]  and  [3]. 

b.  To  a  multiply-connected  plane  region  with  elementary  critical  points 
and  segments  of  trajectories  (finite  or  at  infinity)  on  its  boundaries  Lj  (piece- 
wise  smooth),  see  [6]  &  [7]. 

1  Project  supported  by  the  National  Natural  Science  Foundation  of  China. 
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c.  Problem  1.  When  there  non-elementary  critical  points  of  F  on  the 
boundaries,  how  to  calculate  ?  (See  [11],  Chap.  1, after  Fig.  1.30). 

Problem  2.  From  (2)  and  the  well-known  Gauss-Bonnet  formula  in  differ¬ 
ential  geometry,  we  have  now: 


^  kgds  +  ^  KdA  +  (7r  —  a:*)  =  27r  Ind  Oi  {y  —  <j)7t. 


Is  there  any  use  of  this  formula? 


3.  Applications. 

a.  Some  new  theorems  on  the  existence  or  non-existence  of  limit  cycles 
see  [8,9,10]. 

b.  The  estimation  of  passages  passing  through  a  multiply-connected  re¬ 
gion,  see  [8,9]. 

c.  The  distribution  of  critical  points  of  n-degree  polynomial  differential 
system,  see  [7]. 

d.  Problem:  Find  other  applications  of  the  generalized  Poincare  index 
theorem,  especially,  for  plane  autonomous  differential  systems. 

Remark:  Most  of  the  above  results  can  be  found  in  my  Monograph  [11]. 

II.  Distributions  of  critical  points  of  an  n-degree  polynomial  sys¬ 
tem  (especially,  cubic  system): 


f  x  =  Pn(x,y) 
y  =  Qn(x,  y ) 


(0.3) 


1.  Known  results. 

a.  There  exists  a  system  (3)  with  Pn(x,y)  =  0  a  bundle  of  straight 
lines  having  center  A,  and  Qn(%,  y)  =  0  another  bundle  of  straight  lines  having 
center  B  ^  A,  such  that  (3)  has  n2  elementary  critical  points,  their  distribution 
has  the  form: 

(2 n  -  1)  -  (2n  -  3)  +  (2n  -  5) - +  (~l)n-1  (0.4) 

Among  these  critical  points 


(2 n  -  1)  4-  (2 n  -  5)  +  (2 n  —  9)  -f - =  —(n  - 1-1)  (0.5) 
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have  index  +1, 

(2n  —  3)  +  (2n  —  7)  +  (2n  —  11)  H - =  ^(n  —  1)  (0.6) 

have  index  -1,  so  the  difference  of  numbers  of  anti-saddles  and  saddles  attains 
its  maximum: 

71/  „ ,  n, 

-(n+1)--(n-1)  =  n. 

see  [12,13]. 

b.  If  the  2n-l  outmost  critical  points  of  index  +1  form  a  convex  polygon, 
then  among  them  there  is  at  least  one  node  [7]. 

c.  For  cubic  system  having  6  critical  points  with  index  4-1  and  3  critical 
points  with  index  -1,  the  distributions: 

5-3  +  1,  6-3,  4-3  +  2 

can  all  be  realized  by  concrete  cubic  systems,  see  [14,15].  But  the  distribution 
3-3+3  is  proved  to  be  impossible  [11,  Chap.  13] 

d.  For  cubic  system  having  5  critical  points  with  index  +1  and  4  critical 
points  with,  index  -1,  the  distribution  4-4+1  is  realized  by 

x  =  y(x2  -y2  +  1),  y  =  x(x2  -  2y2  -  3). 

We  conjecture  that  the  distribution  5-4  is  also  possible,  but  we  are  still  unable 
to  realize  it  by  a  concrete  cubic  system. 

e.  There  exist  other  kinds  of  distribution  for  the  cubic  system: 

f  x  =  -y  +  Sx  +  lx2  +  mxy  +  ny 2  ^ 

y  =  x(l  +  ax  +  qx 2  +  by)  ^  ‘ 

which  has  one  higher  order  critical  point  at  infinity,  and  at  most  6  finite  ele¬ 
mentary  critical  points  ,  see  [16] . 

2.  Problems. 

a.  Are  there  any  other  distribution  of  critical  points  for  cubic  systems 
having  9  finite  critical  points?  (See  [11],  Chap.  3,  before  Theorem  3.18) 

b.  W'hat  is  the  relation  between  distributions  of  critical  points  and  inter¬ 
section  properties  of  Pn(x,  y)  =  0  and  Qn(x,  y)  =  0  when  n  >  2?  For  example, 
in  the  simplest  case:  a  cubic  system.  When  n  =  2  this  is  clear. 

c.  If  in  1,  b)  the  2n-l  outmost  critical  points  of  index  +1  form  a  concave 
polygon,  is  the  assertion  there  still  true? 


405 


y 


d.  Find  a  cubic  system  (7)  such  that  it  has  3  foci  ,  their  relative  position 
is  Fig.  3  (3)  in  the  paper  [16]. 

e.  How  about  the  property  of  the  2n-5  anti-saddles  (forming  a  3rd  poly¬ 
gon)  in  (4),  the  2n-9  anti-saddles  (forming  a  fifth  polygon)  in  (4),  etc.? 

III.  The  highest  order  of  a  fine  focus  and  the  distributions  of  foci 
as  well  as  their  order  for  n-degree  polynomial  systems. 

As  is  well-known,  these  problems  have  not  been  solved  even  for  cubic 
systems.  Up  to  now,  there  appear  papers  studying  many  special  cubic,  systems, 
we  mention  here  only  some  remarkable  results  obtained  in  recent  years. 

1.  In  1993  V  .G.Romanovsky  [17]  discovered  an  inductive  method  for  the 
calculation  of  the  focus  quantities  of  polynomial  systems.  By  using  this  method 
Cherkas,  Romanovsky  and  Zoladek  solved  completely  the  center  conditions  for 
the  8-parameter  system  [18]: 


z  —  iz  4-  Az 2  4-  Dz 3  4-  Ez2z  +  Fzz2 


(0.8) 


where  z  —  x  +  iy€C  —  R2 ,  A,  D,  E,  F  E  C.  There  are  other  papers  (by 
Romanovsky  himself  or  with  his  colleagues)  using  this  method,  too. 

2.  In  a  preprint  of  the  Univ.  Autonoma  de  Barcelona  Gasull  &;  Torre- 
grosa[l9]  studied  the  relation  between  the  maximum  number  H  of  small  am¬ 
plitude  limit  cycles  generated  by  Hopf  bifurcation  and  the  maximum  number 
P  of  the  big  limit  cycles  (around  the  same  focus)  generated  by  Poincare  bifur¬ 
cation.  They  conjectured  that  P  can  be  greater  than  H.  Among  others  they 
studied  also  the  order  of  fine  focus  of  the  cubic  system: 


f  x  =  -y  4-  a2rr2  +  a3x3 
V  =  x  4-  b2y2  4-  b3y3 


(0.9) 


They  found  that  the  order  of  0(0,0)  is  4,  but  after  perturbation  it  can  only 
generate  3  limit  cycles.  The  reason  is  v^vg  >  0.  Actually,  such  phenomenon 
has  already  appeared  in  some  quadratic  systems. 

3.  In  a  recent  paper  by  Y.  R.  Liu[20]  the  cubic  system: 


(x  =  (-y  +  5x)(x 2  +  y2)  +  X2(x,  y) 
V  =  (  x  +  8y)(x2  +y2)  +Y2(x,y) 


(0.10) 


(X2,  Y2:  homogeneous  of  degree  2)  was  studied.  The  line  at  infinity  is  a  trajec¬ 
tory  of  (10)  passing  no  critical  points.  After  the  transformation  x  =  C°S  ^ ,  y  = 

sin  0  r 

- ,  it  becomes: 

r 

dr_  _  _  6  +  r[cos  9  X2{cos  (9,  sin 0)  +  sin  6  Y2(cos  9,  sin  6)] 

d6  1  4-  r[cos#  Y2 (cos 0, sin 0)  —  sin#  X2(cos0, sin0)]  (0.11) 
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and  the  line  at  infinity  becomes  the  origin:  r=0. 

The  right  hand  side  of  (11)  differs  from  that  of  the  polar  coordinates  of 
the  qudratic  system: 

x  =  -y  +  6x  +  X2(x,y),y  -  x -b  +  y2(z,y) 

only  a  minus  sign.  But  after  perturbation  there  can  appear  4  limit  cycles 
around  the  origin  r=0  of  (11). 

4.  V.  A.  Gaiko  [21]  proved  that  a  quadratic  system  cannot  have  a  swallow¬ 
tail  bifurcation  surface  of  multiplicity-four  limit  cycles.  This  agree  with  our 
conjecture  that  (4,x)  distribution  of  limit  cycles  is  impossible  for  any  quadratic 
system. 

5.  Problems. 

a.  Prove  or  disprove  the  conjecture  of  Gasull  &  Torregrosa. 

b. Find  the  order  of  fine  focus  and  conditions  for  center  of  the  critical  point 
0(0,0)  of  system  (7)$=0  in  II. 

6.  Special  cubic  or  quartic  systems  studied  for  global  analysis,  order  of 
fine  focus  or  center  conditions  appeared  in  recent  years  are  [22-34],  etc. 

IV.  The  number  of  sudden  appearance  of  semi-stable  limit  cycles 
(LC,  for  short)  in  a  polynomial  system  containing  a  varying  parame¬ 
ter  which  rotates  the  vector  field,  and  its  relation  with  the  Hilbert’s 
16th  problem. 

1.  Proposition  A.  (to  be  proved)  For  the  system: 

f  x  =  -y  4-  Sx  +  lx2  +  ny2  -  m(  1  +  ax  -  y)  f  , 

y  =  x(l  +  ax-y) 

as  m  or  5  varies  monotonously  the  sudden  appearance  of  semi-stable  LC  can 
happen  at  most  once. 

2.  Proposition  A  was  stated  by  me  early  in  1993  (see  [11],  Chap.  14).  The 
reason  for  me  to  state  this  Proposition  is: 

When  a  cubic  curve  C  (  it  must  be  a  solution  curve  of  a  certain  quadratic 
system)  moves  upward  (see  Fig.l)  or  downward  (see  Fig. 2),  it  can  contact  a 
given  horizontal  line  L  at  most  once  (e.g.,  at  the  point  P).  Now,  if  we  replace 
L  by  the  real  plane  £:  x2  =  2/2  =  0  in  C2(x  1  4*  ix2,yi  +  W2),  and  C  by  a 
special  solution  surface  S  e  C2  =  RA  of  the  complex  quadratic  system,  which 
intersects  £  at  a  closed  curve  Ti,  it  is  a  LC  in  £.  Certainly,  5  will  move 
as  a  parameter  in  the  system  varies  monotonously.  We  conjecture  that  ”  the 
sudden  appearance  of  a  contact  point  P  in  Fig.l  or  2”  would  correspond  to: 
”the  sudden  appearance  of  a  semi-stable  LC  3T2  on  £05”,  because  P  will 
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then  become  two  points  of  intersection  of  C  and  L,  just  as  the  newly  appeared 
semi-stable  LC  1?2  will  split  into  a  stable  LC  1^  and  an  unstable  LC  F^ 

3.  An  example  of  the  intersection  of  a  two  dimensional  surface  in  C2(x i  + 
ix2,Vi  +iy2)  —  R4(xi,x2,y1)y2)  With  the  real  plane  C:  x2  =  y 2  =  0  as  the 
parameter  varies. 

Let 

F(x ,  y ,  c)  =  (1  +  e)(x2  +  y2)2  -  2(1  +  e)(x2  +  y2)  +  1  4*  e  -  e3  =  0  (0.13) 

be  the  equation  of  the  surface  S  in  E4,  where  x  =  X\  +  2x2,  y  =  yi  4-  iy2)  and 
e  is  a  parameter.  Then  the  equation  of  S  n  £  in  £  is  F(xi,yite)  —  0.  The 
discriminant  of  F(xi,yi,  e)  =  0  as  a  quadratic  equation  of  (x2  +  y2)  is: 

(I  =  (1  +  e)2  —  (1  +  e)(l  +  e  —  e3)  =  (1  +  e)  e3. 

a.  When  0  <  e  <  e\  =  1.32472,  jj  >  0,  S  fl  £  are  two  single  circles. 

b.  When  e  =  0,  [J  =  0,  S  Pi  £  is  a  double  circle  [{x\  4-  y2)  —  l]2  =  0. 

c.  When  -1  <  e  <  0,  #  <  0,  S  0  £  =  0. 

d.  When  e  =  —  1,  F(xi,yu  —1)  =  1,  S  H  £  =  0. 

e.  When  e  =  ei,  (t  >  0, 5  Pi  £  are  a  circle  x2  +y2  =  2  and  a  point  (0.0). 

f.  When  e  >  ei,  (t  >  0,  S  D  £  is  a  single  circle: 

x5+v;.i±i±^H!>2. 

g.  When  e<— l,5n£isa  single  circle. 
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Fig.l  Fig.2 

4.  It  is  clear  that  Proposition  A  is  not  true,  for  n  >  3  degree  polynomial 
systems  as  is  easily  seen  from  the  facts: 

a.  The  number  of  small- amplitude  LC  of  a  cubic  system  around  a  focus 
can  be  equal  to  11  [35],  say  :  L\  D  L2  D  *  •  o  Ln  D  O. 

b.  By  the  rotated  vector  field  theory  (with  parameter  a  )  LC  will  expand 
or  shrink  according  to  the  stability  k  orientation  as  the  vector  field  rotates.  So, 
as  the  field  rotates  in  a  suitable  direction  say,  from  a\  to  c*2,  Li  and  Li+i(i  = 
1, 3, 5, 7, 9)  will  coincide  and  then  disappear  for  certain  values  of  a  .  Now,  let 
a  varies  from  a<i  to  aq,  then  semi-stable  LC  will  appear  many  times  ,  as  is 
easily  seen. 

Therefore,  this  Proposition  must  be  a  special  property  only  for  quadratic 
systems. 

5.  In  a  recent  paper  [36]  I  proved  that  as  8  increases  the  quadratic  system: 

{  r  7x2  3  y2 

jI=-9  +  fo  +  _  +  3^  +  T 

=  — f  — ») 

can  appear  a  LC  Vi  around  N(0,§)  when  8  passes  through  -4;  then  a  LC  T2 
around  S2(12.9281, -5.4628)  when  passes  through  -0.8453;  finally,  a  LC  Vs 
will  shrink  to  0(0,0)  when  8  passes  0.  I  call  this  property  :  The  ergodieity  of 
LC.  This  work  was  extended  by  W.  Y.  Ye  [37]  and  Zhang  Xiang  [38]  later  on. 

6.  Problems 

a.  Prove  or  disprove  Proposition  A. 

b.  TVy  to  explain  the  ergodic  phnomenon  in  the  complex  space  C2. 

V.  The  maximum  number  of  integral  lines  of  n-degree  polynomial 
systems. 

Let  a(n)  be  the  maximum  number  of  integral  lines  of  n-degree  polynomial 
systems,  f3(n)  be  the  maximum  number  of  slopes  that  these  integral  lines  can 
have  (assume  a(n)kp(n)  are  finite).  Then: 

1. a(n)  <  3n  —  1  (H,  Zoladek,  see  [43]) 

2 . p{n)  =  a(n-  1)  +  1  (J.C.Artes  k  J.Llibre  [39]) 

3. a(2)  =  5  =  3-2  —  1,  trivial. 

4.  a(3)  =  8  =  3  •  3  -  1,  a(4)  =  9  <  3  *  4  -  1  ([40-42],  etc..) 

5. a(5)  =  14  =  3  *  5  —  1  (J.C.Artes,B.Grunbaum  k  J.Llibre  [43]) 

Problem:  Does  there  exist  a  general  formula  for  a(n)? 
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Notice  that  algebraic  solutions  of  polynomial  systems  and  their  relation 
with  integrability  as  well  as  the  existence  of  LC  is  also  an  interesting  topic 
deserves  to  be  studied  (see  [11]  Chap.  17). 

VI.  The  behavior  of  LC  generating  from  bifurcation  method 
when  the  parameter  becomes  larger. 

So  far  as  we  know,  most  papers  on  the  bifurcation  (both  Hopf  bif.  and 
Poincare  bif.)  of  polynomial  systems  only  considered  one  independent  param¬ 
eter,  and  only  the  behavior  of  the  perturbed  system  when  this  parameter  is 
small.  But  in  some  papers  by  me,  D.J.Luo,  W.Y.Ye  and  Zhang  Xiang,  we 
have  considered  two  independent  parameters;  moreover,  when  these  parame¬ 
ters  become  larger.  Nevertheless,  in  order  to  get  satisfactory  results  we  must 
ask  for  help  from  Proposition  A  in  IV.  After  all,  in  order  to  solve  completely 
the  qualitative  problem  of  any  polynomial  system  in  which  LC  can  appear,  one 
must  consider  the  problem  of  "the  sudden  appearance  of  semi-stable  LC”  when 
the  varying  parameter  becomes  larger.  So,  it  seems  to  me  that  this  problem  is 
crucial  in  the  ultimate  solution  of  the  Hilbert’s  16th  problem. 

There  are  three  steps  in  our  approach  for  quadratic  systems: 


1.  To  pirove  the  system: 


f  x  =  —  y  +  lx2  4-  ny 2 
y  =  x(l+ax-  y ) 


(0.15) 


(assume  0<n<l,a<0,  without  loss  of  generality)  has  two  foci:  0(0,0) 
(below  1  4-  ax  —  y  =  0)  and  N(0,~)  (above  1  4-  ax  —  y  =  0)  with  different 
stability  when  l  ^  |  (by  using  the  Dulac  function  (1  —  y)2i_1);  but  O  and  N 
are  both  centers  when  l  =  |,  ( Px  -\-Qy  =  0) . 


2.  To  prove  the  distribution  of  LC  of 
f  x  —  —y  +  8x  +  lx 2  4-  ny2 

y  —  x(l  4 -  ax  -  y)  (0  <  n  <  1,  a  <  0) 


(0.16) 


are  (0,0),  (0,1)  &  (1,0)  (see  [11, Chap. 20],  there  is  still  a  gap  in  our  proof). 

Notice  that  when  8  varies  (16)  forms  half-plane  rotated  vector  fields  on 
each  side  of  the  line  1  4-  ax  —  y  —  0  with  opposite  orientation,  and  we  assume 
unwelcome  semi-stable  LC  will  not  appear  suddenly  around  O  and  around  N. 
Actually,  if  this  happens,  then  in  the  next  step  we  will  meet  a  contradiction  to 
Proposition  A. 

3.  To  get  all  possible  distributions  of  LC  we  have  [52],  in  which  by  using 
Proposition  A  in  IV  W.Y.Ye  proved  that  all  possible  distributions  of  LC  for 
quadratic  systems  are: 
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(3,1)i(1)3),(3,0),(0,3),(2>1),  (1,2), (2,0), (0,2), (1,1), (1,0), (0,1), (0,0). 


We  mention  here  also  some  results  obtained  by  three  mathematicians,  be¬ 
cause  the  way  of  their  approach  is  different  from  that  of  other  mathematicians. 

a.  In  a  series  of  papers  by  P.G. Zhang  [44-50]  in  1995-1999  he  has  succeeded 
in  proving: 

If  a  quadratic  system  has  LC  around  both  two  foci,  then  at  least  around 
one  focus  the  LC  must  be  unique. 

So,  for  quadratic  systems  (2,2)  distribution  of  LC  is  impossible,  this  gives 
a  remedy  of  our  imperfect  proof  in  [11, Chap. 20]. 

b.  Recently  R.E.Kooij  &  A.Zegeling  also  got  beautiful  results  in  this 
respect,  see  [33]  k  [51]. 


Problem  1.  How  to  solve  the  Hilbert’s  16th  problem  for  the  general  cubic 
systems  or  for  a  special  class  of  cubic  systems  by  using  a  method  similar  to 
the  above  steps  for  quadratic  systems? 


Problem  2.  What  will  be  the  Proposition  used  therein,  similar  to  Propo¬ 
sition  A? 


Problem  3.  Is  it  possible  to  give  an  example  showing  that  (16)  can  have 
two  LC  around  0(0,0)? 

VII.  Index-inverse  systems. 


See  my  recent  paper  [53]. 
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In  this  paper,  we  consider  the  existence,  uniqueness  and  asymptotic  theory  of 
semilinear  wave  equations  in  three  space  dimensions. 
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1  Introduction 


The  aim  of  this  paper  is  to  establish  an  asymptotic  theory  for  the  following 
initial  value  problem  for  a  semilinear  perturbed  wave  equation 

f  utt  -  A u  =  eG(u ,  e),  x  £  Rz,  t  >  0,  ^  _ 

u(0,x,e)  —  u0(x,e)}  itt(0,z,e)  =  ui(x,e),  z  £  i?3,  '  *  ' 

where  is  a  real- valued  unknown  function,  A  =  Yli=i  6  is  a  Pa“ 

rameter  with  0  <  |e|  <  e0  <  1,  G(u,e),  uo(z,e)  and  Ui(x,e)  satisfy  some 
assumptions  mentioned  in  Section  2.  In  the  papers  ref.l-ref.4,  the  asymp¬ 
totic  theory  for  validation  of  formal  approximations  of  the  solutions  of  initial¬ 
boundary  value  problems  for  the  second  order  semilinear  wave  equations  in 
one  space  dimension  with  the  best  order  time  function  T  =  0(|e|-1)  has  been 
presented.  In  ref. 5,  the  asymptotic  theory  of  solutions  of  initial  value  problems 
for  the  equation  utt  -  uxx  +  p2u  =  e/(£,z,tt,  e)  (~oo  <  x  <  oo,p2  >  0)  was 
obtained  on  the  long  time  scale  of  order  |e|-1  in  a  suitable  Sobolev  space.  In 
ref.  6,  the  asymptotic  theory  of  initial  value  problems  for  second  order  semi¬ 
linear  wave  equations  is  presented  on  the  time  scale  of  order  |e|-1  in  three 
space  dimensions.  In  this  paper,  an  interesting  result  is  that  the  asymptotic 
theory  and  validation  of  formal  approximations  for  the  second  order  semilin¬ 
ear  wave  equation  in  three  space  dimensions  on  the  long  time  scale  including 
0  <  t  <  T  =  0(|e|_<7)  (<r  >  0,  e  — >  0)  and  0  <  t  <  T  =  oo  are  established  in 
the  classical  sense  of  C2. 

For  simplicity,  we  will  denote  by  C  any  constants  appearing  in  our  paper, 
which  never  depends  on  e. 

2  Existence  and  uniqueness 

Suppose  that  the  nonlinear  term  G(iz,e)  and  initial  value  uo(x,  e),  ui(x}e) 
satisfy  following  assumptions 

(i)  G(u,  e)  £  C2  with  respect  to  u,  G( 0,  e)  =  Gu(0,  e)  =  Guu( 0,  e)  =  0. 

(ii)  If  |u(£,x,  e)|  <  M,  \v(t,x,e)\  <  M,  there  exist  constants  p  >  3  and 
A  >  0  such  that 

|<3(u,  e)|<yl  and  \Guu(u,  e)  —  Guu(v,  e)|  <  A\w\p~l\u  -  u|, 

where  w  —  max{|u|,  |v|},  M  and  A  are  independent  of  e. 

(iii)  uo(x,e)  and  ui(x,e)  satisfy 

|5“u0(x,e)|,  \d£ui (x,  e) |  <  -^+  j^1+fc,  0  <  k  <  1, 
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where  multi-integers  a  and  /3  satisfy  | a |  <  3,  |/3|  <  2,  G  is  independent  of  e. 
Let  Jfc  be  given  by 

j=r  (t,x)  e  [0,oo)  x  R3,  k>  2/(p-l), 

1  (t,x),  ( t,x)e[0,T}xR 3,  0  <  k  <  2/(p  —  1). 

We  define  C2(Jk)  be  the  space  of  all  real-valued  and  twice  continuously  differ¬ 
entiable  functions  W  on  <4  with  norm  ||  •  ||  jt  given  by 

l|W|L  =  sup  [(l  +  *  +  |x|)fc||W(i,x,e)||]<oo,  (2.2) 

( t,x)ejk 


where 


0<3+h+j2+h<2 


di+h+h+hw(t,  x , 
dPdxl1  dx£  dxi3 


We  know  that  C2(Jk)  is  a  Banach  space  with  the  norm  defined  by  (2),  and  for 
any  u  €  C2(Jk ),  |M|  jfc  is  bounded.  By  the  fixed  point  theorem  we  prove  the 
existence  and  uniqueness  of  solutions  to  (1)  in  the  space  C2(Jk). 

Theorem  1  Suppose  that  the  nonlinear  term  G(u}  e),  initial  value  uo(x ,  e) 
and  ui(x,e)  satisfy  assumptions  (i)-(iii)  with  0  <  |e|  <  e0  <  1,  then  we  have 

(1)  If  k  >  2/(p  —  1)  (p  >  3),  there  exists  a  unique  global  C 2  solution  to 
problem  (1). 

(2)  If 


0  <  k  <  min{l,  2/(p  -  1  )}(p  >  3),  0  <  t  <  T  =  0(|e|-1/(2-*p+fe))i 
there  exists  a  unique  solution  u  6  C2(Jk)  to  problem  (1). 


3  Validation  of  formal  approximations 

Suppose  that  on  Jk  x  [— e0 ,  e0],  the  function  v{t,  x,e)  satisfies 

f  Vtt  -Av  =  eG(v,  e)  +  |e|mci(f,  x,  e),  m  >  1, 

)  v(0,x,e)  =  uo{x,e)  +  \e\m-1c2(x,e)  =  vo(x,e),  0  <  |e|  <  e0  «  1,  (3.3) 

^vt(0,x,e)  =  ui(x,e)  +  |e|m_1c3(x,  e)  =  Vi{x,e),  0  <  |e|  <  e0  <  1, 

where  G(v,e),  u0(x,e),  ui(x,  e)  satisfy  assumptions  (i)-(iii).  Suppose  that 
Ci  (t ,  x,  e) ,  C2  (x,  e)  and  c3  (x ,  e)  satisfy  following  conditions 

Ci(t,x,e)  £  C  (Jfc),  and  ||ci(t,x, e)|| .<  1/(1  +  t  +  |x|)^p,  (3.4) 

|5“c2(x,e)|,afc3(x,e)|  <  C'/(l+t  +  |x|)fc+1,|a|  <3,\p\<2,  0  <  k  <  1.  (3.5) 
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From  Theorem  1  it  follows  that  the  initial  value  problem  (3)  has  a  unique 
solution  v(t,  x,e)  G  C2(Jk )■  On  the  other  hand,  the  problem  (3)  can  be  trans¬ 
formed  into  the  following  equivalent  equation 

V(t,  x,  e)  =  fH=1  vo(x  +  tu;,  e)dau]  +  &  ./jw,=1  «i(*  +  tu,  e)dau 

+5F  ./o  (*  “  T)  (t,x  +  T)w>e)>e) 

4-|ejmci(r,x  +  (t  -  t)cj,  €)]dcrwdr. 

If  u  G  C2(Jfc)  is  the  solution  of  problem  (1),  then 

v(t,x,e)  -u(t,Xy€) 

=  /M-1  e)d(T"} 

+5F  iiw|=il£lm_lc3(x  +  tw-€)d<T“  ,,fix 

+£/o(*“t)-/m«  i[G(«(T,*  +  (t-T)w,€),e) 

—G(u(t,  x  +  (t-  t)u,  e),  e)\dcrudT 

Io(t  -  r)  /|w1=1  |e|mci(r,  x(t  -T)Z,e)dawdT. 

'  Thus,  we  get  the  following  asymptotic  approximation  theorem 

Theorem  2  Suppose  that  v(t,x,e)  zs  the  solution  of  the  problem  ( 3 ), 
and  nonlinear  term  G,  initial  data  uQ,  u\  satisfy  assumptions  (i)-(iii).  Let 
Ci(t,x,e),  C2(x,e)  andc%{x,e)  satisfy  (4)  (5).  Then  form  >  1,  the  formal  ap¬ 
proximation  v(t,x,  e)  is  an  asymptotic  approximation  (as  e  — ►  0)  of  the  solution 
u(t,  x,  e)  of  problem  (1).  Furthermore 

b-vhu=0{\er~l)  for  M)G4  (3.7) 
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G. Ladas  presented  a  conjecture  that  the  positive  equilibrium  x  of  the  following 
delay  difference  equation 


Zn+l  = 


a  +  (3xn 

A  +  Bxn  +  Cxn—i 


(B  €  [0,oo ),a,p,A,C  €  (O,oo),*o,x-l  €  (0,oo)) 


is  globally  asymptotically  stable.  Under  the  additional  condition  A  >  (3,  the 
paper  [3]  has  proved  the  result  recently.  In  this  paper,  we  shall  prove  the  positive 
equilibrium  x  is  globally  stable  under  weaker  additional  conditions. 


1  Introduction 


Consider  the  following  difference  equation  with  delay: 


3?n+l 


a  +  /3xn 

- - — . 

A  +  Bxn  +  Cxn—i  ’ 


1,2- * 


(1.1) 


where 

B  G  [0,  oo),  a ,  P,A,C  e  (0,  oo),  x0,  e  (0,  oo).  (1.2) 

Under  condition  (2),  Equation  (1)  has  a  unique  positive  equilibrium: 

__  P-A+  + 

X  2  (B  +  C) 

For  Equation  (1),  a  solution  xn  is  called  to  be  permanent  if  there  exist  two 
positive  constants  M  and  m  (m  <  M),  such  that  for  any  initial  values  x0,xi  e 
(0,oo),  there  exists  a  positive  integer  N  (depends  on  x0,^i),  such  that  m  < 
xn  <  M  for  n  >  N]  A  solution  {xn}  is  called  to  be  globally  attractive  about  the 
positive  equilibrium  x  if  for  any  initial  values  x0,  x~\  £  (0,  oo) ,  limn^oo  xn  =  x; 
If  the  positive  equilibrium  x  is  locally  asymptotically  stable  and  is  globally 
attractive  then  we  say  Equation  (1)  is  globally  asymptotically  stable. 

Jarom,  Kocid  and  G.Ladas  have  proved  if  one  of  the  conditions  (1)  a  = 
0,  (5  >  A  >  0;  (2)  a  >  0,  p  >  A  >  a(B  +  C)  is  satisfied,  then  the  positive  equi¬ 
librium  x  of  Equation  (1)  is  globally  asymptotically  stable.  G.  Ladas  presented 
the  conjecture  that  Equation  (1)  with  condition  (2)  is  globally  stable  without 
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any  other  additional  conditions  [1].  Recently,  the  paper  [3]  has  discussed  the 
permanence,  the  global  stability  and  the  global  attractivity  of  Equation  (1) 
with  condition  (2)  and  proved  if  A  >  j3  then  the  positive  equilibrium  x  is 
globally  attractive  about  any  positive  solutions,  therefore  it  is  globally  stable. 
In  this  paper,  we  shall  discuss  the  global  stability  of  Equation  (1)  and  give 
weaker  sufficient  conditions  for  the  global  stability  of  the  positive  equilibrium 
x  of  Equation  (1). 


2  Results 

Suppose  condition  (2)  holds  henceforth. 

Lemma  1  Equation  (1)  is  permanent,  i.e.  for  any  solution  {scn},  there 
exist  positive  constants  M  and  m(m  <  M),  such  that  for  any  initial  values 
a;o,x_i  €  (0,oo),  there  exists  a  positive  integer  N  (depends  on  xq,x-i),  such 
that  if  n  >  N  then: 

m  <  xn  <  M. 

Lemma  2  The  positive  equilibrium  x  of  Equation  (1)  is  locally  asymp¬ 
totically  stable. 

For  the 'proofs  of  the  lemmas,  see  [3]. 

Lemma  3  If  m  >  then  the  positive  equilibrium  x  of  Equation  (1) 

is  globally  stable. 

Proof  It  suffices  to  show  x  is  globally  attractive.  Let  {xn}  be  a  solution 
with  initial  values  xq,X-i  €  (0,oo).  We  have 


#n-fl  — 


a 


4-  ■ 


fan 


A  -J-  Bxn  4-  Cxn-i  A  +  Bxn  4-  Cxn— i 

a  p  a  +  fan-i 


■  4-  ■ 


A  4"  Bxn  4”  Cxn— i  A  -j-  Bxn  -j-  Cxn—i  A  4~  Bxn— i  4~  Oxn— 2 
a  af3 


4- 


A  4-  Bxn  4-  Cxn— 1  (A  4-  Bxn  4-  Cxn^i)(A  4*  Bxn—i  4*  Cxn- 2) 

_ /?2Zn-l _ 

(■ A  4-  Bxn  4-  Cxn-i){A  4-  Bxn—i  4*  Cxn— 2) 


4- 


a(32 


j=l  Uj=l(A  +  BXn-j  +  C®n-l-i) 
fa+'xo 


H"  nn 


n*U(^ + Bxn~j + Cxn-i 


(2.3) 


418 


As  n  — ►  oo,  the  right  side  of  (3)  is  a  series  of  positive  items  .  Since  Equation 
(1)  is  permanent,  it  is  follows  that  there  exist  positive  constants  M  <  m  and 
an  integer  N,  such  that  if  n>N  then  m<xn<  M.  Thus  we  have 

y' _ aPr _ Pn+1x0 _ 

j—o  Uj=0^  "f"  BXn—j  "I"  Cxn—\ )  ni=o(^  ~h  B%n—j  "1"  C  Xn —\ ) 

<  "y'"1  q/37  0/3”-^ 

_  J=0  ( A  +  Bm  +  Cm)I+l  +  (A  +  Bm  +  Cm)n~N 


.  7  - j - — - 

1=0  nj=o(A  +  BxN-j  +  CxN-j- 1) 


PN+lXo 


(A  +  Bm  +  Cm)n~N  J]|10(A  +  BxN.j  +  CxN-j-x) ' 


Since  (A  +  Bm  +  Cm)  >  /?,  it  is  follows  that  YlT=o  {A+B^+Cm)r+i  is 
convergent.  It  is  easy  to  see  that  the  first  part  and  the  second  part  on  the 
right  side  in  (4)  tend  to  zero  as  n  -►  oo,  so  the  right  side  of  (3)  is  convergent, 
i.e.  limn_oi,  xn  exists.  Suppose  lim^oo  xn  =  A.  Taking  the  limits  on  both 
sides  of(l)asn— ►  oo  yields: 

A  4"  BX  4*  CX 

Since  the  positive  equilibrium  of  Equation  (1)  is  unique,  we  have  limn^oo  xn  = 
x.  Therefore,  the  positive  equilibrium  x  of  Equation  (1)  is  globally  stable.  The 
proof  is  completed. 

^From  the  lemma,  an  immediate  consequence  follows: 

Theorem  1  If  A  >  (5,  then  the  equilibrium  x  of  Equation  (1)  is  globally 
stable. 

The  following  theorem  give  weaker  sufficient  condition  for  the  global  sta¬ 
bility  of  the  equilibrium  x  of  Equation  (1). 

Theorem  2  Let  A1  =  max{^,  1},  A2  =  maxf-^^-,  1},L  = 

max{2i,A1,A2};B1  =  min{ ^ +Q ^ ,  a*£l^Cl,  1},  B2  =  min{l, 

XhF %F+  CL^  ^3  =  min{^,  B1B2}.  If  Bs  >  then  the  equilibrium  x 

of  Equation  (1)  is  globally  asymptotically  stable. 
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Proof  According  to  Lemma  3,  we  need  only  to  show  m  =  B$.  Denote 


KnfipCni'E  n— l)  —  %n 


A  +  Bxn  +  Cxn~i 


For  0  <  x  <  x,  it  is  easy  to  show 


maxa;/(£,  0) 


P A  —  aB  <  0; 


0a-ob>o. 


Q,  Q  Q  £ 

Let  A0  =  max{  — ,  ~A  +  BS^’Al  =  max{j4°>  1}>^2  =  max{/(x,0),l}  = 

“+/3 

max{f^Bi’  l^’L  =  max{25’j4ij42}; 


For  x  <  x  <  L,  it  is  easy  to  find 


minrr  f(x,L) 


a  A  fix 
ABxAC 
a  A  PL 


PA  -  pCL  —  aB  >  0; 
pAAPCL-aB<  0. 


Let  Bq  —  min  xf{x,L)  —  min{ 


a  A  Px 


a  A  PL 


.  A  Bx  ALL1  A  A  BL  A  i 
a  .  „ 


\.Bi  =  min{B0, 1}, 


B2  =  min{/(x, L),  1}  =  min{ ^  +Ai"+~CZ ’ 1 }.’ -®3  =  min{§ > B\B2}.  iFrom 
the  proof  of  Theorem  2.1  in  [4],  we  can  take  : 

X 

M  =  L,m  =  B$  =  min{  - ,  B1B2}. 

^From  Lemma  3  ,  Theorem  2  follows. 


3  An  example 

Consider  the  global  stability  of  the  following  difference  equation: 


xn+l  — 


1  +  Sxn 

2  4*  3xn  A  3xn-i 


In  this  case  a  =  1,  A  —  2,/?  =  B  —  C  —  3.  The  theorems  in  previous 
papers  can’t  assure  the  global  stability  of  Equation  (5). 
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The  positive  equilibrium  of  Equation  (5)  is  x  =  It  is  easy  to  find: 

A  _  a  + fix  _ 5 

0  ~  A  +  Bx  “  r 

Thus 

a 

“  +  P 

Ai  =  ma x{A0}  1}  =  1,  A2  =  max{-^--^,  1}  = 

L  =  max{2x,A1A2)  =  Bo  =  j  =  jfg, 

Thus 

+  /? 

Bi  =min{B0,l}  =  B2  =  min{^ +^- +  1}  = 

B3  =  min{|,BiB2}  =  2IST[jg. 

Since  B3  =  -  H>  by  Theorem  2,  the  equilibrium  x  =  | 

is  globally  stable. 
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In  this  report,  we  will  surrey  some  results  on  the  |  global  attractivity  and  uniform 
stability  of  the  positive  equilibriums  of  the  following  nonlinear  delay  differential 
equations  of  logistic  type 


N'(t)  =  r(t)N(t)  fl  -  ,  t>  0 

N'(t)  =rW(t)T±=$fc t>  0 

N'(t)  =rW(t)£i$£$h,  t>  0 

where  K,  r  >  0, 0  <  c  <  1,  r  G  C([0,  oo),  (0,  oo))  and  s  G  C([0,  oo)[0,  oo)). 
also  put  forth  some  interesting  open  questions. 

We  will 

1  Introduction  and  Open  Questions 

Consider  the  following  delay  Logistic  equations 

N'(t)  —  r[t)N(t)  fl  —  r)^  ,  t>  0,  (see[l]) 

(i.i) 

W'(‘>  -  l1-  c7(t  -  r(!))  ’  t->°’  (S“PD 

(1.2) 

and 

wi-'f'W'UZ'm-Zy 

In  1955,  Wright  [4]  proved  that  if 

(1.3) 

3 

r(t)  =  r  >  0  and  rr  <  - 

(1.4) 

then  all  positive  solutions  of  (1)  tend  to  K. 

In  1993,  Kuang  [5]  conjectured  that  if 

3 

0  <  r(t)r  <  t  >  0 

(1.5) 

mThis  work  was  supported  by  NNSF  (No.  19831030)  of  China 
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then  all  positive  solutions  of  (1)  tend  to  K. 

In  1995,  Chen,  Yu,  Qian  and  Wang  [6]  solved  Kuang’s  conjecture  and 
proved  that  if 

0  <r(t)r<~}  t>  0  (1.6) 

and 

rOO 

'  r(s)ds  =  oo  (1.7) 

o 

then  all  positive  solutions  of  (1)  tend  to  K. 

At  the  same  year,  So  and  Yu  [7]  showed  that  (6)  can  be  replaced  by 


f*  ,  .  ,  3 

r(s)ds  < 

t-r  z 


for  large  t. 


In  1992,  Sugie  [8]  proved  that  if 

,  .  3 

r(t)r  <  a0  <  -,  t  >  0 

JU 


then  the  positive  equilibrium  K  of  (1)  is  uniformly  stable. 
In  [6],  (9)  was  improved  by 

ft  3 

1  r(s)ds  <  OiQ  <  t>r. 

t-r  2 


(1.8) 


(1.9) 


(1.10) 


The  linear  equation 


z*(t)  -f  r(t)z(t  -  r)  =  0,  •  t  >  0  (1.11) 

— linearized  equation  associated  with  (1)  at  K.  (11)  has  been  investigated  by 
many  authors,  for  example  see  [5,9,10]. 

In  [10] ,  it  was  proved  that  if 

rt  o 

1  r(s)ds  <  -,  t>r  (1.12) 

t—T  2 

then  the  zero  solution  of  (11)  is  uniformly  stable. 

Open  Question  1:  Is  it  true  that,  if  (12)  holds,  then  the  equilibrium  K 
of  (1)  is  uniformly  stable? 

In  1991,  Kuang  et  al.,  [2]  proved  that  if  (7)  holds  and  for  some  >  0 

ft 

1  r(s)ds  <  S  <  1  -  ce5  for  t>t\  and  es  <  c-1,  (1.13) 

t-r(t) 
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then  every  global  positive  solution  of  (2)  tends  to  1. 

In  1996,  Yu  [11]  showed  that  (13)  can  be  improved  by 

^  r(s)ds  <  5  <  ~(1  —  ce6)  for  t  >  ti  and  e5  <  c~l.  (1.14) 

2 

In  1996,  Yu  and  Zhang  [12]  proved  that 
r 1  3 

'  r(s)ds  <  8  <  “(1  -  c),  for  t>t  and  e5  <  c~l .  (1*15) 

t-r(t)  2 

implies  the  uniform  stability  of  the  equilibrium  1  of  (2),  where  t  >  0  with 
t  =  r(t). 

Open  Question  2:  Is  it  true  that,  if 

3 

1  r(s)ds  <  -(1  —  c),  for  large  £,  (1.16) 

t-r(t)  2 

then  every  global  positive  solution  of  (2)  tends  to  1? 

Open  Question  3.  Is  it  true  that,  if 

rl  3 

'  r(s)ds  <  -(1  -  c),  for  t  >  t,  '  (1.17) 

t-r(t)  2 

then  the  equilibrium  1  of  (2)  is  uniformly  stable? 

In  1998,  Gopalsamy,  Kulenovic  and  Ladas  [13]  introduced  the  special  form 
of  (3) 

N'(‘>-rW<‘>!TiS?F^'  .  <118) 

see  also  [14].  In  [13],  it  was  proved  that  if 

rrerr  <  1  (1.19) 

then  every  positive  solution  of  (18)  tends  to  1. 

In  1993,  Groved,  Ladas  and  Qian  [3]  proved  that  if  (7)  holds  and 

7  r(s)ds  <  1  4*  £o>  for  t  >  T  and  e0  =  inf {s(t)  :  t  >  0},  (1.20) 

t  —  T 

then  every  positive  solution  of  (3)  tends  to  1. 
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(1.21) 


In  1996,  Yu  [11]  showed  that  if  (7)  holds  and 

r*  3 

1  r(s)ds  <  -,  for  large  t 

t-r  2 

then  every  positive  solution  of  (3)  tends  to  1. 

In  1995,  So  and  Yu  [15]  proved  that  if 

f  - du  <  a  <  for  t>  r  (1.22) 

t-r  1  +  s(u )  2 

then  the  equilibrium  1  of  (3)  is  uniformly  stable. 

The  linearized  equation  associated  with  (3)  at  1  is 

y'(t)  +  Y^v(t  -r)  =  o,t>o.  (1.23) 

Open  Quest ion4:  Is  it  true  that,  if 

/  — ±-L-ds  <  a  < -,  for  t  >  t  (1-24) 

t-r  l  +  s(y)  2’  .  ' 

then  the  equilibrium  1  of  (3)  is  uniformly  stable? 

Open  question  5:  Is  it  true  that,  if 

r  -^SL-du  =  00  (1.25) 

0  1  +  s(u)  ■  ' 

emd 

^  1  T~7  \du  -  f  >  for  large  t,  (1.26) 

t— T  1  +  2 

then  every  positive  solution  of  (3)  goes  to  1? 

2  Some  Results  on  Open  Questions 

Result  1  [16].  The  answer  to  open  question  1  is  positive 
Result  2  [17].  Open  question  2  is  true. 

Result  3  [18].  If  (7)  holds  and  s(t)  >  s0, 

rt  3 

1  r(u)du  <  -(1  +  s0),  for  large  t  (2.27) 

t-r  2 

then  every  positive  solution  of  (3)  goes  to  1. 

—  A  partial  answer  to  question  5. 
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HOMOCLINIC  ORBITS  FOR  SINGULARLY  PERTURBED 
NONLINEAR  SCHODINGER  EQUATION 
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New  York  University 
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E-mail:  zengch@mathl.nyu.edu 

In  this  work,  we  study  a  perturbed  nonlinear  Schrodinger  equation 

tut  =  uxx  +  2  (uu  —u2)u  +  ie(uxx  —  au  —  (3) 

for  u  even  and  periodic  in  x.  The  diffusion  ieuXx  is  an  unbounded  perturbation. 
We  prove  the  existence  of  homoclinic  orbits  for  this  diffusively  perturbed  NLS.  The 
method  was  based  on  invariant  manifolds,  foliations,  and  Melnikov  analysis. 


1  Introduction  and  Main  Theorem 

We  consider  the  perturbed  nonlinear  Schrodinger  equation 

iut  =  uxx  +  2(mt  -v2)u  +  ie(uxx  -  cm-  /?),  (1.1) 

where  u  is  2ir  periodic  and  even  in  x.  The  parameters  u,  a ,  and  (3  are  assumed 
to  satisfy  oj  G  (|,1)  and  0  <  au  <  /?,  and  e  >  0  is  a  small  dissipative 
perturbation  parameter.  We  shall  prove 

Theorem  1.1  For  each  small  e  >  0  and  u,a  >  0  in  certain  intervals ,  there 
exists  /?(e,  a)  such  that  equation  (1.1)  has  an  orbit  homoclinic  to  an  equilibrium. 

When  e  =  0,  the  unperturbed  NLS  is  a  completely  integrable  Hamiltonian 
PDE.  Starting  with  the  Lax  pair  for  the  integrable  NLS,  an  infinite  family  of 
commuting  constants  of  motion  has  been  constructed.  Thus,  One  has  a  rather 
clear  understanding  of  the  dynamics  of  the  integrable  NLS.  However,  these 
structures  are  sensitive  to  small  perturbations. 

The  perturbations  in  equation  (1.1)  break  these  structures.  The  pertur¬ 
bations  contain  three  parts.  The  term  -ecm  represents  damping  and  euxx 
diffusion.  These  dissipative  perturbations  make  the  energy  of  the  system  de¬ 
cay  as  time  evolves.  Under  these  perturbations,  equation  (1.1)  is  in  the  form 
of  the  important  complex  Ginzburg-Landau  equations.  It  has  been  proved 
that  there  exist  a  finite  dimensional  compact  attractor  and  a  finite  dimen¬ 
sional  inertial  manifold  for  the  perturbed  NLS  (1.1) 35.  Though  the  qualitative 
properties  of  the  infinite  dimensional  system  (1.1)  are  contained  in  the  reduced 
finite  dimensional  system  on  the  inertial  manifold,  in  general,  there  is  not  much 
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known  about  the  dynamics  on  the  attractors  and  inertial  manifolds  of  dissi¬ 
pative  systems  except  for  some  special  cases.  Furthermore,  the  dimension  of 
the  attractor  of  equation  (1.1)  increases  to  oo  as  e  — ►  0.  Therefore,  the  exis¬ 
tence  of  the  attractor  of  (1.1)  does  not  help  to  study  homoclinic  orbits  or  other 
important  special  solutions.  On  the  contrary,  starting  with  the  structure  of 
integrable  PDEs,  it  is  natural  to  study  detailed  dynamics  of  weakly  dissipative 
systems,  such  as  (1.1),  as  perturbations  of  integrable  PDEs.  In  this  direc¬ 
tion,  recently,  G.  Cruz-Pacheco,  C.  D.  Levermore,  and  B.  P.  Luce  also  studied 
Ginzburg-Landau  equations  as  perturbation  of  NLS  which  preserve  the  phase 
symmetry.  Here,  the  phase  symmetry  means  that  if  uo(t)  is  a  solution,  then  so 
is  uo(t)et9  for  any  constant  9,  In  a  series4,5,6,7,  they  discussed  the  persistence 
of  special  solutions,  such  as  rotating  waves,  traveling  waves,  quasi-periodic  so¬ 
lutions,  arid  homoclinic  orbits,  through  Melnikov  approach.  Some  necessary 
conditions  are  derived  by  utilizing  some  invariants  of  NLS  and,  in  some  cases, 
sufficiency  is  also  studied.  The  situation  is  different  for  equation  (1.1)  since 
y  the  phase  symmetry  is  destroyed  by  the  external  force  -e/3. 

The  reason  that  we  choose  to  study  homoclinic  orbits  is  that  they  are 
closely  related  to  chaos.  In  recent  years,  there  has  been  extensive  work  done  on 
the  existence  of  chaotic  behaviors  in  dynamical  systems.  Studies  on  the  chaos 
for  perturbed  integrable  PDEs  have  been  carried  out  by  D.  W.  McLaughlin 
and  co-workers. 

When  the  perturbed  NLS  is  studied  numerically,  one  finds  solutions,  which, 
at  large  time  t  1,  consist  in  very  regular  spatial  patterns  which  oscillate  irreg¬ 
ularly,  appearing  to  be  chaotic  in  time.  Details  can  be  found  in28.  This  chaotic 
behavior  is  believed  to  be  closely  related  to  persistent  homoclinic  structures 
from  the  integrable  systems.  Thus,  the  proof  of  the  existence  of  homoclinic 
orbits  for  the  perturbed  NLS  is  naturally  the  next  step.  A  lot  of  work  has  been 
done  in  this  direction.  Some  historical  background  for  can  be  found  in23. 

In  finite-dimensional  systems  there  are  well  developed  techniques  to  show 
the  existence  of  homoclinic  orbits  and  chaos,  see,  for  example,  u,31,  and36. 
Some  techniques  developed  for  finite-dimensional  systems  have  been  extended 
to  infinite-dimensional  ones,  see15,  for  example.  These  methods,  which  will  be 
described  below,  are  used  in  our  construction. 

We  begin  with  a  brief  description  of  the  unperturbed  NLS.  It  has  a  spatially 
uniform  periodic  solution 

q(t)  =  re-mr2-u2)t-9)' 
for  any  fixed  r  ^  uj  and  6 ,  whose  orbit  is  the  circle 
Cr  =  {u  \  ux  =  0,  |u|  =  r}. 
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Using  Baklund-Darboux  transformations,  one  can  obtain  exact  solutions  ho¬ 
moclinic  to  q(t ), 


q±(t)=e-2i* 


/cos2p-isin2ptanhr±5i|^^\ 

i  sin  p  cos  x 
'  coshr 


(1.2) 


where  l  +  ier 

r  =  crr(t  +  to),  ar  =  A/4r2  —  1,  andeip  =  — - — -. 

It  is  easy  to  see  that  gjf(t)  are  homoclinic  to  g(£)  with  a  phase  shift  — 4p. 
When  r  =  w,  Cw  is  a  circle  of  fixed  points  and  qf  (t)  are  heteoclinic  orbits. 
These  periodic  orbits  and  their  homoclinic  orbits  are  special  cases  of  general 
whiskered  tori  and  ‘figure  8’  structures  of  integrable  systems28.  (For  a  more 
complete  description  of  the  integrable  structures  of  NLS,  see,  for  example, 22 , 
27 ,  28 ,  32.)  Under  above  perturbations,  the  circle  Cw  of  fixed  points  breaks 
and  a  saddle  Qe  appears  in  a  neighborhood  of  Cu.  We  shall  prove  that,  for 
sufficiently  small  e  >  0,  there  exists  a  solution  homoclinic  to  Qe.  As  e  — »  0,  the 
homoclinic  orbit  converges  to  the  union  of  two  arcs  of  Cu  and  an  unperturbed 
heteoclinic  orbit  to  Cu  in  the  form  of  (1.2).  The  speed  of  the  motion  along  the 
homoclinic  orbit  has  two  different  scales.  When  it  is  near  the  circle  Cw,  the 
speed  is  0{y/e ),  and  when  it  is  near  an  unperturbed  heteoclinic  orbit  (1.2),  the 
speed  is  0(1). 

The  analysis  for  existence  of  homoclinic  orbits  for  the  perturbed  NLS  was 
initially  carried  out  for  finite  dimensional  versions,  first,  a  four-dimensional 
Fourier  truncation,  in 16, 17, 18, 19,  29,  and  then  a  (2 TV"  +  2)-dimensional  finite 
difference  discretization,  in20,  21 ,  24 .  In23,  the  existence  of  homoclinic  orbits 
was  proved  for  the  equation 

iut  =  uxx  -h  2 (uu  -  u2)u  +  ie(/3Bu  -  au-  1),  (1.3) 

where  the  operator  B  is  a  Fourier  truncation  of  dxx ,  i.e. 

B'B^Lq  cos  kx  =  Efclo  —  cos  kx  (1.4) 

for  some  K  >  0.  The  only  difference  between  equation  (1.3)  and  (1.1)  is  that 
the  bounded  operator  B  is  replaced  by  the  unbounded  operator  dxx.  The 
truncated  diffusion  is  a  bounded  operator  and  equation  (1.3)  is  a  regular  per¬ 
turbation  to  the  NLS.  In  these  works,  the  constructions  of  homoclinic  orbits  are 
very  geometric,  in  which  invariant  manifolds,  foliations  and  Melnikov  method 
play  important  roles.  That  analysis  is  very  influential  in  this  paper.  In23,  the 
typical  steps  in  proving  the  existence  of  homoclinic  orbits  in  this  setting  were 
laid  out: 
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1.  Study  the  spatially  uniform  solutions  of  the  perturbed  equation; 

2.  In  a  neighborhood  of  the  circle  C^,  construct  its  center-stable  and  center- 
unstable  manifolds  and  the  stable  and  unstable  foliations  of  them,  and 
the  stable  manifold  of  the  saddle  Qe; 

3.  By  the  Melnikov  method,  study  the  existence  of  orbits  which  start  from 
the  unstable  manifold  of  Qe  and  enter  the  perturbed  center- stable  man¬ 
ifold  of  the  circle  C^\ 

4.  Using  the  stable  foliation  of  the  center-stable  manifold  of  the  circle  <7W 
and  the  known  phase  shift  of  unperturbed  homoclinic  orbits,  determine 
if  the  orbits  mentioned  in  3  enter  the  stable  manifold  of  Qe. 

In  the  estimate  of  the  size  of  the  local  stable  manifold  of  Qe,  a  normal  form 
transformation  is  used  in  step  2.  Recently,  there  have  been  studies  on  the 
existence  of  multi-pulse  solutions  of  equation  (1.3)  and  its  discretized  version, 
which  are  solutions  repeatedly  leaving  and  coming  back  to  a  neighborhood  of 
the  circle  CL  with  two  time  scales,  see13  and14. 

We  shall  apply  the  similar  idea.  However,  as  the  bounded  perturbation 
in  equation  (1.3)  is  replaced  by  the  unbounded  one  in  (1.1),  some  difficulties 
arise.  Let  S\{u)  and  Sl(u )  denote  the  solution  operators  for  equation  (1.1) 
and  (1.3),  respectively,  with  initial  value  u.  Then 

•  §1  is  defined  for  all  t  6  (— oo,  -Foo)  and  for  any  t,  5*  is  a  diffeomorphism 
on  the  phase  space,  but  S*  is  only  defined  for  t  >  0  and  S*  is  a  smooth 
compact  map  on  the  phase  space  for  each  t  >  0. 

•  While  S\{u )  is  smooth  in  e  and  u,  S\{u)  is  only  continuous  in  e  and  DUS\ 
is  not  continuous  in  e.  Therefore,  S\  is  not  a  C 1  perturbation  of  S^. 

As  the  first  consequence,  the  derivative  of  S*(u)  in  e  has  to  be  interpreted 
carefully.  More  importantly,  as  S\  is  no  longer  a  C 1  perturbation  of  5$,  the 
construction  of  invariant  manifolds,  foliations  and  their  dependence  on  e  be¬ 
come  very  delicate  issues.  Though  some  results  on  these  geometric  structures 
can  still  be  obtained,  the  center-unstable  and  center  manifold  of  C w  and  stable 
foliation  in  the  center-stable  manifold  of  CL  are  destroyed. 

It  is  worth  mentioning  that  there  is  another  approach  to  proving  the  per¬ 
sistence  of  homoclinic  orbits  by  setting  up  the  problem  in  space-time  function 
spaces  and  using  a  Lyapunov-Schmidt  reduction  and  the  Fredholm  Alternative, 
see,  for  example,26.  The  persistence  of  the  ‘breather7  for  a  regularly  perturbed 
sine-Gordon  equation  is  proved  in  30  and  for  a  singularly  perturbed  one  in  33 
by  this  approach.  Generally,  this  approach  works  well  when  the  persistent 
homoclinic  orbit  has  only  a  single  time  scale. 
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2  Sketch  of  the  Proof 

Step  1.  We  study  equation  (1.1)  restricted  to  the  plane  of  constant  states 

IIC  —  =  0}, 

which  is  an  invariant  plane  under  both  the  perturbed  and  unperturbed  NLS. 
For  e  =  0,  Cr  is  a  periodic  orbit  for  r  ^  u  or  a  circle  of  fixed  points  for  r  =  u. 
These  structures  are  destroyed  for  e  >  0.  In  an  0(y/e)  neighborhood  of  Cw,  a 
weak  saddle  Qe  emerges.  The  linearized  equation  at  Qe ,  restricted  to  nc,  has 
a  positive  eigenvalue  and  a  negative  eigenvalue  both  of  order  0(\fe).  We  refer 
to  them  as  the  weakly  stable  and  weakly  unstable  eigenvalues.  The  stable  and 
unstable  curves  of  Qe  inside  nc  are  smooth  curves  P/  and  Peu,  respectively, 
which  are  0(y/e)  close  to  the  circle  Cw.  On  a  segment  of  the  stable  (unstable) 
curve  of  length  of  0(1),  the  orbit  moves  towards  Qe  at  an  exponential  rate 
y  0(y/e)  as  t  — ►  oo  (— oo).  Finally,  we  set  up  a  form  of  equation  (1.1)  in  the 
whole  phase  space,  the  space  of  even  H 1  functions  in  x. 

Step  2.  Construct  the  stable  and  unstable  manifolds  of  Qe,  and  the  center 
stable  manifold  of  Cw.  First,  we  consider  the  linearized  equations.  For  e  =  0,  at 
any  point  on  the  circle  of  fixed  points  CUJ  the  linearized  unperturbed  equation 
has  a  negative  eigenvalue  and  a  positive  eigenvalue  both  with  algebraic  mul¬ 
tiplicity  1.  In  addition,  0  is  an  eigenvalue  with  algebraic  multiplicity  2  whose 
eigenspace  is  the  plane  of  constants  IIC.  All  other  spectrum  of  the  linearized 
unperturbed  NLS  are  purely  imaginary  and  represent  rotations  at  different 
frequencies.  For  small  e  >  0,  we  consider  the  linearized  equation  at  the  saddle 
Qe.  As  described  in  the  above,  the  double  eigenvalue  0  splits  into  the  weakly 
stable  and  unstable  eigenvalues  of  order  of  0{y/e).  In  the  directions  normal  to 
the  plane  IIC,  the  original  unstable  and  stable  eigenvalues  persist  and  we  refer 
to  these  eigenvalues  of  0(1)  as  strongly  unstable  and  stable  eigenvalues.  All 
other  originally  purely  imaginary  eigenvalues  are  pushed  to  the  left  half  of  the 
complex  plane  by  the  perturbations.  Though  they  are  all  stable  eigenvalues, 
their  real  parts  range  from  O(e)  to  —oo. 

Based  on  the  studies  of  the  eigenvalues,  we  start  to  construct  the  unsta¬ 
ble  manifold  of  Qe  for  the  perturbed  equation.  Since  the  weakly  unstable 
eigenvalue  is  of  order  0(<v/i),  the  usual  argument  only  yields  a  local  unstable 
manifold  of  size  which  is  too  small  for  our  purpose.  Fortunately,  the 

invariance  of  the  plane  nc  and  the  0(1)  gap  between  the  strongly  unstable 
eigenvalue  and  the  other  eigenvalues  allows  us  to  construct,  based  on  each 
point  in  a  5  neighborhood  of  C w  inside  IIC,  a  strongly  unstable  fiber  of  length 
5,  where  5  is  a  small  number  independent  of  e.  Here  each  fiber  is  a  C 1  curve  in 
the  strongly  unstable  direction  passing  through  its  base  point.  The  fibers  are 
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also  C 1  in  parameters  a,  (3 ,  and  e.  The  union  of  the  strongly  unstable  fibers 
based  on  the  unstable  curve  P( f  C  IIC  is  the  2-dimensional  unstable  manifold 
of  Qt.  Every  point  on  the  unstable  manifold  has  a  backward  orbit  which  tends 
to  Qc  as  t  — >  -oo. 

Next,  we  construct  the  codimension-1  local  center-stable  manifold  of  the 
circle  C It  is  a  locally  invariant  manifold  transversal  to  the  strongly  unstable 
direction,  which  may  be  viewed  as  a  codimension-1  stripe  along  the  circle  Cu 
of  width  5  independent  of  e.  The  C 1  center-stable  manifold  is  also  C 1  in 
parameters  a  and  (3.  In  addition,  we  show  that  its  restriction  to  H 3  is  Lipschitz 
in  e.  One  of  the  important  properties  is  that  orbits  in  the  center-stable  manifold 
do  not  separate  at  exponential  rates  larger  than  0(yf£). 

Finally,  we  construct  the  stable  manifold  of  Qe.  Recall  that  Qe  has  a  stable 
curve  Pes  inside  the  plane  IIC  and  all  but  2  eigenvalues  of  the  linearized  equation 
at  Qe  have  negative  real  parts.  The  stable  manifold  is  a  codimension-2  stripe 
along  Pes.  The  problem  is  the  width  of  the  stripe.  Since  the  negative  real  parts 
of  those  stable  eigenvalues  may  be  as  small  as  0(e),  the  usual  argument  only 
yields  a  width  of  order  0(e),  which  is  too  small  for  our  analysis.  In23,  a  normal 
form  transformation  is  used  to  eliminate  the  quadratic  terms  in  the  equation 
and  then  the  width  improved  to  be  of  order  0(e?).  Actually,  that  approach 
might  be  able  to  be  used  to  improve  the  width  to  be  of  order  0(e2).  Here, 
though  the  normal  form  transformation  works,  we  take  a  different  approach. 
In  the  first  step,  note  that  the  gap  between  the  weakly  unstable  eigenvalue 
and  the  weakest  stable  eigenvalue  is  of  order  0(y/P).  Taking  advantage  of  this 
gap,  we  can  construct  a  codimension-2  locally  invariant  manifold  W)  which 
may  be  viewed  as  a  stripe  of  width  0(<v/e)  along  the  stable  curve  P/.  The 
codimension-2  stable  manifold  of  Qe  is  a  stripe  contained  in  W.  Next,  we 
study  a  modified  Hamiltonian  along  orbits  in  W  and  show  that  the  basin  of 
attraction  of  Qe  is  a  stripe  along  P/  of  width  0(-s/e). 

Step  3.  With  these  geometric  structures,  we  start  to  construct  the  homo¬ 
clinic  orbit  for  the  perturbed  equation  (1.1).  Keep  in  mind  that  if  a  solution  is 
in  the  local  unstable  manifold  of  Qc  at  some  time  and  in  the  local  stable  man¬ 
ifold  at  a  later  time,  then  it  is  homoclinic  to  Qe.  Therefore,  we  take  a  solution 
with  initial  point  in  the  unstable  manifold  of  Qt  and  show  that  it  actually  enters 
the  stable  manifold  of  if  the  parameters  and  the  initial  point  are  properly 
chosen.  Since  the  stable  manifold  is  codimension-2,  we  need  2  measurement 
to  guarantee  that  it  enters  the  stable  manifold.  The  first  measurement  is  to 
prove,  by  the  Melnikov  method,  that  the  solution  enters  the  codimension-1 
center-stable  manifold  of  the  circle  C&  for  appropriate  parameters.  Finally, 
we  find  conditions  under  which  the  solution  enters  the  codimension-2  stable 
manifold  of  Qe,  by  the  second  measurement.  This  is  done  by  tracking  an  un- 
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perturbed  homoclinic  orbit  for  a  time  period  of  order  of  0(log  and  using  its 
known  phase  shift. 
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This  paper  studies  a  dynamic  system  described  by  a  regularized  long- wave  equation 
posed  on  a  finite  domain.  It  shows  that  if  the  forcings  of  the  system  are  time 
periodic  with  small  amplitude,  then  the  system  admits  a  unique  time  periodic 
solution  which,  as  a  limit  circle,  forms  an  inertial  manifold  for  the  system. 


1  Introduction 

This  paper  is  concerned  with  initial-  and  two-point  boundary  value  problem 
(IVBP)  for  the  regularized  long- wave  equation 

ut+ux  +  uux  -  auxx  -  uxxt  =  f  (1.1) 

posed  on  a  finite  interval  x  €  (0, 1)  for  t  >  0  with  initial  condition 

u(x,0)  =  4>(x);  *€(0,1),  '(1.2) 

and  the  nonhomogeneous  boundary  conditions 

u(0,t)  =  hi(t),  u(l,t)  =  h2(t),  (1.3) 

where  a  >  0  is  constant,  and  /  =  /(x,t)  is  a  given  external  forcing.  When  a 
is  zero,  the  equation  (1.1)  is  known  as  the  BBM  (Bejamin,  Bona  and  Mahony) 
equation  or  alternative  KdV  equation,  which  is  commonly  used  as  a  mathe¬ 
matical  model  for  unidirectional  propagation  of  small-amplitude  long  waves  in 
nonlinear  dispersive  systems.  The  well-posedness  of  the  IVBP  (1.1)-(1.3)  has 
been  established  earlier  in  the  works  of  Bejamin  et  al.  1,  Bona  and  Douglis 
2,  and  Bona  and  Luo3.  Our  main  concerns  in  this  paper  for  the  IVBP  (1.1)- 
(1.3)  are  the  existence  of  its  time  periodic  solutions  and  thier  stability.  More 
precisely,  we  study  the  folloiwng  problems. 

Suppose  that  the  forcings  f }  h\  and  h2  are  time  periodic  functions  of  period 
to  >  0.  (a)  Does  the  equation  (1.1)  possess  a  time  periodic  solution  u(x,t ) 
satisfying  the  boundary  conditions  (1.3)9  (b)  What  is  the  long  time  behavior 
of  the  solution  of  (1.1)- (1.3)9 
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There  have  been  many  studies  on  time  periodic  solutions  of  partial  differ¬ 
ential  equations.  For  early  works  on  this  subject,  see  Brezis5,  Vejvoda  et  al.  9, 
Keller  and  Ting7,  Rabinowitz8  and  the  references  therein.  For  recent  works, 
see  Bourgain4,  Craig  and  Wayne6,  Wayne.  11  In  particular,  see  Wayne10  for  a 
recent  review  on  periodic  solutions  of  nonlinear  partial  differential  equations. 

In  this  paper  we  will  show  that  with  the  time  periodic  forcings  (of  period  u) 
of  small  amplitude,  the  system  (1.1)-(1.3)  does  possess  a  unique  time  periodic 
solution  u*(x,t)  of  period  u.  It  will  be  shown  that  this  unique  time  periodic 
solution  u*(x,t),  as  a  limit  circle  for  the  system  (1.1)-(1.3),  is  also  a  global 
attractor,  for  any  (j)  E  H1( 0, 1)  satisfying  the  compatibility  conditions 

^(o)  =  Mo),  0(i)  =  MO)  (i.4) 

the  corresponding  solution  u(x,t)  of  (l.l)-(1.3)  satisfies 

\H,t)-u*^t)\\m{0il)<Ce-^  (1-5) 


for  any  t  >  0  where  \i  >  0  is  independent  of  <p. 

The  paper  is  organized  as  follows.  In  section  2  we  discuss  long  time  behav¬ 
ior  of  the  system  (1.1)-(1.3)  without  assuming  time  periodicity  of  the  forcings. 
The  results  presented  in  this  section  is  more  or  less  similar  to  those  in  Bona  and 
Luo  3  in  nature.  However,  the  estimates  established  in  this  section  are  crucial 
in  discussing  time  periodic  solutions  of  the  system  (1.1)-(1.3).  The  existence 
of  the  forced  oscillation  and  its  stability  analysis  will  be  discussed  in  section  3. 

2  Asymptotic  behaviour 

In  this  section  we  present  the  following  asymptotic  stability  results  for  the 
IVBP  (1.1)-(1.3). 

Theorem  2.1  Let  a  >  0  be  given .  Suppose  that  f  e  Cb(R+ ;  i?-1(0,  1)),  <f>  e 
-ET1  (0, 1)  and  hi,  h2  €  <7^(0,  +00)  satisfy  the  compatibility  condition  (1.4)  and 

( ||/(-, t) |U-.(0,i)  +  |A(t)|  +  \h'(t)\\  <  a2/4 

with  h  =  (hi,  hz)  and  |h(t)|  =  |/ii(£)|  4-  \h2(t)\.  Then ,  there  exist  7  >  0 
depending  only  on  a  and  T  >  0  such  that  the  corresponding  solution  u  of 
(1.1)-(1.3)  satisfies 

IW*,  t)||tfi(o,i)  <  Cre +  Ca  Ol/llcb(T,t;fr-l(o,i))  +  (2-1) 
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for  any  t  >T  where  Ca  >  0  only  depends  on  a  and  Ct  >  0  depends  only  on 
||0IIh1(o,i)  and  II / II Cb(o, T;#-1  (0,1)  and  ll^llcj(o,T)*  In  particular,  if 

0|/(-.OIIh-1(o,i)  +  m\  +  \H)\\  =  °> 

then 

tUm  ||u(-,t)||Hi(0il)  =  0. 

In  addition,  if  there  exists  a  (3  >  0  such  that 

ll/(-.*)ll«->(o,i)  +  +  l^#(*)l  <  C7e~^* 


for  some  constant  C  >  0  and  any  t  >0,  then  there  exists  7  >  0  depending  on 
a  and  f3  such  that 

l|w(',t)|Ui(o,i)  ^ 

for  any  t  >  0  where  C*  >  0  depending  on  ||0||jji(o,i),  ||/llct(fl+- H~Ho  l))  and 

Men*)- 

To  prove  Theorem  2.1,  we  consider  first  the  linear  problem 


I  u>t  ~f"  Ux  olUxx  nxxt  —  Oj  i  ^  (0, 1),  t  ^  0, 
^  u(x,  0)  =  4>{x)  u(0,t)  =  0,  u(l,£)  =  0. 


(2.2) 


For  any  <j>  G  Hq  (0, 1),  (2.2)  admits  a  unique  solution  u  =  W(t)<j>  €  Cb(R+ ;  Hq  (0, 1)) 
where  {VF(t)}^0  is  an  analytic  semigroup  generated  by  the  bounded  linear  op¬ 
erator  A  in  the  space  Hq(0,  1)  defined  by 

Af  =  (I  -  dl)-1  (dx  -  ad2x) 


for  any  /  G  Hq  (0,1).  Here  (/-<92)-1  is  the  inverse  of  the  elliptic  operator  I-  d% 
with  the  domain  { g  G  i?2(0, 1),  <?(0)  =  <?(1)  =  0}.  A  direct  computation 

shows  that 

max{ReA,  A  G  cr(A)}  —  -a. 

As  a  result,  there  exists  a  constant  C  >  0  such  that 


\\wm\Hiio,i)  <  11011^(0, 

for  any  t>  0  and  £  Hq  (0, 1). 

We  consider  next  the  nonhomogenous  problem 

j  Ut  4"  ux  —  oluxx  —  uxxt  =  f(%,t), 

^  u(x,  0)  =  (f>(x),  u(0,t)  =  fti(t),  u(M)  =  h2(t) 


(2.3) 


(2.4) 
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for  x  €  (0,1)  and  t  >  0.  Let  v(x,t)  =  xh2(£)  +  (1  —  x)hi(t)  and  w(x,t)  = 
u(x,t)  -  v(x,t).  Then  w  solves 

j  wt  +wx  -  awx x  -  wxxt  =  /(x,  t)  -  vt  -  vx, 

^  w(x,0)  =  <f>{x)  -  n(x,0)  =  </>*( x ),  w(0,t)  =  0,  w(l ,t)  =  0 

for  x  G  (0, 1)  and  t  >  0.  If  /  €  L}0C(R+;H~1( 0, 1)),  <p  G  1)  and  hi,  h2  G 
ffk(0,+°o)  satisfying  the  compatibility  conditions  (1.4),  then  (2.4)  admits  a 
unique  solution  u  G  C(R+\ H1( 0, 1))  with 

u(M)  =  v(M)+W(i)(<£*)+  ^  W(i-r)(/-a*)-1  (/(-,r)  -vt(-,r)  -«*(-, r)). 

0 

Applying  the  estimate  (2.3)  yields  the  following  result. 

Proposition  2.1  Let  f  G  Cb{R+;  H~l(Q,  1)),  <j>  G  iif 1  (0, 1)  and  hi,  h2  G 
C^(0,  -boo)  satisfying  the  compatibility  condition  (1-4)-  Then  the  corresponding 
solution  u  of  (2.4)  satisfies 

ll«0> *)|| jji(o,i)  <  e~atW\x  +  -  Ol/llafc(o,t;H-1(oli))  +  ll^llc^o,*)^  (2-5) 
for  any  t  >  0.  If  in  addition,  there  exists  a  (3  >  0  such  that 
||/(‘^ +  ||h(t)||  +  | h'(t)\  <  C\e~pt 
for  any  t>  0,  then 

IK,  t)llHi(o,D  <  Ce-at||^l|jfi(a.i)  +  —c-7*  (2-6) 

for  any  t>  0  with  7  =  min{a,/3}. 

Proof  of  Theorem  2.1:  The  solution  u  of  (1.1)-(1.3)  may  be  written  as 
u(x,t)  =  v(x,t)  +  w(x,t)  . 

where  v  solves  the  linear  problem  (2.4)  and  w  solves  the  nonlinear  problem 
(  Wt+Wx+  WWX  +  (vw)x  -  OtWxx  ~  ‘Wxxt  =  ~VVX) 

)  (2.7) 

{w(x,0)=0,  u>(0,  t)  =  0,  iu(l,  t)  =  0. 

Multiply  the  both  sides  of  the  equation  in  (2.7)  by  2w  and  integrate  with 
respect  to  x  over  (0, 1).  By  integration  by  parts, 

d  /*1  /*1  r  1 

—  *  (w2+wl)dx  +  2a  *  w2dx- b  ‘  vxw2dx  —  ‘  n,nt 

dt  0  0  0 


-2  1  vvxwdx . 
0 
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Since 


f 

Kw2\dx  <  IK>t)||i«(0ii)||v(->t)||Hx(oIi)  <  ||w*(-,i)||£a(o,i)||w(-,*)||/ri(oIi) 

and 

1 

2  '  \vvxw\ dx<  ||wa:(-,t)||L2(o,i)||v(-,i)llH1((i,l)  ^“lk!t(-,i)Hia(0,l)+-|K-. O.IIh1(0,1)> 

one  arrives  at 

jt  (  (w2+wl)dx  +  (a- ||u(-,i)||Hi(o)i))  (  ^dx  <  ^||u(-,i)|||rl(0il). 

By  Grownall’s  inequality,  if  thre  is  a  T  >  0  such  that 

6  =  T<$+00  <Q>  (2-8) 

then 

IK->i)ll|i(0,i)  ^  +  i  ^e~ll(t~3)\K’s)\lm(0,i)ds 

(2.9) 

with  71  =  a  —  S  for  any  t  >T.  As  for  u,  by  Proposition  2.1, 

lk(‘v^)l|i/1(0»l)  -  6  atHv(*JT)lliyrl(0,l)  +  “  ^  11/ II Cb(r,t;H-1  (0,1))  +  H^Hc^r,*)^ 

for  any  t  >  r.  By  the  assumptions  on  the  forcings,  one  my  choose  r  >  0  such 
that 

ll/llc(>(r,t;fl--i(0,l))  +  ll^llci(r,t)  <  (2-10) 

for  any  t  >  r.  Thus  (2.8)  is  satisfied  if  T  >  0  is  chosen  such  that 

e"aTIK,r)||Hi(0>1)  <  (2.11) 

Then  one  may  complete  easily  the  proof  by  using  the  assumptions  and  the 
above  estimates.  □ 

3  Forced  oscillations  and  global  stability 

In  this  section  we  assume  that  a  >  0  and  the  forcings  /,  hi  and  hi  are  all 
time-periodic  functions  of  period  cj  >  0. 
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Theorem  3.1  Suppose  that  hi,  h2  6  Cl(R+)  and  f  £  Cb(R+]  H  1(0J  1)  and 

op 

ll/llCfc(O,cj;H’'1(0,l))  +  mClM  <  (3-1) 

where  the  constant  Ca  >  0  is  as  given  in  Theorem  2.1.  Then  the  equation 

(1.1)  admits  a  unique  time  periodic  solution  u*  £  Cs(R+‘,H2(0, 1))  of  period 
u  satisfying  the  boundary  conditions  (1.3):  Moreover,  there  exists  a  7  >  0 
such  that  for  any  £  H1( 0, 1)  satisfying  the  compatibility  conditions  (1-4)  >  the 
corresponding  solution  u  of  (1.1)-(1.3)  satisfies 

for  any  t  >  0.  In  other  words,  the  set  {u*(-,t),  0  <  t  <  to},  as  a  limit 
circle,  forms  an  inertial  manifold  in  the  space  H 1  (0, 1)  for  the  dynamic  system 
(1J)-(1.8). 

Proof:  For  the  given  forcing  functions  /,  hi  and  /i2  satisfying  the  inequality 

(3.1) ,  choose  (j>  £  iJ2(0, 1)  such  that  the  compatibility  conditions  (1.4)  are 
satisfied.  Let  u(x,  t)  be  the  corresponding  solution  of  the  IVBP  (1.1)-(1.3).  By 
Theorem  2.1, 

tlhn  ||u(-,t)||tf  1(0,1)  <  Ca  (WfWcbiOwH-'iOA)  +  \\h\\cii0^  .  (3.2) 

Moreover,  it  can  be  further ly  shown  that  u{-,t)  £  H2( 0,1)  for  any  t  >  0  and 
the  set  {||w(-,  t)||fl-2(0>1)}^  is  uniformly  bounded.  Let  be  a  sequence  with 
tk  — »  00  as  k  — ►  00  such  that  u(',tk)  converges  to  a  function  ^  £  H2{ 0, 1) 
weakly  in  H2{ 0, 1)  and  strongly  in  U^O,  1)  as  k  — ►  00.  Taking  i/)  as  an  initial 
data  in  the  IBVP  (1.1)-(1.3)  with  the  given  forcings  /  and  h,  we  prove  that 
the  corresponding  solution,  named  as  u*(x,  t),  is  a  time  periodic  function  of 
period  u.  . 

First,  let  v(x,  t)  =  u(x,  t+uj)-u(x ,  t).  Then  the  following  statement  holds. 
Claim:  There  exist  r  >  0  and  7  >  0  such  that 


for  any  t  >  r. 

Indeed,  because  of  the  periodicity  of  /  and  h,  one  sees  that  v(x,t)  solves 
the  following  linear  problem  with  the  variable  coefficient  b(x ,  t)  =  u(x,  t  -ft*;)  4- 
u(x,  t): 


j  Vt  +  vx  +  (bv)x  -  vxxt  -  avxx  =  0, 

^  t>(x,0)  =  4>*(x),  v(0,t)  =  0,  v(t,t)  =  0, 


(3.3) 
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where  <j)*{x)  =  u(x,u)  —  u(x,  0).  Multiply  the  both  sides  .of  th  equation  in  (3.3) 
by  2v  and  integrate  over  (0, 1)  with  respect  to  x.  Integration  by  parts  leads  to 

d  r1  f 1  f1 

—  '  (v2  +  v2)dx  +  2a  '  v\dx  +  '  bxv2dx  =  0, 

M  0  0  0 

or  1  1 

4  ^  (u2+v2)dx  +  (2a-||6(-,t)||Hi(0>i))  ^  vldx<0 
at  o  o 

for  any  £  >  0,  which  yields  that 

for  any  t  >  r  >  0.  By  Theorem  2.1,  one  can  choose  a  r  >  0  such  that 
27  =  2a  — sup  || &(•,£) || Hi (o  i)  >0. 

t>T 

The  claim  is  therefore  true. 

In  particular, 

IK-.  **!+«)-«(•,  *011^(0,1)  ^  ll'u (‘ > T) II h1  (o,i) e-72 (tfc _t) 

for  any  tk  >  r.  Note  that  while  u(-,tk)  converges  to  ip  =  u*(-,0)  strongly  in 
H^O, 1),  u^jtk+w)  converges  to  u*(-,u>)  strongly  in  H1  (0, 1)  as  k  — >  00.  Since 

II -  w*(*,0)||hi(Oii)  <  !!«*(•,  w)  -«(-,£*  +w)||hi(0|i)  + 


4-w)  -  u(-,  4)11^1(0, 1)  +  ||ti(-,*fc)  -  u*(-,0)||h  1(0,1) 

for  any  tk  >  r,  we  conlude  that  u*(x,uj)  =  «*(®,0)  for  any  z  €  (0,1)  and 
u*(x,  £)  is  a  time  priodic  function  of  period  oj. 

To  show  the  uniqueness,  let  u\  and  U2  be  such  two  time  periodic  solutions 
with  the  given  forcing  funcitons  /  and  h.  Let  v  —  u\  —  u2-  Then  v  solves 
the  linear  problem  (3.3)  with  b  —  ui  + 112  and  <p*(x)  —  ui(x,  0)  —  U2(x,  0).  By 
Theorem  2.1, 

sup||fe(-,£)||Jffi(o  i)  <  2a 
t>  0 

and  consequently,  v  decays  to  zero  exponentially  in  the  space  H1( 0, 1).  There¬ 
fore  ui{x,t)  =  U2(x,t)  for  any  x  G  (0,1)  and  t  >  0  because  they  are  time 
periodic  functions. 
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Finally,  we  show  that  the  time  periodic  solution  t i*(x,t),  as  a.  limit  cir¬ 
cle  in  the  space  H1( 0,1)  for  the  system  (1.1)-(1.3)  is  globally  exponentially 
stable.  To  this  end,  for  any  given  <\>  €  if1  (0,1)  satisfying  the  compatibility 
conditions  (1.4),  let  u(x,t)  be  the  corresponding  solution.  Then  w(x,t)  = 
u(x,  t)  —  u*((x ,  t)  solves  the  linear  system  (3.3)  with  b(x ,  t)  —  u(x ,  t)  -f  u*(x,  t) 
and  0*(:c)  —  <f>(x)  —  u*(x,  0).  Then  the  same  argument  as  that  used  to  prove 
the  Claim  shows  that  there  exist  r  >  0  and  7  >  0  such  that 

IH-,*)IUi(o,i)  <  IH-,r)||ffi(o,i)e-7(*-T) 

for  any  t  >  r.  The  proof  is  complete.  □. 
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HOPF  BIFURCATION  OF  NONLINEAR  DIFFERENTIAL 
EQUATIONS  WITH  DELAYS 

JUAN  ZHANG,  ZUXIU  ZHENG 
Department  of  Mathematics , 

Anhui  University, 

He  Fei,  230039, P.R.  China 

In  this  paper,  we  deal  with  the  Hopf  bifurcation  points  and  asymptotic  periodic 
solutions  of  three  classes  of  differential  equations  with  delays. 


We  consider  the  Hopf  bifurcation  of  the  following  non-linear  retarded  dif¬ 
ferential  equations  with  time  delay  as  a  parameter  or  with  others  parameter 


y 

x{t)  = 

(o.i) 

x(t)  =  ax(t )  +  bx(t  -r)  +  f(x(t),x(t  -  r),t ), 

(0.2) 

x"(t)  +  ax' {t)  +  b  sin  x(t  -  r)  +  f3x(t  -  r)  =  p(t). 

(0-3) 

We  can  suppose  that  x  —  0  is  a  equilibrium  point  of  system  (2.11),  (0.2)  and 
(0-3). 


1  Hopf  bifurcation  of  system  (2.11) 

In  system  (2.11),  fx  is  regarded  as  a  bifurcation  parameter  and  r  is  a  positive 
constant.  System  (2.11)  can  be  rewritten  as: 

x(t)  =  a{(j)x{t)  +  b(fi)x(t  -  r)+g(x(t),x(t  -  r),/x)  (1.4) 

where  g(x(t ),  x(t  -  r),  g)  is  a  non-linear  function.  If  there  is  a  small  e  >  0  such 
that  x(t )  — ►  sx(t),  and  x(t  —  r)  — ►  ex{t  —  r),  then  (2.12)is  rewritten  as: 

x(t)  —  a(fj)x{t)  +  b(jx)x(t  -  r)  4*  0(e).  (1.5) 

When  e  —  0,  we  have: 

x(t)  =  a(jj)x(t)  4-  b(jj)x(t  -  r)  (1.6) 

which  is  the  linear  part  of  (2.11)  at  zero  point.  If  x(t)  is  a  solution  of  (2.14), 
then  x(t)  +  0(e)  is  a  solution  of  (2.13).  Moreover,  x(t)  4-  0(e)  is  a  solution  of 
(2.11).  The  characteristic  equation  of  (2.14)  is: 

h( A,  fj)  ^  a(pL)  4-  b(g)e~Xr  -  A  =  0.  (1.7) 
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Now,  we  suppose  that  the  following  conditions  are  satisfied: 

(Hi)  There  are  /i0  and  fX\  such  that  a(fi0)  =  —  |6(/x0)|  and  a(fi i)  =  0. 
(H2)  a(fjb)  and  \b(fi)\  are  monotonically  increasing. 

Let  A  =  a  +  i/3,  where  a,  (3  £  R.  From  (2.15)  we  can  get: 

+  b(n)ear  cos  fir  -  a]  4-  i[-b(jj)e~ar  sin  (3r  -  fi\  —  0 


and 

(a  -  a(/z))2  =  52(/z)e~2ar  -  /?2.  (1.8) 

It  is  obvious  that  the  right  of  (2.16)  is  not  negative. 

Lemma  1-1:  If  a(ji)  <  —  |6(/x)|,  then  all  of  the  roots  of  (2.15)  have  negative 
real  parts. 

Lemma  1-2  If  a(jj)  >  0,  then  (2.15)  has  a  root  with  positive  real  part. 
Lemma  1-3:  If  —  1 6(^)|  <  a(/i)  <  |6(/z)|,  then  there  will  be  a  pure  imaginary 
root  of  (2.15). 

*  Lemma  1-4  :  If  then  any  root  of  (2.15)  has  negative  real  part.  If 

fj,  =  /j>0j  then  (2.15)  have  only  zero  roots  and  the  roots  with  negative  real  part. 
If  fj,0  <  fi  <  /ii,  there  will  be  a  pure  imaginary  root  of  (2.15).  If  (iu  >  mwi, 
then- (2.15)  has  a  root  with  positive  real  part. 

Theorem  1:  For  any  fi  e  [/^o, /^i],  we  conclude  that  is  a  Hopf  bifurcation 
point  of  (2.11)  and  (2.11)  has  a  asymptotic  periodic  solution  as: 

x(t)  =  +  0(e2) 

where  k  is  any  constant. 

Proof  :  From  Lemma  1-4,  we  know  that  the  zero  of  (2.11)  is  asymptotic 
stable  when  fi  <  \i 0  ,  the  zero  of  (2.11)  is  unstable  when  ji>  and  (2.11) 

has  a  periodic  solution  x(t)  —  he1  f  where  k  is  any  constant,  when 

fjL  6  [fio,  Using  the  definition  of  Hopf  bifurcation,  we  can  obtain  the  proof. 

2  Hopf  bifurcation  of  system  (0.2)  and  (0.3) 

In  system  (0.2),  a,  b  €  R,  r  >  0  and  r  is  regarded  as  bifurcation  parameter. 
Suppose  0  <  a  <  -b  and  br  >  —1. 

Let  t  =  rs  and  y(s)  =  x(rs).  Then  (0.2)  can  be  rewritten  as: 

y(t)  =  ary(t)  +  bry(t-l)+rf(ry(t),ry{t-l),rt)  (1.9) 

By  using  the  same  way  of  studying  system  (2.11),  we  may  only  consider 
the  linear  part  of  (1.9): 


y(t)  =  ary(t)  +  bry(t  -  1).  (1.10) 
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The  characteristic  equation  of  (1.10)  is: 


H(X,  r)  =  A  -  ar  -  bre  x  =  0. 

Let  ro  —  —uo/bsmuo,  where  u>o  is  the  unique  solution  of  the  equation 


(in) 


and  denote 


cosw  =  u  G  [0, 7r], 

0 


=  \-a(ro+ fi) -b(ro+ fi)e  A  =  0 
H( A,  0)  =  A  -  aro  -  broe~x  —  0. 


(1.12) 

(1.13) 


Using  the  same  method  of  article  [2],  we  can  get  the  following  results. 
Lemma  2-1  The  pure  imaginary  eigenvalue  icu  of  (1.13)is  the  solution  of 


f  cos  a;  =  — • a/b 
sinaj  =  —Ld/bro. 


(1.14) 


And  if  ro  satisfies  (1.14),  there  is  an  unique  pair  of  pure  imaginary  eigenvalues 
in  (1.13).  • 

Lemma' 2-2  Let  a{fj)  is  the  root  of  (1.12)  and  a(0)  =  0,  cj(0)  =  too, 

then  we  have 

daUA,  n 
d»  1/4=0  >0’ 

Lemma  2-3  (1.12)  has  a  root  A (fi)  with  positive  real  part  and  0  < 


Itt. 


Lemma  2-4  (1.13)  have  roots  of  d=wo  and  other  roots  with  negative  real 
parts. 

Theorem  2:  r  —  Tq  is  a  Hopf  bifurcation  point  of  (0.2)  and  (0.2)  has  a 
asymptotic  periodic  solution  as: 

x(t)  =  keluJot  4-  o(s2)} 


where  A;  is  a  constant  . 

In  system  (0.3),  r  =  constant  >  0  and  a,  >  0.  a  is  regarded  as 
bifurcation  parameter.  As  the  same  way  of  (0.2), (0.3)  can  be  rewritten  as: 

x"(t)  4-  arx'(t)  4-  br2  sin x(t  -1)4-  (5r2x{t  —  1)  =  r2p(rt).  (1.15) 

Moreover  we  can  only  consider  the  linear  part  of  (1.15): 


(  x(t)  =  ry(t ) 

y(t)  =  —ary(t)  ~(b  +  0 )rx(t  -  1). 
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Let  ao  =  [(&  4*  P)rsmuo]/uo ,  where  uo  is  an  unique  solution  of  the  equation 
coso;  =  u)/[(b  + f3)r2],  ue(0,ir/2). 

We  obtain 

Theorem  3:  a  =  ao  is  a  Hopf  bifurcation  point  of  (0.3)  and  (0.3)  has  a 
asymptotic  periodic  solution  as  : 

f  x{t)  =  2e  cos  w0  i  +  o(e3)  , 

y(t)  =  — ^fwo  sin  w<ji  +  o(e3),  ''  ' 

where  0  <  t  <  ^  +  o(e3). 
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In  this  paper  we  use  the  rotation  number  approach  to  the  periodic  and  anti-periodic 
eigenvalues  to  establish  a  relationship  between  the  periodic,  anti-periodic  eigenval¬ 
ues  and  certain  two-point  eigenvalues.  Then  we  give  some  applications  of  such  a 
relation  to  stability  of  Hill’s  equations,  resonance  regions  of  parameterized  Hill’s 
equations,  and  nonuniform  nonresonance  of  semilinear  nonautonomous  differential 
equations. 


1  Rotation  number  approach  to  eigenvalues 

Let  q(t)  €  L1( 0,T),  where  T  >  0  is  fixed.  Consider  the  following  eigenvalue 
problems 

x  4-  (A  4-  q(t))x  =  0  t  €  [0,T]  (1.1) 

with  the  periodic  boundary  condition  (P):  x(0)  —  x(T)  =  ±(0)  —  x(T)  —  0,  or, 
with  the  anti-periodic  boundary  condition  (A):  x(0)+x(T)  =  x(0)  +  x(T)  =  0, 
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or,  with  the  two-point  boundary  condition  (TP)a:  x(0)sina  4*  x(0)cosa  = 
x(T)  si  na  +  x(T)  cos  a  =  0,  where  0  <  a  <  7t.  Note  that  (TP)a  is  the  Dirichlet 
boundary  condition  when  a  =  7r/2  and  the  Neumann  boundary  condition  when 
a  =  0. 

It  is  well-known  that  eigenvalue  problem  (1.1)  has  a  sequence  of  periodic 
eigenvalues1,8 

xo  (?)  <  Af  (?)  <  Af  (?)<■••  <  A &_,(?)  <  \i fc(?)  <  •  •  • 

Meanwhile,  (1.1)  has  also  a  sequence  of  anti-periodic  eigenvalues 

a £(?)  <  A^(?)  <  <  A^_i(?)  <  \£k(q)  < 

Furthermore,  (l.l)~f:(TP)a  has  a  sequence  of  eigenvalues 

*?(*)<  A?(g)<---<AJ(g)<--. 

Note  that  for  the  Dirichlet  case,  i.e.  a  —  7t/2,  Aq  (g)  means  — oo. 

The  periodic  and  the  anti-periodic  eigenvalues  are  called  characteristic 
values  as  a  whole.  We  rewrite  characteristic  values  as 

A2fc_i(g)  —  A2fc-i(g)  =  A2 k(q), 

A 2k(q)  ~  ^2k-l(q)i  '  A2 k(<l)  =  A 2k(Q)- 

Then  they  have  the  following  order: 

AoO l)  <  Ai(g)  <  Ai(g)  <  <  Afc(g)  <  A k(q)  < 

A  classical  approach  to  eigenvalue  problems  (l.l)-f-(P)  and  (1.1)+(A)  is  as 
follows1,8. 

Let  x  =  A)  be  the  solution  of  (1.1)  satisfying  the  initial  value  condi¬ 
tions:  x(0)  =  1,  £(0)  =  0.  Let  x  =  be  the  solution  of  (1.1)  satisfying 

the  initial  value  conditions:  rc(O)  =  0,  x(0)  =  1.  Define  the  discriminate 

A(A)  =  ^(T;A)+02(T;A). 

Then  all  characteristic  values  are  determined  by  solving  the  following  equa¬ 
tions: 

A(A)  =  ±2.  (1.2) 

The  existence  of  solutions  of  (1.2)  follows  from  the  Value  Distribution  Theorem 
for  entire  functions  with  fractional  orders,  because  the  discriminate  function 
A(A)  is  an  entire  function  with  order  1/2. 
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In  this  paper,  we  use  the  rotation  number  approach  to  eigenvalue  problems 
(l.l)H-(P)  and  (1.1)4- (A).  Such  an  idea  is  also  used  by  Johnson,  Moser,  Poschel 
to  study  the  (complex)  spectrum  of  one  dimensional  Schrodinger  operators7. 

The  idea  for  (real)  characteristic  values  is  as  follows.  We  always  understand 
that  q(t)  is  extended  to  the  whole  R  by  the  T-periodicity.  Using  the  Priifer 
substitution  x  =  rcos0,  x  =  -rsin0,  we  get  from  (1.1)  that  0  satisfies  the 
following  equation  on  circle  S  =  R/27rZ: 


0  =  (A  +  q(t))  cos2  0  4-  sin2  0 .  (1.3) 

Let  0(£;  0O,  q,  A)  be  the  solution  of  (1.3)  satisfying  0(0;  0O,  q ,  A)  =  0O.  Then  one 
can  define  the  rotation  number  p( A)  of  Eq.  (1.3)  as 


p(  A)  =  lim 

v  7  t— +oo 


0(i;0o,g5  A) 


>  (independent  of  0o). 

It  is  known  that  all  characteristic  values  can  be  characterized  using  rotation 
number  function  p( A)  in  the  following  way. 

Theorem  1.1  (Johnson  and  Moser7)  A k(q)  —  min{A  :  p( A)  =  kir/T}  for 
he  N;  and>Xk(q)  =  max{A  :  p(  A)  =  kn/T}  for  k  <E  Z+. 

Now  all  characteristic  values  can  be  recovered  from  two-point  eigenvalues. 
Theorem  1.2  (Zhang13)  For  any  k  e  N  and  0  <  a  <  it,  we  have  A k(q)  = 
mins€R  \%{qs)  and  Xk{q)  =  maxs€R  X%{qs),  where  qs(t)  =  q(t  4-  s)  are  trans¬ 
lations  of  the  potential  q(t).  Moreover,  te  zeroth_  characteristic  value  can  be 
recovered  from  the  zeroth  Neumann  eigenvalues:  Ao (q)  =  maxs  6R  ^fc  (<?s)- 

We  remark  here  that  Theorems  1.1  and  1.2  also  hold  for  weighted  eigen¬ 
values  15 

x  4-  A w(t)x  ~  0, 

rp 

where  the  weights  w(t)  are  such  that  w(t)  >  0  for  a.e.  t  and  fQ  w(t)dt  >  0. 
(We  will  write  this  as  w  >-  0.) 

In  the  following  sections,  we  present  some  applications  of  Theorem  1.2. 

2  Stability  of  Hill’s  equations 

Let  q(t)  be  T-periodic  and  q  e  Lx(0 ,T).  We  consider  the  stability  (in  the  sense 
of  Lyapunov)  of  the  Hill’s  equation: 

x  4-  q{t)x  =  0.  (2.1) 

The  classical  Lyapunov  stability  condition  for  Eq.  (2.1)  is: 
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Theorem  2.1  (Lyapunov,  Borg8)  Assume  that  q  satisfies  q  y  0.  Then  Eq. 
(2.1)  is  stable  if 

GT 

Halil  =  '  q{t)dt<^.  (2.2) 

0  1 

The  result  can  be  explained  using  the  weighted  eigenvalues  of 

x  -f  A q(t)x  =  0  (2.3) 

with  respect  to  (A)  and  (P).  If  we  use  also  A k(q)  and  A k{q)  to  denote  the 
weighted  characteristic  values  of  (2.3),  then  condition  (2.2)  implies  that  Xx  (q)  > 
1,  which  means  that  1  is  in  the  first  stability  interval  (0,  Ax  (<?)).  Consequently, 
(2.1)  is  stable. 

Based  on  the  relations  in  Theorem  1.2,  one  can  use  certain  two-point 
eigenvalues,  say  the  Dirichlet  eigenvalues,  to  estimate  Ax(g)  of  (2.3). 
Theorem  2.2  (Zhang  and  Li  15)  Assume  that  q  satisfies  q  0  and  q  G 
La(0,T)  for  some  1  <  a  <  oo.  Then  the  first  weighted  characteristic  value  has 
the  following  lower  bound: 


k(<l)  >  K(2a*)/\\q\\a. 

Moreover ,  the  inequality  is  strict  when  a  =  1.  Here  K(/3 )  is  the  best  Sobolev 
constant  in  the  following  inequality 

C\\u\\p<\\uf2  Vw  e  H^(Q,T) 

and  is  explicitly  given  by 

K(P)  =  /  1/2+1  //0)^  >  1  -  P  < 

y  if  (3  =  oo. 

As  a  result,  we  have  the  following  stability  result  for  Eq.  (2.1),  which 
generalizes  (2.2)  using  La-norms  of  q(t). 

Theorem  2.3  (Zhang  and  Li  15 )  Assume  that  q  satisfies  q  >-  0  and  q  G 
La(0 ,T)  for  some  1  <  a  <  oo.  Then  Eq.  (2.1)  is  stable  if 

IklU  <  K{2 a*),  */ 1  <  a  <  oo,  (2.4) 

\\q\\1<K(oo)  =  4/T,  if  a  —  1.  (2.5) 

We  remark  here  that  the  result  (2.4)  is  best  possible  when  the  La- norms 
are  used. 
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Let  us  compare  (2.4)  with  (2.2)  using  the  Mathieu  equation: 

£  +  A(1  +ecost)x  —  0,  (2.6) 

where  the  parameters  A  >  0  and  e  S  [-1, 1].  By  the  classical  condition  (2.2), 
one  can  only  obtain  the  stability  of  (2.6)  when  the  parameter  A  satisfies 


0<  A< 


4 

TIMi 


for  all  e  €  [- 1, 1],  where  w£(t)  =  1  +  e cost  Such  a  result  is  not  satisfactory 
because  the  exact  first  stability  interval  is  A  €  (0, 1/4)  for  e  —  0.  However, 
using  condition  (2.4),  one  may  choose  different  a  for  different  e  €  [-1,1]  to 
obtain  satisfactory  results.  In  fact,  Eq.  (2.6)  is  stable  when 


0  <  A  <Hx(e) 


K  (2a*) 
max  ■ ,,  .  . 

«€[l,oo]  ||t£;e||a 


A  numerical  computation  shows  the  curve  A  =  Hi  (e)  is  almost  close  to  the 
eigenvalue  curve  A  =  A i(w£)  of  (2.6)  for  all  e  6  [—1,1]. 


3  Resonance  pockets  of  parameterized  Hill’s  equations 

Suppose  that  p(t)  is  27r-periodie  and  p  €  L1(0,2tt).  We  consider  resonance 
regions  (instability  regions)  of  one-parameter  Hill’s  equations: 


x  +  (A  +  ep{t))x  =  0  (3.1) 

in  the  (A,e)-plane.  A  classical  result8  says  that  Eq.  (3.1)  is  instable  when  A 
is  in  the  following  intervals: 

(-00,  Ao(ep)],  (AiM,  AiM),  •••,  (Afcfep),  Afc(ep)),  •••  (3.2) 

In  general,  (3.2)  gives  a  sequence  of  the  so-called  Arnold  tongues 
Rk  =  {(A,e)  :  A k(ep)  <  A  <  A k(ep)} 


in  the  (A,e)-plane.  This  occurs  for  the  Mathieu  case  p(t)  =  cos  t.  However, 
in  some  cases,  the  resonance  regions  Rk  may  contain  some  closed  sub-regions 
which  form  the  so-called  resonance  pockets1. 

When  p(t)  are  two-step  potentials,  some  interesting  phenomenon  happens 
for  resonance  pockets.  Actually  we  can  use  the  rotation  number  approach 
to  give  a  global  description  to  the  combinatorial  structure  of  all  resonance 
pockets.  Let  p(t)  be  27r-periodic  potential  given  by 


t  €  [0,ti), 
t  €  [£i,  27 r). 


(ci  +  C2) 


(3.3) 
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Theorem  3.1  (Gan  and  Zhang4)  Suppose  that  p(t)  is  given  by  (3.3).  Then 
the  nth  resonance  region  Rn  of  (3.1)  contains  exactly 

N  _  f  n  —  2,  if  (nti)/(27r)  is  an  integer 
n  n  —  1,  if  (n£i)/(27r)  is  not  an  integer 

resonance  pockets  in  the  (A,  e) -plane. 

By  Theorem  3.1,  for  “generic”  2-step  potentials  p(t)  (namely,  ti/n  is  ir¬ 
rational),  then  Rn  contains  exactly  n  ~  1  resonance  pockets  for  each  n  €  N. 
When  the  square  wave  potential  p(t)  (i.e.,  c\  =  —  1,.C2  =  +1,  and  t\  =  7r)  is 
considered,  Rn  contains  exactly  2[(n  — 1)/2]  resonance  pockets  for  each  n  €  N, 
where  [x]  denotes  the  largest  integer  less  than  or  equal  to  x. 

We  remark  here  that  if  general  families  of  2-step  potentials  which  are  not 
linearly  dependent  on  e  are  considered,  one  may  construct  infinitely  many 
resonance  pockets  inside  one  resonance  region14, 

4  Nonresonance  of  semilinear  nonautonomous  differential  equations 
Consider  the  following  nonautonomous  differential  equation 

x  4*  /(£,  x)  =  0,  £g[0,T],  (4.1) 

where  f(t,x)  :  [0,  T]  x  R  — >  R  is  an  lA-Caratheodory  function  and  is  semilinear 
in  the  following  sense:  There  exist  a(t),  b(t)  E  L1(0,  T)  such  that 

a(t)  <  liminf  -  — —  <  limsup  <  b(t) 

|x  [  >oo  X  |  X  |  — ►CO  % 

uniformly  in  a.e.  t  6  [0,T].  We  are  interested  in  the  nonresonance  (solvability) 
of  Eq.  (4.1)  with  any  class  of  boundary  conditions  considered  in  Section  1. 

There  exist  in  the  literature  many  nonresonance  conditions  so  that  the 
boundary  value  problems  are  solvable.  For  example,  for  the  periodic  problem 
of  (4.1),  a  well-known  one  is  that  there  is  some  k  E  N  such  that 

(2(k  -  1)tc/T)2  -<  a(-)  <  6(-)  X  (2kn/T)2.  (4.2) 

The  other  boundary  value  problems  have  also  the  similar  nonresonance  condi¬ 
tions2,3,10.  The  conditions  (4.2)  are  also  referred  as  the  nonresonance  intervals. 

We  propose  from  the  view  of  point  of  nonautonomous  differential  equations 
the  nonresonance  intervals  should  be  in  the  following  form: 
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Theorem  4.1  (Zhang13)  Assume  that  there  is  some  k  €  N  such  that 

Afc_i(a)<0  and  \%(b)  >  0  (4.3) 

then  Eq.  (4.1)  has  at  least  one  solution  satisfying  (*),  where  (*)  stands  the 
boundary  condition  (P),  (A),  or  (TP)a. 

The  proof  is  based  on  coincidence  degree  theory9  and  the  following  observa¬ 
tions:  1.  The  concept  of  Property  P  of  Habets  et  al.  5,n;  2.  A  generalization  of 
one  property  in  the  spectrum  theory  for  completely  continuous  linear  operators 
to  parameterized  completely  continuous  positively  homogeneous  operators11; 

3.  The  comparison  results  for  eigenvalues  with  respect  to  potentials. 

Conditions  (4.3)  are  also  necessary  in  some  sense.  They  generalize  most 
of  existing  nonresonance  conditions  for  semilinear  nonautonomous  equations. 
For  example,  condition  (4.2)  implies  that 

Affc(a)<°  and  Af*+1(&)>0 

by  the  comparison  results  of  eigenvalues.  Thus  (4.2)  is  a  special  case  of  (4.3). 

At  last  we  mention  here  that  the  solvability  of  positive  periodic  solutions 
to  certain  differential  equations  with  singularities  12  is  also  related  with  the 
eigenvalue  results  described  in  this  paper. 

Acknowledgment:  The  work  was  supported  by  the  NNSF  of  China  (No. 
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In  this  work,  for  the  linear  almost  periodic  difference  systems,  we  introduce  a  cri¬ 
terion  for  the  unique  existence  of  uniform  asymptotically  stable  almost  periodic 
solution.  Furthermore,  for  the  general  almost  periodic  difference  systems  we  of¬ 
fer  several  criteria  of  existence  for  almost  periodic  solutions,  among  which  two 
existence  theorems  are  established  in  terms  of  discrete  Liapunov  functions. 
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1  Introduction 


As  we  have  known,  there  have  been  quite  a  few  results  on  the  existence  of 
almost  periodic  solutions  for  ordinary  and  delay  differential  systems.  In  this 
paper,  we  will  deal  with  the  existence  of  almost  periodic  solutions  for  (ordi¬ 
nary)  difference  systems. 

To  this  end,  we  will  define  the  notion  of  the  so-called  uniformly  almost 
periodic  sequences  besides  the  almost  sequences  and  asymptotically  almost  se¬ 
quences.  Then  for  the  linear  almost  periodic  difference  systems  we  introduce 
a  criterion  for  the  unique  existence  of  uniform  asymptotically  stable  almost 
periodic  solution.  Next,  we  provide  a  criterion  of  the  existence  of  almost  pe¬ 
riodic  solutions  for  difference  systems  in  the  general  form.  Furthermore,  by 
using  the  discrete  Liapunov  functions,  we  establish  two  existence  criteria  for 
almost  periodic  solutions. 

For  convenience,  the  letters  n,  m,  h,  i\  j,  k ,  r  in  the  sequel  always 
denote  integers,  and  the  relevant  intervals  and  inequalities  are  discrete  ones. 

Definition  1.1  A  sequence  x  :  Z  — ►  Rk  is  called  an  almost  periodic  se¬ 
quence  if  for  any  given  e  >  0;  there  exists  an  integer  1(e)  >  0  such  that  each 
discrete  interval  of  length  1(e)  contains  a  r  =  r(e)  such  that 

'  | x(n  +  r)  -  x(n)\  <  e  for  all  n  e  Z. 

Definition  1.2  A  sequence  x  :  Z  — >  Rk  is  called  an  asymptotically  almost 
periodic  sequence  if 

x(n)=p(n)  +  q(n), 

where  p(n)  is  an  almost  periodic  sequence ,  and  q(n)  — ►  0  as  n  — ►  oo. 

Remark  1.1  It  is  easy  to  see  that  the  above  decomposition  of  asymptot¬ 
ically  almost  periodic  sequence  is  unique. 

Definition  1.3  Let  f  :  Z  x  D  — »  Rk,  where  D  is  an  open  set  in  Rk. 
f(n,x)  is  said  to  be  almost  periodic  in  n  uniformly  for  x  €  D,  or  uniformly 
almost  periodic  for  short ,  if  for  any  e  >  0  and  any  compact  set  S  in  D,  there 
exists  a  positive  integer  l(e,S)  such  that  any  interval  of  length  /(e,5)  contains 
a  r  for  which 

|  f(n  +  r,  x)  ~  /(n,  x)  \  <  e  for  all  n  €  Z  and  all  x  €  S. 


Lemma  1.1  {x(n)}  is  an  almost  periodic  sequence  if  and  only  if  for  any 
sequence  {h'k}  C  Z  there  exists  a  subsequence  {hk}  C  {h'k}  such  that  x(n  +  hk) 
converges  uniformly  on  n  E  Z  as  k  — >  oo.  Furthermore ,  the  limit  sequence  is 
also  an  almost  periodic  sequence. 
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Lemma  1.2  {f(n,x)}  is  a  uniformly  almost  periodic  sequence  if  and  only 
if  for  any  integer  sequence  {hk},  there  exists  a  subsequence  {/i*}  of  {hfk}  such 
that  f(n  +  hk,x)  converges  uniformly  on  Z  x  S  as  k  — >  co,  where  S  is  any 
compact  set  in  D.  Furthermore,  the  limit  sequence  is  also  a  uniformly  almost 
periodic  sequence . 

Lemma  1.3  Let  f  :  Z  x  D  — >  Rk  be  almost  periodic  in  n  uniformly  for 
x  €  D  and  continuous  in  x  E  D,  andp(n)  be  an  almost  periodic  sequence  such 
that  p(n)  E  5  for  all  n  E  Z,  where  S  is  a  compact  set  in  D.  Then  f{n,p(n)) 
is  almost  periodic  in  n. 

Lemma  1.4  {x(n)}  is  an  asymptotically  almost  periodic  sequence  if  and 
only  if  for  any  sequence  {h'k}  C  Z  such  that  h'k  >  0  and  h!k  ^  oo  as  k  *->  oo, 
there  exists  a  subsequence  {hk}  C  {hk}  such  that  x{n+hk)  converges  uniformly 
on  n  E  Z+  as  k  — ►  oo. 


2  Linear  Difference  Systems 

Definition  2.1  Let  p(n)  be  an  almost  periodic  sequence.  Then  its  mean  value 
is  defined  as 

1  xn  y 

p=  lim  -V'  p(j). 

,  n—KX)  n 

j- 1 


It  is  easy  to  see  that  the  above-defined  mean  value  is  well-  defined.  Also, 
it  can  be  shown  (cf.[2])  that  the  following  lemma  is  valid. 

Lemma  2.1  Let  p{n)  be  an  almost  periodic  sequence.  Then  there  hold 

m+n  n 

(i)  p  =  lim„_oo  £  E  PU)  =  limn_oo  ^  E  P(m  +  j), 

j—m+l  j—  1 


r  -i  i  r  -i  i 

(a)  V  =  limn__0O  4E  p(j)  =limn^+oo  ^  E  Pti) 
j=n  j—-n 

Now  consider  the  following  linear  difference  system: 


x(n  +  1)  =  A{n)x{n)  +  b(n),  neZ ,  (2.1) 

where  x(n),  b(n)  E  Rk ,  A{n)  is  a  k  x  k  almost  periodic  matrix  sequence,  and 
b(n)  is  an  almost  periodic  vector  sequence.  In  the  sequel,  we  denote  by  |x|,  |X| 
the  norm  of  vector  x,  and  the  norm  of  matrix  X ,  respectively. 

Now  we  are  in  a  position  to  show  the  following  theorem. 

Theorem  2.1  Under  the  above  assumption,  if 


A  =  lim  -  V'  \A(j)\  <  1,  (2.2) 

n — ^oo  ti 

3=1 
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I  , 


then  (1)  has  a  unique  uniformly  asymptotically  stable  almost  periodic  solution i 
Sketch  of  Proof  First  of  all,  we  can  verify  that 

n—  1  f  n—1  1 

Mn)  =  V  |  FT  A(i)  |  b(j)  (2.3) 

j~  oo  i=j+l 

is  well-defined  for  any  n  G  Z  by  Lemma  2.1  and  assumption  (2). 

Next,  it  can  be  easily  shown  that  (3)  is  a  solution  of  (1).  Moreover,  by 
Lemma  1.1  we  can  see  that  xq(u)  is  almost  periodic  since  A{n)  and  b(n)  are 
almost  periodic.  Furthermore,  by  letting  u(n)  =  x(n)  -x0  (n)  we  arrive  at  the 
homogeneous  system 

u(n  4- 1)  =  A(n)x(n). 

It  then  from  the  expression  u(n)  =  [H]=no  A(j)]u(n0)  and  assumption  (2)  we 
can  claim  that  x0(n)  is  uniformly  asymptotically  stable,  which  also  implies  the 
uniqueness  of  almost  periodic  solution  of  (1).  QED. 

3  General  Almost  Periodic  Difference  Systems 
Consider  the  following  almost  periodic  difference  systems: 

x(n  +  l)  =  f(n,x(n)),  (3.4) 

where  /  :  Z  x  Sb  —*  Rk,  Sb  —  {x  €  Rk  :  |x|  <  B},  and  f(n,x )  is  almost 
periodic  in  n  uniformly  for  x  e  Sb  and  is  continuous  in  x. 

Theorem  3.1  Suppose  that  system  (4)  has  a  bounded  solution  (p{n)  de¬ 
fined  on  Z+  such  that  |<^(^)|  <  B* ,  B*  <  1 3,  for  all  n  G  Z4*.  If  the  solution 
( p(n )  is  asymptotically  almost  periodic,  then  (4)  has  an  almost  periodic  solu¬ 
tion. 

Proof  Since  \p(n)  is  asymptotically  almost  periodic,  it  has  the  decompo¬ 
sition 

¥>(n)  =p(n)  +  q{n), 

where  p(n)  is  almost  periodic  in  n  and  q(n)  — >  0  as  n  — >  oo.  Let  {r^}  be  a 
sequence  such  that  — ►  oo  as  k  — »  oo  and  p(n  +  r^)  — >  p(n)  as  k  — >  oo.  Then 
we  have 

<p(n  4  rfc)  =  p(n  4  rk)  4  q{n  4  rk). 

It  follows  that 

I p(n  4  Tfc)|  <  | <p(n  4  rk)\  4  | q(n  4  rk)\  <  B*  4  | q(n  4  rk)\  for  n  4  rk  >  0. 
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Letting  k  — >  oo,  we  have  |p(n)|  <  B*  for  all  n  G  Z.  By  Lemma  1.3,  f{n,p(n)) 
is  almost  periodic  in  n.  Since  y?(n)  is  a  solution  of  (4), 

tp(n  + 1)  =  f(n,p(n))  +  (/(n,<p(n))  -  /(n,p(n))). 

It  is  clear  that  /(n,  y?(n))  -  /(n,p(n))  — >  0  as  n  — ►  oo.  On  the  other  hand,  we 
have 

tp(n  + 1)  =  p(n  + 1)  +  q(n  +  1). 

By  the  uniqueness  of  the  decomposition  we  conclude  that 

p{n  -F  1)  =  /(n,p(n))  for  n  G  Z, 

which  shows  that  p(n )  is  an  almost  periodic  solution  of  (4) .  QED . 

Now  by  using  discrete  Liapunov  functions,  we  investigate  the  existence  of 
an  almost  periodic  solution  of  (4)  which  is  uniformly  asymptotically  stable  in 
the  whole.  To  this  end,  related  to  system  (4),  we  consider  the  coupled  system: 

x(n  +  1)  =  /(n,  x(n))f  y(n  + 1)  =  /(n,  y(n)).  (3.5) 

Theorem  3.2  Suppose  that  there  exists  a  Liapunov  function  V{n,x,y) 
defined  for  h  G  Z+,  \x\  <  B,  \y\  <  B  satisfying  the  following  conditions: 

(i)  a(\x  —  y\)  <  V (n,  x}  y)  <  6( \x  —  y\),  where  a,  b  G  K  with  K  =  {a  G 
C{  R+,  R+)  :  a(0)  =  0  and  a  is  increasing}, 

(ii)  \V(n,xuyi)  -V{n,x2,y2)\  <  L[ \xx  -x2\  +  \yi-  2/2 1],  where  L  >  0  is 
a  constant , 

(Hi)  AV(5)  (n,  x,  y)  <  —aV{n,x,y),  where  0  <  a  <  1  is  a  constant ,  and 

AV(5) (n, x, y)  =  V(n  +  l,f(n1x)J(n,y))  -V(n,x,y).' 

Moreover ,  if  there  exists  a  solution  (p(n)  of  (4)  such  that  \<p(n)\  <  B*  <  B 
for  n  G  then  there  exists  a  unique  uniformly  asymptotically  stable  almost 
periodic  solution  p(n)  of  (4)  which  is  bounded  by  B* . 

Proof  Let  {hfk}  be  a  sequence  such  that  h'k  —>  00  as  k  — >  00.  Set  (fk(n )  = 
<p(n  4*  hk).  Then  <fk{n)  is  a  solution  of  x(n  +  1)  =  f(n  +  x(n))  through 

(0,  (p(hk)).  Since  f{n,x)  is  uniformly  almost  periodic,  by  lemma  1.2,  there 
exists  a  subsequence  {hk}  of  {hk}  such  that  f(n  +  hk,x)  converges  uniformly 
on  Z  x  Sb*  as  A;  —>  00.  For  a  given  e  >  0,  choose  an  integer  ko(e)  so  large  that 
if  m  >  k  >  ko(e ), 

'  (l-a)hkb(2B*)  <a(c)/2  (3.6) 

and 

\f(n  +  hk,x)  — f(n  +  hmtx)\  <aa(e)/(2L)  on  ZxSB*<  (3.7) 
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It  follows  from  (ii)  and  (iii)  that 
AV{n,ip(n),(p(n  +  hm  -  hk)) 

<  L\f(n  +  hm  -  Afcj  <p(n  -f  hm  -  A*))  -  /(n,  <^(n  +  hm  -  Afc))| 
-aV(n9<p(n);(p(n  +  hm  -  A*)). 

In  virtue  of  (7),  we  have 

AF(n,v?(n),<p(n-f  hm  -  hk))  <  (p(n)}  <p(n  +  hm  -  hk))  +  ao(e)/2, 

which  implies  that 

V(n  +  hk}  <p(n  +  Afc),  <p(n  +  hm))  <  (o(c)/2  4*  (1  -  a)n+/lfc 6(2B*). 

Hence,  if  m  >  k  >  Ao(e),  by  (6)  and  (i)  we  have 

| cp(n  +  Afc)  —  (p(n  -f  Am)|  <  e  for  all  n  €  if  m  >  A  >  &o* 

By  Lemma  1.4  this  shows  that  tp(n)  is  asymptotically  almost  periodic,  and 
thus  system  (4)  has  an  almost  periodic  solution  p(n)  which  is  bounded  by  B* 
in  virtue  of  Theorem  3.1.  By  using  the  Liapunov  function  V(n7x,y)7  with  the 
standard  arguments,  it  is  easy  to  show  that  p(n)  is  uniformly  asymptotically 
stable  and  every  solution  remaining  in  Sb  approaches  p(n)  as  n  — >  oo,  which 
also  implies  the  uniqueness  ofp(n).  QED. 

Next,  consider  the  following  system 

x(n+  1)  =  f(n,x(n))  +  g(n),  (3.8) 

where  f(n,x)  is  as  in  (4),  g(n)  is  almost  periodic  in  n  and  |^(n)|  <  M  for  all 
n  e  z+. 

Theorem  3.3  Suppose  that  there  exists  a  Liapunov  function  V(n7x7y) 
defined  on  Z+  x  Sb  *  Sb  satisfying  the  conditions  (i),  (iii)  in  Theorem  3.2 
and 

(ii)’  \V(n,x\,,y\)  —  V(n,X2,V2)\  <  L\{xx  -  x2)  -  (yi  -2/2)!, 
where  L  >  0  is  a  constant.  Moreover,  suppose  that  system  (4)  has  a  solution 
ip{n)  such  that  \<p(n)\  <  C  for  n  €  Z+  and  some  constant  C  >  0,  C  <  B. 

Then,  if  a~1(2LM/ a)  4-  C  <  B*  <  B,  where  a_1(r)  is  the  inverse  function 

of  a(r),  the  system  (8)  has  a  unique  uniformly  asymptotically  stable  almost 
periodic  solution  which  is  bounded  by  B*. 

To  prove  this  theorem,  we  need  to  consider  the  following  auxiliary  system: 

(  x(n  +  1)  =  f(n,  x(n))  +  g(n),  ,  , 

y(n  +  l)  =  f(n,y(n))  +  g(n).  l  ' 
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Also,  we  need  the  following  Lemma  (cf.[l]). 

Lemma  3.1  Under  the  assumptions  of  Theorem  3.3,  if  |xo  —  <^(no)|  < 
b~l(LM/a),  n0  >  0,  and  \xo\  <  B* ,  then 

\x(n,no,xo)  ~  <p(n) \  <  a~l(2LM/a)  for  all  n  €  Z+, 

where  x(n,no,Xo)  is  a  solution  of  (8)  through  (no,zo)* 

Now  we  are  easy  to  prove  Theorem  3.3.  In  fact,  in  virtue  of  (ii)’  and  (iii), 
we  have 

AV(9 )(n,x(n),y(n))  <  L\g(n)  -  g{n)\  -  aV(n,x(n),y(n))  =  -aV(n,x(n),y(n)) 

Moreover,  by  Lemma  3.1,  we  know  that  there  does  exist  a  solution  x(n)  of 
system  (8)  such  that  |x(n)|  <  B*  <  B  for  all  n  e  Z+.  Therefore,  by  applying 
Theorem  3.2  to  system  (8)  we  can  conclude  the  assertion  of  Theorem  3.3.  QED. 
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THE  SIMULTANEOUS  COLLISION  ORBITS  FOR  A-BODY 
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For  iV-body  problems  with  weak-force  type  quasi-homogeneous  potentials  in 
Rk(k  +  1  >  N)  we  prove  that  the  minimizing  critical  points  of  the  Lagrangian 
action  from  any  given  initial  position  to  the  simultaneous  collision  position  must 
be  such  orbits  that  the  configurations  of  the  N- bodies  have  similar  equilateral 
homographic  shapes. 


1.  Introduction  and  Main  Results 

iV-body  problems  with  quasi-homogeneous  potentials  ([7],  [12]  and  [13])  are 
related  with  the  motion  of  N  point  masses  m-i,  •  •  ■ ,  mjv  in  Rk{k  >  1)  under 
the  action  of  the  potential  —W(q)  given  by 

W(q)  =  U(q)  +  V(q)  (1.1) 
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Vfe)  - 1  V 

^  1  <ift<N 


miTTij 

k*  -  Qj  1“ 

(1.2) 

miTTij 

\<u-qA 0 

(1.3) 

where  a,  b  >  0,  a2  +  b2  ji  0,  a,  /?  >  0,  a2  +  /32  ^  0,  q  =  (g1(  •  •  • ,  <jw), 

ft€Rk. 

The  equations  of  the  motion  for  the  7V-body  problems  with  a  potential 
— W(q)  are  given  by 


=  i  =  1>‘"’N  (L4) 

Note  that  -Wfa)  is  the  classical  Newtonian  potential  when  a  =  0,/?  =  1,  or 
6  =  0,  a  =  1  or  a  =  /?  =  1,  and  homogeneous  potentials  when  a  =  0  or  b  =  0 
or  a  =  /?. 

Coti  Zelati  ([5])  used  variational  methods  to  study  the  existence  of  a  non- 
simultaneous  collision  periodic  solution  for  the  classical  Newtonian  N-body 
problems  under  some  restrictions  on  the  masses  m*(i  =  1,  •  •  • ,  N). 

Serra-Terracini  ([14])  used  variational  methods  to  study  the  existence  of  a 
noncollision  periodic  solution  for  3-body  problems  with  the  classical  Newtonian 
potential  and  a  radial  perturbation  potential  in  R3. 

Long  and  Zhang  ([11])  and  Chenciner  and  Desolneux  ([4])  proved  indepen¬ 
dently  that  the  shapes  of  the  solutions  from  minimizing  the  Lagrangian  action 
integral  on  the  Tj  2-ant  ip  eriodic  or  zero  mean  loop  space  of  class  W1'2  (R/TZ,  Rk) 
for  3-body  problems  with  a  homogeneous  potential  must  be  the  planar  equi¬ 
lateral  triangle  circulars. 

In  this  paper,  we  study  the  variational  properties  for  simultaneous  collision 
solutions  of  N-body  problems  with  quasihomogeneous  potentials.  We  have  the 
following  theorem. 

Theorem  1.1  For  N-body  problems  (1.1)-(1.4)  in  Rk(k  +  1  >  N)  with 
0  <  a  <  2  and  0  <  f3  <  2,  the  W1'2  orbits  which  minimize  the  Lagrangian 
action  from  any  initial  position  to  the  simultaneous  collision  position  with  all 
bodies  colliding  at  the  center  of  masses: 

f(q)  =  \  ^  V' mi\qi(t)\2dt+  f  U{q)dt, 

L  <= l 

qt  e  W1,2([ti,i2],Rk),qi(ta)  =  0, 

-00  <  t\  <  t2  <  +00  (1.5) 
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satisfy  that  the  configurations  of  the  IV- bodies  are  similar  equilateral  geometric 
graphes,  and  the  total  energy  h  must  satisfy 

1  N 

-  V  mi\qi(t)\ 2  -  U{q)  =  h  =  0  (1.6) 

i=l 

Specially  the  configurations  of  3  and  4-body  problems  in  Rk(k  >  2  and  k  >  3) 
are  respectivly  the  Lagrangian  equilateral  triangle  and  the  regular  tetrahedron. 

2.  The  Proof  of  Theorem  1.1 

Lemma  2.1  5  =  {rG  VF1,2([0,T],  R),  r(0)  =  0,r(t)  >  0}  is  a  weakly  closed 
subset  of  Wrl,2([0,T], R). 

Lemma  2.2  Let  a,/3,  Uo,  Vo  >  0,  then 

^  l(r,  r)dt  =  t  (\r2  +  U0r-a  +  V0 dt 
0  0  2 

has  lower  bound  and  is  coercive  on  S. 

Proof  On  S ,  we  take  the  following  norm: 

(  fT  \1/2 

IMI=  '  II  r\2dt  +r(0)  =  (2.1) 

0 

Hence 

fT  Hr,r)dt>\  ||r||2  (2.2) 

0  1 

Lemma  2.3  If  0  <  a,  (3  <  2,  then 

g(r)=  f  l(r,  f)dt  =  ^  ^\r2  +  U0r~a  +  V0r~^  dt  (2.3) 

0  0  2 

is  weakly  lower  semicontinuous. 

Proof  Firstly,  we  note  that  \  r2dt  —  ^||r||2  is  weakly  lower  semicon¬ 
tinuous. 

Secondly,  the  assumptions  0  <  a,/?  <  2,  r  e  W1,2([0,T],R)  and  r  >  0 
and  the  Fatou’s  Lemma  imply  that  (Uor~a  +  Vor~^)  dt  is  also  weakly  lower 
semicontinuous.  Now  by  Lemma  1-3,  we  have  that 

Lemma  2.4  g(r )  =  /QT  f^r2  -f  Uor~a  +  Vbr”^)  dt  attains  its  global  min¬ 
imum  value  on  5. 
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Lemma  2.5  l°.(Sundman,s  inequality  [15]  [16])  Let 

N 

I  =  I(t)  =  Y"  mi\qi{t)\2  (2.4) 

2=1 

r  =  r(t)  =  {I(t))1/2  (2.5) 

N 

K  =  K(t)  =  yTmi\qi(t)\2  (2.6) 

2=1 

Then 

m>\m\2  (2.7) 

2°.  The  inequality  (2.7)  takes  the  equality  if  and  only  if 

qi  =  Xqi)  %  =  1, 2,  •  •  • ,  N ,  (2.8) 

Hence  the  angular  momentum  of  the  system  (1.1)-(1.4)  is  zero: 

N 

C  =  rrnqi  x  qt  =  0  (2.9) 

2=1 

Proof  By  (2.4)  we  have 


( N  \2 

I2  =  4  V  rriiqi  ■  tji 

(2.10) 

2=1 

(N  \  /N  \ 

<4  V^TOi|gi|2 

(2.11) 

2=1  2=1 

(2.12) 

K  >  i/-1/2  =  |f|2 

4 

(2.13) 

Inequality  (2.13)  takes  the  equality  if  and  only  if  (2.11)  takes  the  equality, 
which  is  equivalent  to  conditions  (2.8). 

Now  we  prove  Theorem  1.1: 

Proof  By  the  invariant  property  for  f(q)  under  inversing  the  time,  without 
loss  of  the  generality,  we  can  assume  that  the  initial  moment  t\  =  0  and 
momentum  of  inertial  7(0)  =  0  and  the  final  moment  ti  =  T.  Then  Sundman’s 
inequality  ([15]  [16])  implies  that  the  kinetic  energy: 

\K>\i-2  (2-14) 
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Since  the  well-known  fact  that  the  regular  simplex  with  center  of  mass  at  o 
achieves  the  minimum  Uq  and  Vo  of  the  (homogeneous  of  degree  0)  function 
Ia/2U  and  we  have  that 

U  >  UQra/2  =  U0r~a,  V  >  Vo r0/2  =  V0r~ P,  (2.15) 

By  (2.14)  and  (2.15)  we  have 

L  =  L(q,  q)  =  \K  +  W>  \r2  +  UQr~a  +  V0r~ 0  =  l(r,  r)  =  l  (2.16) 

This  says  that  at  each  instant,  the  Lagrangian  L(q,q)  is  greater  or  equal  to 
the  Lagrangian  l(r,  r)  of  the  Kepler  problem  on  the  line  corresponding  to  the 
positive  function  r(t). 

Moreover,  as  L  and  l  are  positive,  equality  Jq  Ldt  —  Idt  with  the 
absolute  minimum  value  (with  fixed  time  T )  can  be  achieved  only  in  case  at 
each  time: 

(1°)  Sundman  inequality  is  an  equality  (with  zero  angular  momentum  ) 
and  the  path  is  ”  homothetic” ,  ending  in  total  collision  at  the  center  of  mass. 

(2°)  the  fixed  configuration  realises  the  minimum  Uo  and  Vo  of  Ia/2U  and 
lP!2V,  which  implies  it  is  a  regular  simplex. 

That  such  a  minimizing  path  must  be  a  solution  amounts  to  saying  that 
Euler-  Lagrange  equations  of  the  action  functional  for  the  problem  on  the  line 
are  the  equations  of  motion 

It  remains  to  prove  that  among  all  keplerian  motions  on  the  line  from 
tx  —  0  to  £2  =  T,  the  parabolic  one,  that  is,  the  one  with  energy 

h  =  \r2  -  U0r~a  -  V0r~p  =  0  (2.17) 

rp 

minimizes  the  action  f0  l(r.r)dt .  By  Lemma  1-4,  we  know  that  there  is  a 
ro  6  S  such  that  /0T  l(rQ.ro)dt  =  inf  (0T  l{rs)dt. 

r£S 

(i)  r(T)  7^  0.  We  can  restrict  to  motions  where  r(t)  increases  from  0 
to  1  when  t  goes  from  0  to  T,  which  allows  to  replace  the  time  by  r  in  the 
integration.  Taking  the  energy  h  as  a  parameter,  we  have  that 

g(h)  =  ^  ldt 
o 

rT 

-  1  (h  +  2U0r-a +2V0r-/3)dt 
o 

=  f  (h  +  2U0r~a  +2Vor~0) 

0 

x  (2  ft  +  2  U0r-a  +  2  Vor-Py^dt  (2.18) 
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Set  g'{h)  =  0,  we  have  h  =  0.  Note  5"(0)  >  0,  hence  fnT  Idt  attains  the 
minimum  if  and  only  if  h  =  0. 

(ii)  r(T)  =  0  but  r(t)  ^  0  for  some  t  e  [0,  T],  then 

fT  r*  rT 

g(K)  =  Idt  =  Idt  4-  Idt  (2 19) 

o  o  7  v  '  J 

Using  the  result  of  case  (i),  we  can  also  prove  the  same  result  h  =  0. 

Comment:  1°  If  one  drops  the  restriction  k  >  N  -  1  on  the  dimension, 
everything  goes  through  except  that  the  regular  A^-simplex  does  not  embed 
anymore  in  the  ambient  space  Rk,  so  that  the  minimum  U0  and  V0  of  the 
function  Ia!2U  and  p!2V  are  realized  by  central  configurations  which  we  are 
unable  to  compute  explicitly. 

2  For  the  planar  four-body  problem  with  four  equal  masses,  by  the  above 
arguments  and  the  results  of  Albouy  ([1],  [2]),  we  have  that  the  minimizer  of 
(1.5)  must  satisfy  that  the  configuration  of  the  four  bodies  are  similar  squares 
and  the  (1.6)  holds. 

Acknowledgment:  The  work  was  supported  by  the  NNSF  of  China.  The 
author  would  like  to  thank  Professors  Paul  Rabinowitz  and  Yiming  Long. 
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1  Introduction 

A  special  form  of  functional  differential  equation  with  variable  delays  is  the 
equation  with  a  piecewise  constant  argument  (EPCA  for  short) 

^x(t)  +  g(x([t}))=0,  te  R,i6R  (EPCA*) 

where  [£]  denotes  the  greatest  integer  less  than  or  equal  to  t  and  g  :  R  — ►  R 
is  piecewise  continuous.  Many  nice  results  [l]-[3]  on  existence  of  solutions  and 
on  their  periodicity  and  oscillation  were  given. 

Like  other  delay  differential  equations,  sometimes  (EPCAfc)  may  display 
a  complicated  dynamics  with  orbits  in  an  infinite- dimensional  phase  space.  In 
fact,  Li-Yorke  chaos  occurs  in  (EPCAi)  for  g(x)  =  x2-f  (1 —fi)x  where  \i  >  3.75, 
because  letting  xn  :=  x(n )  =  x ([£]),  t  €  [n,n  + 1),  and  integrating  (EPCAi)  on 
[n,n+ 1)  deduce  a  logistic  map  xn+i  =  //xn(l-xn).  In  contrast  with  (EPCAi) 
a  modified  (EPCA2),  where  [t]  is  replaced  by  £,  is  a  planar  Hamiltonian  system 
displaying  simple  dynamical  behaviors.  This  suggests  researching  nonlinear 
dynamics  of  at  least  (EPCA2). 

Similarly  to  (EPCAi),  let  xn  :=  x(n)  =  x([£]),  x'n  :=  x'(n)  =  x'([£]),  t  € 
[n,  n  +  1).  By  integrating  (EPCA2)  twice  on  [n,  n  +  1)  we  get 

g(xn)(t  -  n)  +  x'n,  (1.1). 

-  n)2  4-  x'n{t  -n)  +  xn .  (1.2) 

Letting  t  — ^  (n+l)_  wehavex'n+1  ~  -p(xn)+x^,  xn+i  =  -  \g{x7 l)+x/n+xn. 
It  follows  that  xn+2  =  2xn+i  -  xn  —  ^(g(xn+i)  +  g(xn)),  a  difference  equation, 
which  induces  a  planar  mapping  G  :  R2  — ►  R2,  G(x,  y)  =  (y,  2y  -  x  -  \  (g(y)  -f 
^(x))).  If  G  has  an  invariant  curve  T  :  y  =  /(x),  the  system  can  be  reduced 
further  to  a  one-dimensional  iteration  xn+i  =  /(xn)  on  T  and  the  complexity 
of  (EPCA2)  is  linked  to  the  nonlinearity  of  /.  Clearly  such  invariant  curves 
can  be  obtained  by  solving  the  functional  equation 

/(/(*))  =  2f(x)  -x-  \(g(f(x))  +  g(x)),  x  6  R.  (FE) 

This  paper  gives  an  exposition  to  joint  works  [4]-[5]  with  C.T.Ng,  showing 
existence  of  nonlinear  invariant  curves  for  the  induced  mapping  G  of  (EPCA2) 
by  discussing  (FE),  and  give  an  answer  to  the  question  [4]  of  analytic  extension. 


x’(t)  =  - 
x(t)  =  - 
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2  Analytic  Invariant  Curves 

By  arranging  terms  and  letting  h(x)  :=  |(3:r  —  f(x )  —  \g{x))  ,  equation  (FE) 
is  simplified  to 


h(f(x))  4  h{x)  —  x .  (2.3) 

Then  for  an  analytic  form  of  /  we  can  answer  what  g  guarantees  the  system 
has  the  invariant  curve  F  :  y  =  f(x)  by  discussing  existence  of  h  in  (3). 

Theorem  2.1  For  f(x)  =  ax  4  b  equation  (3)  on  a  domain  in  R  with  at  least 
two  points  has  a  solution  h(x)  =  cx+d,  if  and  only  if  c(a+l)  —  1,  c&4-  2d  =  0. 

The  proof  is  simple.  However,  we  are  more  concerned  with  nonlinear  /. 
Unfortunately, 

Theorem  2.2  If  /  is  a  polynomial  function  with  degree  /  >  2,  then  equation 
(3)  has  no  polynomial  solution  h  on  infinite  domains  in  R. 

Proof  Let  n  —  degree  /  >  2  and  let  h  be  a  nonconstant  polynomial  of 
degree  m  >  1.  Then  h(f(x))  4  h(x)  ■—  £  is  a  polynomial  of  degree  mn,  and 
cannot  carry  more  than  mn  roots.  Thus  (3)  can  hold  only  for  at  most  finitely 
many  x  values. 

Despite  of  this,  it  is  possible  to  find  a  solution  of  convergent  power  series. 

Theorem  2.3  If  f(x)  =  x2,  then  equation  (3)  has  a  unique  analytic  solution 
h(x)  on  the  interval  (—1,1)  given  by 

oo 

h(x)  =  x  4  (-l)fcx2fc .  (2.4) 

fc=i 


Proof  Let  h(x)  =  anXn  (3)  and  solve  for  the  coefficients  ani  and 
then  we  get  (4)  uniquely.  Clearly  the  radius  of  convergence  for  the  series  is  1, 
so  the  equation  holds  for  all  x  E  (—1, 1). 

A  question  [4]  is  whether  the  solution  (4)  on  (—1,1)  can  be  extended 
analytically  to  R.  Thanks  to  a  private  letter  from  Prof. Walter  Rudin,  we 
know  limx^i_  x  4  Y^kLi(~ l)*^2  does  not  exist.  In  fact,  under  the  hy¬ 
potheses  that  {An}  is  an  increasing  sequence  of  positive  numbers  which  satis¬ 
fies  Hadamard’s  gap  condition  liminfn-»oo(An+i/An)  >  1  and  that  the  series 
£(z)  =  Y^-ianXXn7  where  all  an,  n  =  1,2,...,  are  real  numbers,  converges 
for  0  <  x  <  1,  the  ’’high  indices  theorem”  [6]  asserts  that  the  series  Y^=i  an 
converges  if  £(x)  tends  to  a  finite  limit  as  x  — >  1.  Hence  the  answer  for  the 
question [4]  is  negative. 
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3  Quadratic  Invariant  Curves 

We  axe  specially  interested  in  quadratic  invariant  curves,  the  simplest  form  of 
nonlinearity.  We  need  solve  (3)  for  given  f{x)  =  ax 2  -f  bx  +  c,  a/0.  Taking 
^  =  a(x  +  ~^)  and  k(z)  :=  ah(~z  -  — )  -f  f  in  (3)  we  obtain  an  equivalent 
equation 

k(p(z))  +  k(z)  =  z,  p(z)  =  z2  +  C.  (3.5) 

where  C  =  \{2b  -  b2)  +  ac. 

For  each  x  €  R  and  n  €  Z+  we  denote  by  x^  =  p (x)  the  image  of  x 
under  the  n-th  iterate  of  p.  Negative  n  may  also  be  used,  but  where  it  is  used 
we  shall  indicate  which  injective  branch  of  p  is  taken.  We  have  the  following 
results  [4]-[5]. 

Theorem  3.1  When  C  >  1/4,  each  initial  function  k  :  [0,  C)  R  can  be 
extended  uniquely  to  a  solution  k  for  (5)  on  [0,  oo)  by  the  relation 

k(x)  =  x  -  +  ...  +  +  (-l)nfc(xW),  Vx  6  [O.C),  n  >(8.6) 

This;can  be  further  extended  uniquely  to  a  solution  for  (5)  on  R  by  the  relation 

k(t)  =  k(-t)  +  2 1,  Vt  <  0.  (3.7) 

Moreover,  k  is  continuous  on  [0,  oo)  iff  the  initial  function  k  is  continuous  on 
[0,  C)  and  that  k(x)  —>  —k( 0)  as  x  — >  C  from  the  left.  Its  extension  to  R  is 
then  continuous. 

Theorem  3.2  When  C  —  1/4,  (i)  each  initial  function  k  :  [0,  C)  — ►  R  can  be 
extended  uniquely  to  a  solution  k  on  [0, 1/2)  by  (6);  (ii)  each  initial  function 
k  :  [ci,c2)  — >  R,  where  C\  >  1/2  is  arbitrarily  fixed  and  c2  =  p(ci),  can  be 
extended  uniquely  to  a  solution  k  on  [1/2,  oo)  by  (6)  and  by  that 

k{x)  =  *<7l)  +  ...  +  (-1)"- Vn>  +  (— lffcOrW),  Vx  6  [c1)C2),  n  <  -^.8) 

(iii)  k  :  [0,  oo)  — ►  R  satisfies  (5)  iff  its  restrictions  to  [0,1/2)  and  to  [1/2,  oo) 
are  given  by  the  above  (i)  and  (ii)  respectively  and  k(  1/2)  =  1/4;  and  (iv) 
each  solution  k  :  [0,  oo)  — >  R  can  be  extended  uniquely  to  a  solution  on  R 
by  (7).  Moreover,  (5)  has  many  piecewise  continuous  solutions  but  only  one 
continuous  at  1/2. 

Theorem  3.3  When  0<Cr<l/4,  p  has  two  fixed  point  x\  and  x2  with  0  < 
xi  <  X2  <  oo.  Each  initial  function  on  [0,  C)  extends  uniquely  to  a  solution  on 
[0,  Xi);  each  initial  function  on  [ci,  c2),  where  c\  6  (xi,x2)  is  chosen  arbitrarily 
and  c2  =  p(ci),  extends  uniquely  to  a  solution  on  (xi,  x2);  each  initial  function 
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on  [03,  C4),  where  C3  G  (£2,00)  is  chosen  arbitrarily  and  C4  =  v(cz)i  extends 
uniquely  to  a  solution  on  (£2,00);  k(x  1)  =  xi/2  and  k(x2)  =  £2/2  extend 
solutions  on  [0,  £i)U(£i,  £2)U(£2, 00)  uniquely  to  solutions  [0, 00) ,  and  relation 
(7)  extends  the  latter  to  solutions  on  R. 

Theorem  3.4  When  C  —  0,  the  fixed  points  of  p  are  X\  =  0  and  £2  —  1. 
The  construction  of  solutions  for  (5)  is  basically  the  same  as  in  the  case  of 
0  <  C  <  1/4. 

Theorem  3.5  When  -3/4  <  C  <  0,  p  has  two  fixed  points  X\  and  £2  with 
xi  <  0  <  £2-  (i)  Each  initial  function  k  :  (p(C),0]  — ►  R  can  be  extended  to 
(£1 , 0]  by  that 

n— 1 

k(x)  =  k(x^2n^)  +  (x^  —  £^2l+1^),  V£  G  ( p(C)y  0],  to  >  1,  (3.9) 

i—0 

and  to  [Ctp^(C))  by  the  relation  k(x)  —  x  —  k(x^),  V£  G  (p(C), 0],  and 
subsequently  to  [C,x  1)  by  (9);  (ii)  k  :  [C,  0]  — ►  R  satisfies  (5)  iff  its  restrictions 
to  (£i,0]  and  to  [C,x  1)  are  given  by  (i)  and  k(x  1)  =  £i/2;  (iii)  each  solution 
k  :  [C,  0]  —>  R  can  be  extended  uniquely  to  a  solution  on  (—£2,^2)  by  (9);  (iv) 
each  solution  k  :  [cx,  C2)  — >  R  where  c\  >  £2  is  arbitrarily  fixed  and  C2  —  p(ci)? 
can  be  extended  uniquely  to  a  solution  k  for  (5)  on  (£2 , 00)  by  (6)  for  n  >  1 
and  by  (2.10)  for  n  <  —1;  (v)  each  solution  k  :  (£2,00)  — >  R  can  be  extended 
uniquely  to  a  solution  on  (— oo,  —£2)  and  to  (-00,  -£2)  U  (£2,00)  by  (7)  for 
all  t  <.—£2;  (vi)  k  :  R  — ►  R  satisfies  (5)  iff  its  restrictions  to  (—£2,  £2)  and  to 
(— 00,  —£2)  U  (£2,' 00)  are  given  by  above  (iii),  (iv)  and  (v),  and  ^(£2)  =  £2/2 
and  k(—x 2)  —  — (3/2)x2- 

Theorem  3.6  When  C  <  —3/4,  equation  (5)  has  no  solution  k  on  R. 

For  continuity  in  the  above  cases  we  have  more  conclusions  [4]- [5]. 

4  General  Invariant  Curves 

In  this  section  we  are  back  to  equation  (FE)  and  give  existence  of  general  non¬ 
linear  invariant  curves.  Let  C£(R)  —  {/  :  R  — ►  R|/  is  Cl  smooth  and  ||/||i  < 
00}  where  ||/||i  =  ||/||  +  ||/,||,  ||/||  =  supx€R|/(£)|  and /' is  the  derivative  of /. 
Let  ^(M,T,u; I)  —  {(f>  E  Cb1(R)|||0'||  <  M,  Lip(^)  <  T,  and  \<t>f {x) - cj>f {y)\  > 
v\x  —  y |,  V£,y  G  /},  where  M,  T,u  are  nonnegative  constants,  v  <  T,  and  I 
is  a  closed  interval  in  R. 

Theorem  4.1  If  g  :  R  — *  R  is  C1  smooth,  and  g(x)  —  —2x  +  ^(£),V£  G  R, 
where  <f>  G  $(Mi,  Ti,  vi\  /),  then  within  <3>(M2,  T2,  U2;  I)  equation  (FE)  has  a 
unique  solution  /,  provided  that  the  nonnegative  constants  Mi,  Ti,  t>i,  M2,  T2 
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and  V2  satisfy 

2M|  4-  (Mi  —  6) M2  4  Mi  <  0,  (4.10) 

(2 M|  4  2 M2  4  Mi)T2  4  M22Ti  <  min{6T2  -  TXj  1*  -  6v2},  (4.11) 

7  -  max {2  4  2 M2  4  Mi  4  2M2T2  4  M2T1, 4M2  4  Mi}  <  1.  (4.12) 

It  is  easy  to  prove  that  the  conditions  (  4.10-12)  are  not  self-contradictory. 
The  structure  of  $2  implies  the  solution  /  obtained  in  theorem  4.1  must  be 
nonlinear  on  I  when  I  is  nondegenerated. 

.  Proof  of  Theorem  4.1  Clearly  $(Mi,Ti,  V\]  I)  and  4>(M2,  T2,  V2\ I), 
denoted  by  $1  and  4>2  respectively  for  short,  are  closed  subsets  of  the  Banach 
space  Cl( R).  Let  the  mapping  T  :  $2  — ►  C£( R)  be  defined  by 

T/(»)  =  !/(/(*)) +  l(^/(*))  +  ^(*)),  /€$  2.  (4.13) 

Let  ( Tf)f(x )  denote  the  derivative  of  Tf(x).  By  (10)  and  (ll)  we  have 

U(T/)'||  <  |m|  +  ±(MiM2  +  MO  <  M2;  (4.14) 

I  (Tf)'(x)  -  (Tf)’(y) |  <  |((2M|  +  2 M2  +  M0T2  +  (M22  +  1)T0I*  -  v\ 

<T2|x-j/|,  Vx,j/e  R;  (4.15) 

\(Tf)'(x)  -  (Tf)'(y) |  >•!(«!  -  ((2M|  +  2M2  +  Mx)T2  +  M22Ti))|x  -  y| 
>u2|x-j/|,  Vx, y  €  I.  (4-16) 

This  shows  that  T  maps  $2  into  itself.  Furthermore,  for  any  /i,/2  €  4>2,  by 

(12), 

\\Tfi  -  Tf2\U  =  HT/x  -  r/2||  +  ||(T/0'  -  (T/2)'|| 

<  i(2  +  2M2  +  M:  +  2M2T2  +  M2TOH/1  -  All 

+l(4M2  +  M1)\\(Tfiy-(Tf2y\\ 

<7ll/i-/2||i-  (4.17) 

Hence  T  is  a  contraction  on  #2  and  has  a  unique  fixed  point  /  6  By  (13), 
/  is  a  C1  solution  of  equation  (FE). 

For  example,  take  Mi  =  1,M2  =  1/4,  Ti  —  6,  T2  =  102/70,  v\  =  5,t?2  = 
1/6.  The  conditions  (10-12)  are  satisfied.  Clearly,-  the  function  </>(rr),  defined 
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by  <fi(x)  =  -x-S/5  as  x  E  (-00, 4/5),  </>(x)  =  §z2  -  5x  as  x  6  [4/5, 6/5] 
and  4>{x)  —  x  —  18/5  as  x  €  (6/5,  +00),  belongs  to  $(Mi,  Ti,  v\\ 7),  where 
7  :=  [4/5, 6/5].  By  theorem  4.1,  equation  (FE)  with  <7(2:)  =  —  2x  +  <t>{x)  has  a 
unique  solution  /  €  4? (M2,  T2,  U2;  7). 
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NECESSARY  AND  SUFFICIENT  CONDITIONS  FOR 
OSCILLATION  OF  SOME  SECOND  ORDER  NONLINEAR 
FUNCTIONAL  DIFFERENTIAL  EQUATIONS 

ZHIYU  ZHANG,  XIAOXIA  WANG 
Department  of  Mathematics 
North  China  Institute  of  Technology 
Taiyuan,  Shanxi  030008,  P.R.  China 

In  this  paper,  some  necessary  and  sufficient  conditions  for  a  certain  kind  of  second 
order  nonlinear  functional  differential  equations  with  various  type  of  deviating 
arguments  being  oscillatory  are  given.  These  results  improve  and  generalize  some 
known  results. 


1  Introduction 

In  paper  [1],  by  using  convex  cone  method,  we  have  studied  the  asymptotic 
behavior  for  second  order  nonlinear  functional  differential  equation 


{p(t,x(h0(t)))g(x  (t  -  t))]'  +  ■  ■  ,x(hn(t)))  =  0  (1.1) 
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and  have  given  some  results  for  classification  and  for  necessary  and  sufficient 
conditions  of  existence  of  nonoscillatory  solutions.  This  paper  is  a  continua¬ 
tion  of  paper  [1].  Some  necessary  and  sufficient  conditions  for  Eq.(l)  being 
oscillatory  will  be  given.  These  results  improve  and  generalize  some  known 
results  of  L.Wen,  T.Kusano,  H.Onose  and  others  (see  [2-4])  for  second  order 
functional  differential  equations 

[r(t)g(x  (t))]'  +  ,x(hn(t)))  =  0  (1.2) 

or  its  special  cases. 


V 


2  Some  Hypotheses  and  Lemmas 

In  this  paper,  we  assume  that  the  following  hypotheses  hold  for  Eq.(l): 
(Hi)  p(t,x)  €  C[[t *,  -foo)  x  R ,  (0,  +oo)]  and  there  exist 


■  such  that 


and 


<j),  ip  €  C[[t*,  +oo),  (0,  +oo)] 


<p(t)  <  p(t >x)  <  f°r  x  €  R,  t>  t* 


lim  =ao>0. 
t-*+ oo  ip(t) 


(H2)  r  is  a  real  number,  hi(t)  €  C[t*,+oo),  and  hi(t)  — >  -foo  as  t  — >  -foo 
(i  =  0, 1, 2,  •  *  *  ,n). 


(H3)  function  g(u)  €  C(~oo,  +00)  is  strictly  monotone  increasing  and  g(0)  = 
0 ,g(u)  — ►  ±00  as  u  — »  ±00. 

(H4)  there  exist  positive  numbers  f3  and  k ,  such  that 

<  pg-l{u)g~l{v),  g~l{-u)  =  -kg~l{u), 

for  all  u  >  0  and  v  >  0,  where  g~l(u)  is  the  inverse  function  of  g(u ). 


(H5)  f(t,x  ir‘-xn)  e  C[[f\+oo)  x  Rn,R\  and  Xif(t,Xi,  •  •  •  ,xn)  >  0  if  Xi, 
X2,  •  *  *,  %n  have  same  signs  (i  —  1, 2,  •  •  ■ ,  n). 

(He)  f+°°  <  +00,  where  <j>(t)  is  the  same  as  in  (Hi). 
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In  addition,  the  following  conditions  for  #-1(u)  will  be  used: 
a-condition  g~l{u)  is  said  to  satisfy  a-condition,  if  there  exists  a  constant 
a  >  0  such  that 


g  1(uv)~ag  1(u)g  1(v)i  for  u,v  €  R. 

7-condition  g -1(u)  is  said  to  satisfy  7-condition,  if  there  exist  constants 
7  >  0  and  uo  >  0,  such  that 

£_1(u)  >  7 ut  for  u  >  uq. 

cr-condition  g~l(u)  is  said  to  satisfy  cr-condition  means  that  for  given  con¬ 
stant  a  >  0,  1  /<7“1(ucr)  has  a  positive  primitive  function  $(u)  for  u  >  0. 

From  paper  [1],  on  the  basis  of  the  above  hypotheses,  we  easily  obtain 
some  lemmas  as  follows. 

Lemma  1  Suppose  that  function  u(t)  >  0  is  continuous ,  then  there  exist  con¬ 
stants  mi  >  0,  m2  >  0  and  sufficiently  large  to  >  t*,  such  that 

mi9'1[^]^9~1[W)]~m29~1[W)1  for  '-to  (2‘3) 

Lemma  2  Jf  x(t)  is  an  eventually  positive  solution  ( or  an  eventually  negative 
solution)  of  Eq.(l),  andg~l(u)  satisfies  a-condition,  then  there  exist  numbers 
o-i  >  0,  a<i  >  0  and  to  >  t*  such  that 


oip(t)  <  x(t)  <  a2  (or 
where 


r+ 00 

p(t)  =  g _1 


02  <  x(t)  <  -aip(t))  for  t  >  to ,  (2.4) 

]ds. 


1 


*  *  V(*  +  t)j 

Lemma  3  Suppose  that  f  is  sublinear  or  nondecreasing  with  respect  to  every 
Xi  >  0  (or  Xi  <  0)  (i  —  1, 2,  •  •  •  ,n);  g~l(u)  that  satisfies  a-condition  has 
continuous  derivative  q(u)  and  there  is  a  constant  r  >  0  such  that 

p(tjX)  =  <j>(t)  for  \x\  <  r  and  t>t*. 

Then  Eq.(l)  has  nonos dilatory  solutions  x(t)  >  0  (or  x(t)  <  0  eventually)  if 
and  only  if  there  exists  constant  cq  >  0  (or  cq  <  0)  such  that 


+00 


f 

\f(t,c0p(hx(t)),  c0p(h2(t)),  ■  ■  ■  ,c0p(hn(t)))\dt  <  +00 
holds, where  p(t)  is  defined  as  Lemma  2. 


(2.5) 
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Lemma  4  Suppose  that  f  is  sublinear  or  nondecreasing  with  respect  to  every 
Xi  >  0  (or  Xi  <  0)  (i  =  1,2,  *  •  •  ,n),  then  for  any  c  >  0  forc<  0),  Eq.(l) 
has  a  nonos dilatory  solution  x(t)  being  eventually  larger  than  c  (or  x(t)  <  c 
eventually)  if  and  only  if  there  exists  some  cq,  Co  >  c  >  0  (or  Co  <  c  <  0)  such 
that 

f+OO  2  ft 

'  7  l/(s,cor--,c0)|rfs]dt  < +00  .  (2.6) 

t0 

holds  for  sufficiently  large  to  >t*. 

3  Main  Results 

Theorem  1  Suppose  that  g~l(u)  satisfies  a-condition,  7- condition  and  has 
continuous  derivative ;  f  is  strongly  superlinear;  hi(t)  >  t  —  r  (i  =  1,2,  •  •  •  ,  n) 
and  there  exist  constants  r  >  0  and  to  >’£*  suc/i  that  p(t,x)  =  <£(£)  /or  |x|  <  r 
and  t  >  to,  and  that  (j)(t)  and  4>{t  +  r)  are  infinity  of  same  order  as  t  — ►  +00. 
Then  Eq.(l)  is  oscillatory  if  and  only  if 

f+00 

'  \f{t,cp{hi(t)),--- ,cp(hn(t)))\dt  =  +00  (3.7) 

holds  for  all  c  ^  0. 

Theorem  2  Suppose  that  f  is  strongly  sublinear  and  its  strongly  sublinear 
constant  is  a,  g~"l(u)  satisfies  a-condition  and  it  also  satisfies  a-condition  for 
the  a;  hi(t)  <  t—r,  (i  =  1, 2,  *  •  • ,  n).  Then  a  necessary  and  sufficient  condition 
for  Eq.(l)  being  oscillatory  is 

f+00  1  ft 

'  '  l/(s>c> '  ‘  ■  ,c)\ds]dt  =  +00  (3.8) 

W)  to 

/or  eren/  c  ^  0. 

Proof.  The  necessity  of  Theorem  3.2  is  obvious  by  Lemma  2.4.  The  sufficiency 
will  be  proved  as  follows. 

If  Eq.(l)  has  an  eventually  positive  solution  x(t ),  then  x(t)  is  only  ^J-type 
or  Aq  -type  according  to  formula  (8)  and  Theorem  3.1  of  paper  [1],  If  x(t)  is 
A^-type,  then  there  exist  constants  c  >  c\  >  0,  such  that 

0  <  c\  <  x(hi(t))  <  c,  x\t  —  r)>  0  {i  =  1,2,  •  •  •  ,n)  for  t  >  to- 

Integrating  Eq.(l)  from  to  to  t  >  to,  we  have 

rt 

1  F(s,x(h(s)))ds  =  -p(t,x(h0(t)))g(x  {t  -  r))  +  p{t0yx(ho(t)))g{x'  (t0  -  r)) 
to 
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<  p(to,  x(h0(to)))g(x  (t0  -  r)). 

For  the  sake  of  convenience,  here  and  in  the  following  the  function  /(£,  x(hi  (£),  •  •  • ,  x(hn(t))) 
is  often  expressed  as  F(t,x(h(t))).  Thus 

^  F(s,x(h(s)))ds]  <  g~1\p(t0,x(h0(to)))g(x  (t0  -r))/<£(t)] 

=  ag-l\p(t0,x(ho(to)))g(x  (t0  -  T))]ff_1  [-777^] , 

<p(t) 

because  the  strongly  sublinear  constant  of  /  is  a  and  0  <  ci  <  x(hi(t))  <  c, 
we  get 

9~1[m  rtof{s'c’":,c)ds] 

<  g-H^g-'WoMhomgix  (to  -  m/g-^/cy]. 

Hence,  we  have 

>+°°  i  ft 

t  f(s,c,---,c)ds]dt 

z’+OO  i 

<(  g~1[-^]dt)g~1\p(to,x(h0(to)))g(x  (t0  -  r))]/p“1[(ci/c)tr]  <  +oo, 

which  contradicts  formula  (8).  ' 

If  x(t)  is  Aq  -  type,  then  there  exist  to  and  C2,  such  that 

x  (t  —  t)  <  0,  0  <  x(hi(t))  <  C2  (i  —  1,2, ••■,«)  for  t  >  to- 

Prom  Eq.(l)  and  (H4)  as  well  ,we  know 

r*  1  , 

'  F($,x(h(s)))ds  <p(t,x(h0(t)))g(--x  (t-r)). 

t0  K 

So  t 

9~1[w^km  1  i?(s’a:(/i(s)))ds]  ^  -r (t  - r)-  (3-9) 

Because  of  /  being  strongly  sublinear, ;.x(t)  being  decreasing,  <  t  — 
t  (i  =  1, 2,  •  ■  • , n)  and  g~l(u)  satisfying  a-condition,  we  have 


1  F(s,x(h(s)))ds] 

to 
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>ag  1[(x(t-T)/c2)a}g  (  f(s,c2>-  •  •  ,c2)ds]. 


And  from  formula  (10),  we  have 


f{s,c2,---  ,c2)ds}< 

to 


_ -x'(t-T) _ 

a1kg-l{c2a)g-l[{x{t  -  r))17] ' 


By  integrating  the  above  formula  from  t\  >  t0  to  t  >  t\  and  the  er— condition 
,  we  have 

^  9~l[l7v\  ^  f(s>C2,---,C2)ds]d\ 

tl  V\A)  t0 

Hence,  according  to  Lemma  1  and  the  above  formula,  there  exists  a  constant 
m2  >  0,  such  that 


^  9  ^  f(s,C2,---,c2)ds}dX 

tl  <!>{*)  to 

<a^--W»)1*wt‘~T>)1<+co-  ■ 

which  contradicts  formula  (8).  Therefore  Eq.(l)  has  not  eventually  positive 
solutions. 

Similarly,  Eq.(l)  has  not  eventually  negative  solutions  either.  Hence, 
Eq.(l)  is  oscillatory.  The  proof  of  Theorem  1  is  similar  to  the  above,  and 
omitted. 

Remark  Theorem  3.1  and  Theorem  3.2  in  this  paper  include  respectively 
Theorem  6  and  Theorem  7  that  are  the  main  results  for  oscillation  of  Eq.(2) 
in  paper  [2].  They  also  improve  and  generalize  Theorem  4.6. 2-4. 6.3  in  [3].  See 
the  following  example. 

Example  Consider  the  equation 

[(i2//3  +  sin2(t  -  2 -  r)]# 

+£~2/3(x1/3(i  -  3 r)  +  xl^{t  -  At)  +  xl^7{t  —  5 r))  =  0  (3.10) 

where  constant  r  >  0.  It  is  obviously  that 

f(t,x  I,x2,x3)  =  t~2/3(x\/3  +  x\/5  +x\f 7), 

4>{t)  =  t2/3,  i>(t)  =  1  + t2/3,  g(u)  =  u1/3,  g _1  (u)  =  u3 

satisfy  all  the  conditions  of  Theorem  3.2.  Therefore  Eq.(ll)  is  oscillatory.  But 
other  known  results  such  as  in  paper  [2-4]  are  not  available  to  Eq.(ll), 
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THE  INTEGRABILITY  THEOREMS  OF  RICCATI 
DIFFERENTIAL  EQUATION  WITH  APPLICATIONS 

LINLONG  ZHAO 
Department  of  Mathematics , 

Shaanxi  Ankang  TeachePs  College ,  Ankang  725000,  China 

In  this  paper, the  new  integrable  theorems  of  Riccati  equation  are  presented  by 
invariant  of  Riccati  equation. 


1  Introduction 

In  1841,J.Liouville[l]  proved  Riccati  equation: 

y'  =  P(x)y2  +  Q{x)y  +  R(x)  (Pti/o),  (1.1) 

generally, has  no  elementary  solving  process. 

In  1961,A.Klujagopal[2]  obtained  the  integrable  condition  of  eg.(l) 

R  =  kPe2  f  ®dx  ( k  is  a  constant).  (1.2) 

In  1982,  Hongxian  Li  [3]  obtained  the  integrable  condition: 

R  —  kPen  fQdx  ( k  is  a  constant).  (1.3) 

In  1998,  Linlong  Zhao  [4]  discussed  the  following  Riccati  equation: 

yf  =  P(x)yn  +  Q(x)y  +  R(x)  (PR  ?  0,n  ^  0, 1)  (1.4) 
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and  obtained  the  integrable  condition:  . 


R  =  kPe 


n  f  {Q-f3D)dx 


(k,/3  are  constants). 


In  1999,  Linlong  Zhao  [5]  obtained  the  new  integrable  condition  of  eg.(l) 
L[y0]  =  kPe 2  -f (Q+2yo p)dx/(m  f  Pel {Q+2ya)dxdx  +  n)2,  ( 


k(A/B)2L[y0]e~2  I((.*B/A)Uvo]+Q+2y0P)dx 
L[V0  ~  (m 7 Ltoo]e~  f  ((^/^M+Q+2y0P)dXdx  +  n)2  ’ 
where  k,  ra,  n  are  constants,  D ,  2/0,  A,  5  are  functions,  and 

£[ito]  =  -Vo  +  P(x)Vo  +  Q(x)y  +  R(x)  (PR  ±  0). 


2  The  Invariant  of  Riccati  Equation 

Definition  [5]  The  coefficient  relations  of  eg.(l) 

h  =  PR, 
i2  =  p'/p  +  q} 
i'2  =  r'/r-q} 

is  defined  as  invariant  of  eg.(l). 

Let 

V  =  1  /u. 

By  using  (1.16')  Eq.(l)  can  be  rewritten  as  follows: 

v!  =  -Ru2  -  Qu-  P 


(1.16) 

(1.16') 


3  The  Integrable  Theorems  of  Riccati  Equation 

Lemma[4]  If  there  are  constants  a,  £,7  and  function  D(x){£  0)  such  that 


Ii  =  PR  =  a7D2, 

Ja  =P'/P  +  Q  =  D'/D  +  (3D , 
I,2  =  R'/R-Q  =  D'/D-PD) 


(2.16) 

(2.160 
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then  eg.(l)  can  be  rewritten  its  integrable  form: 

^  dz/(az 2  +  0z  +  7)  =  ^  .Ddx,  (2.2) 

where 

y  =  (aD/ P)Z  or  y=(R/jD)Z.  (2.3) 

Theorem  1  If  there  are  constants  a.  3, 7  and  functions  D(x)(^  0)  such  that: 

h  =  PL[y0]  =  cryD2,  '  (2,4  a) 

h  =  P'/P  +  Q  +  2y0P  =  D'/D  +  PD,  (2.46) 

/'  =  L'bol/^bo]  -  Q  ~  2yoP  =  -  /?D,  (2.460 

then  eq.(l)  can  be  rewritten  its  integrable  form  (2.2),  and 

y  =  yo  +  (a-D/ P)*  or  y  =  yo  +  (L[y0\/'rD)z.  (2.5) 

Proof  Let 

y  =  y0  -f  (function  A(x)  ^  0).  (2.6) 

Eq.(l)  may  be  rewritten  as  follows 

v!  —  Apv?  4-  (— Af /A  4-  Q  4-  2yoP)u  4*  L[yo]/^-  (2.7) 

From  Lemma,  (2.4a)  and  (2.4b)(or  (2.46')), the  eq.(2.7)  can  be  rewritten 
the  integrable  form  (2.2),  and 

u  =  [aD/AP)Z  or  u  =  {L[y0]hAD)Z.  (2.8) 

Then  (2.5)  can  be  implied  by  (2.6). 

Now,  from  (2. 46'), we  obtain: 

L[yo]  =  kDe  f(Q+2y°p-PD)dx  [ s  COnst.).  (2.9) 

From  (2.4a), we  have 

L[y0]  =  kPe$  (Q+2vop-0D)dx  (2.10). 

Again  from  (2.4b),  we  obtain 

mPe  f  (Q+2y°p)dx  =  De^Ddx  (m  is  const.),  (2-11) 
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mPJ '<«+*»'*>*»  +  n=  f  Def  Ddx  =  J  *Dx  (m,  n  is  const.).  (2.12) 
Then  (6)  is  implied  by  (2.10). 

Now,  let  u  —>  A(x)/u  (function  A(x)  ^  0),we  have  theorem  2. 

Theorem  2  If  there  are  constants  a,/?, 7  and  functions  D(x)( ^  0),yo(x)  such 


that: 

h  =  PL[y0]  =  ajD2,  (2.13  a) 

I2  =  L'[y0]/L[y0}  -Q-  2  y0P  =  D'/D  +  pD,  (2.13  b) 

I'2  =  P’/P  +  Q  +  2y0P  =  D'/D  -/?£>.  (2. 136') 

Then  eq.(l)  may  be  written  its  integrable  form  (2. 2), and 

y  =  yo  -  L[y0]/aDZ  or  y  =  yo~  7 D/PZ .  (2.14) 

Theorem  3  If  there  are  constants  a,f3, 7  and  functions  D( x)(=£  0),  A(x)(^£ 
0),  B(x)(y£  0)  such  that 

h  =  ( B/A)2L[y0]L[y0  +  A/B]  =  a7D2,  (2.15a) 

h  =  L'[yo}/L[y0}  -  (2 B/A)L[y0]  -Q-  2y0P  =  D'/D  +  pD,  (2.15 b) 

I'2  =  L'[y0  +  A/B]/L[y0  +  A/B]  +  (2B/A)L[y0]  +  Q 
+2y0P  -  2(A/B)’/(A/B)  =  D'/D  -  pD.  .  (2.15 b') 

Then,eq.(l)  may  be  written  its  integrable  form(2.2),and 


L[yo]  /vA2D 

y  =  yo~  aDZ  -  JbJA)L\^\  or  y  =  yo  ~BH^Ta/bY^ABD'  (2'16) 

The  same  proves  as  Theorem  1,  let 

y  =  yo  +  A(x)/(u  +  5(x))  (function  A{x ),  B(x)  ^  0).  (2.17) 

For  (2.156‘),  we  obtain 

L[y0+A/B ]’  =  k(A/B)2De~  f '((*b/A)lM+Q+2»p+0D)<Ix  ig  const.).  (2.i8) 

That  is,  (7)  is  implied. 
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4  Applications 

Choosing  special  function  in  (6)  and  (7),  then  the  eq.(l)  has  sufficient 
conditions  which  guarantee 

1.  In  (7), let  k  =  n  =  1, m  =  0,  and 

L[-k]  =  a(A/B)2L[—A/B  -  k]e~2  / m/A)H-A/B-k]+Q-2WB)P-2kP)dx 

(3.1) 

Now,  let 

(. A/B)2L[-A/B  -  k}  =  Q  -  2 kP,  (3.2 a) 

.2£f  r  yl  , ,  _  2>1  _  Q2-4PR 

“2(TL["  B  -  fe]  + «  -  ~BP  ~  2kP)  ~  2 (Q  -  2kP)  ’  W#2-^P).  (3.26) 

(i)  If  Q  —  2A;F,  from(3.2a),  the  result  in  [6]  is  implied 

L[—k]  =  Pk2  -Qk  +  P  =  0.  (3.3) 

(ii) If  Q  ^  2 kP,  from  (3.1), (3. 2a), (3. 2b),  the  result  in  [6]  is  implied 
L'[-k\/L[~~k]  =  (Q7  -  2 kP')/(Q  -  2kP)  +  (Q2  -  APR)/2(Q  -  2kP).  (3.4) 


2.  In  (6), let  yo  —  (ip  -  Q)/2P,  we  have 


kPe 


2  f  ifjdx 


.V’-Q,  -1  (ti-Q.y  .  .  Q  , ,  pl,  n 

(mfPer*d.+n),- 

(3.5) 

(i)If  ip  —  (J,  the  result  in  [6]  is  implied 

L[0]  =  .R  =  kPe2  fQdx/(m  ^  Pe  l~Qdxdx  +  n)2.  (3.6) 


(ii)If  ip  =  0,  the  result  in  [6]  is  implied 

L[— Q/2P]  =  (—1/2)(Q/P)'  —  (1/4)(Q/P)2  +  R  =  kP/(m  ?  Pdx+n)2.  (3.7) 


(iii)If  ip  =  Q  —  2PR/Q ,  &  —  0,  the  result  in  [7]  is  obtained 

L[-R/Q)  =  (R/QY  +  P(R/Q)2  =  0  iff  P  =  (Q/i?)'.  (3.8) 
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In  this  paper,  the  problem  of  robust  stability  for  uncertain  parameters  of  integro- 
differential  systems  with  infinite  delay  is  studied,  Applying  a  stabilizing  local  state 
feedback  to  each  subsystem,  making  use  of  the  method  of  Lyapunov  function  and 
combining  the  method  of  inequality  analysis,  the  sufficient  conditions  of  Robust 
global  uniform  asymptotic  stability  for  uncertain  parameters  of  integro-differential 
systems  with  infinite  delay  are  obtained. 


1  Introduction 

The  robust  stability  problem  of  large-scale  dynamical  system  in  the  presence  of 
uncertainty  has  been  receiving  considerable  attention,  because  in  many  prac¬ 
tical  control  problems  uncertainty  often  occurs  in  dynamical  systems  due  to 
modeling  errors,  measurement  errors,  linearization  approximations,  and  so  on. 
Many  design  techniques  for  uncertain  dynamical  systems  have  been  developed 
to  guarantee  a  required  degree  of  robustness.  Since  time-delay  is  frequently 
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a  source  of  instability  and  encountered  in  various  engineering  systems  such 
as  chemical  processes,  long  transmission  lines  in  pneumatic  systems  etc,  the 
problem  of  the  stability  of  time-delay  systems  has  been  explored  over  the  last 
decade.  Many  methods  to  check  the  stability  of  time-delay  systems  were  pro¬ 
posed  by  1,3 .  Additionally,  the  problem  of  the  stabilization  of  uncertain  time- 
delay  systems  has  also  been  explored  over  the  last  years.  Many  approaches 
to  solving  the  problem  have  been  proposed  by  2,4,5 .  Hence,  in  this  paper, 
the  problem  of  robust  stability  for  uncertain  parameters  of  integro-differential 
systems  with  infinite  delay  is  studied,  Applying  a  stabilizing  local  state  feed¬ 
back  to  each  subsystem,  making  use  of  the  method  of  Lyapunov  function  and 
combining  the  method  of  inequality  analysis,  the  sufficient  conditions  of  Ro¬ 
bust  global  uniform  asymptotic  stability  for  uncertain  parameters  of  integro- 
differential  systems  with  infinite  delay  are  obtained. 


2  System  Description  and  Preliminaries 

We  consider  integro-differential  large-scale  systems  with  infinite  delay 

N 

Xi(t)  —  ( CLi  ~b  (t  “b  ( &ij  “h  AAj) 

3= 1 

>* 

x  '  T{j(t  -  s)xj(s)ds]  +  (bi  +  Abi)ui(t)yt  >0,  (z  =  1,  •  •  • ,  N)(2.l) 

—oo 


N 

where  Xi  G  Rni  is  the  state  vector,  J2  ni  =  n>  ai  £  -RniXnS  CiijMj  €  RniXnj , 

i— 1 


N 

bi  G  RniXmi  are  constant  matrices,  Ui  G  Rmi  is  the  input  vector,^)  ra*  —  m; 

i= 1 

Tij ,  Tij :  R+  — ►  is  continuous  function  and  satisfies  f+°°  Tij(s)ds  =  1,  0  < 

Tij(t)  <  r,  r  >  0  is  constant;  A  a*,  A  hi,  A  a^-,  A  bij  are  parameter  perturbation 
matrices  with  the  following  known  upper  norm-bounds 


II Aa* ||  <  au  ||A6i||  <  A»  ||Aay  ||  <  ||A&y  ||  <  Aj 


where  a*  >  0,  pi  >  0,  >0,  Aj  >  0  are  given  constants. 


For  any  to  >  0,  we  assume  the  initial  condition  is  as  follows 
Xi(t)  =  -oo  <  t  <  tQj  (z  =  1,2,  •  *  * ,  N) 
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where  <j>i(t)  is  a  continuous  Ui  dimension  vector- valued  function  defined  on 
(—00,  to]>  and  satisfies 

IHI  =  max  {  sup  \\<t>i(t)\\}  <  00 

l<t<N  -oo<t<t0 

Let  Ui(t)  be  a  linear  local  state  feedback  control  law  for  system  (1).  We  select 
that  the  decentralized  local  feedback  control  Ui(t)  is 

.  Ui(t)  =  kiXi(t),  =  (2.2) 

where  hi  is  the  feedback  gain  matrix  of  appropriate  dimension.  Applying  the 
state  feedback  controller  (2)  to  the  system  (1)  yields  a  closed-loop  system  as 
follows  * 

N 

±i(t)  =  (hi  +  biki)xi(t)  +  V[(a^-  +  Aaij)xj(t  -  r^(t)) 

1 

+(bij  -f  Abij)  1  T{j (t  -  s)xj(s)ds ] 

■’  —00 

4- (Acii  +  A biki)Xi(t),  t  >  0,  i  =  1,  •  •  • ,  N.  (2.3) 


3  Main  Results 

Theorem  3  For  the  system  (1),  we  suppose 

(1)  There  exists  ki,  such  that 

^[( ai  +  biki)T  +  (a*  +  bih)]  =  UU,  (i  =  1, 2,  •  ■  • ,  N) 

where  U  is  constant,  Iiis  the  ni  x  ni  identical  matrix. 

(2)  h  +  oti  +/3i\\ki\\  =  -r<  <0,  (i=  1,2,---,N) 

(3)  We  select  wy  =  ^dl^ill  +  IN II  +  aU  +  Pn)<  (hJ  =  1,2,  •  ••,  JV), 

If  p[(Wij)NxN}  <  1 

Then,  by  using  the  local  state  feedback  controller  given  by  (2),  the  uncertain 
parameters  of  integro- differential  systems  (1)  with  infinite  delay  is  Robust  global 
uniform  asymptotic  stable. 

If  rii  =  1,  (i  =  1, 2,  *  *  • ,  N),  then  N  =  n.  We  have  the  following  corollary 
Corollary  3.1  For  the  system  (1),  we  suppose 
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(1)  There  exists  such  that 

(Li  +  biki  4 -ai  4-  Pi\ki\  =  ~n  <0,  {i  =  1, 2,  *  *  * ,  n) 
where  is  constant. 

(2)  We  select  wij  =  “(l^i? 1  4*  |Aj  |  +  +  Aj)j  (hi  ”  1, 2,  •  •  •  ,n), 

If  p[{Wij)nxn ]  <  1 

Then,  by  using  the  local  state  feedback  controller  given  by  (2),  the  uncer¬ 
tain  parameters  of  integro-differential  systems  (1)  with  infinite  delay  is  Robust 
global  uniform  asymptotic  stable. 

Theorem  4  For  the  system  (1),  we  suppose 

(1)  There  exists  ki  such  that 

^ [(oj  +  biki)T  +  (ai  +  biki)]  =  -rJi,  (i  =  1,2,  •  •  • ,  N) 

where  r\  >  0  is  constant ,  Iiis  the  rii  x  n*  identical  matrix . 

(2)  p[(wij)NxN ]  <  1,  where 

(  r7^  4*  A  || ki  ||  +  IM  4-  ||6ij||  4*  &ij  4-  Aj ] >  if  i  —  j, 
tj  .  77  01  au  II  4*  ||  A,  ||  4-  Oiij  4-  Aj]>  i  f  i  i £  j- 

Then ,  by  using  the  local  state  feedback  controller  given  by  (2),  the  uncertain 
parameters  of  integro-differential  systems  (1)  with  infinite  delay  is  Robust  global 
uniform  asymptotic  stable. 
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ON  THE  RETARDED  LIENARD-TYPE  EQUATION  BLOW-UP 
ON  SOME  PARABOLIC  EQUATIONS 

JIN  ZHOU,  LAN  XIANG 
Department  of  Applied  Mathematics  and  Physics, 

Hebei  University  of  Technology,  Tianjin, 300130,  P.R.  China. 

In  this  paper,  the  retarded  Lienard-type  equation 

.2 

x  -hfi(x)  x  +/2(x)  x  +g(x(t  -  h))  =  e(t), 

is  considered.  The  sufficient  conditions  on  the  stability,  boundedness  and  existence 
of  periodic  solutions  are  given  by  means  of  the  method  of  Liapunov  functional  and 
Razumikhin-  type  theorems.  The  main  results  of  this  paper  generalzie  or  extend 
the  well-known  results  in  the  literature. 

1  Introduction 

In  this  paper,  we  consider  the  retarded  Lienard-type  equation 

^  +AW  ^  +/2W  ^  +g(x(t  —  h))  =  0,  (1.1) 

and  the  retarded  Lienard-type  equation  with  forced  form 

x  +/i(x)  i  +/2(x)  x  +g(x(t  -  h ))  =  e(t ),  (1.2) 

where  A  is  a  nonnegative  constant,  fi,  /2  and  g  are  continuous  functions  on  R, 
e{t)  is  a  continuous  bounded  on  R+. 

Recently,  the  equation  (1.1)  without  delay,  i.e 

x +h{x)  x +f2(x)  x  +g(x)  =  0,  (1.3) 

has  been  widely  investigated  concerning  the  boundedness,  stability,  oscillation 
and  periodicity  of  solutions  of  (1.3). (see  [1]) 

Clearly,  if  fi(x)  =  f(x),f2(x)  =  0,  the  equation  (1.1)  is  reduced  to  the 
well-known  retarded  Lienard  equation 

x  +  f(x)  x  -f  g(x(t  -  h))  =  0.  (1.4) 
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The  problems  on  the  stability,  boundedness  of  solutions  for  (1.4)  have  been 
extensively  studied  by  many  authors  since  1960s.  Surveys  of  the  results  regard¬ 
ing  these  properties  may  be  seen  in  the  papers  of  Krasovskii  [2] ,  Burton  [3] . 
Some  practical  problems  concerning  physics,  mechanics  et,al  applied  science 
and  the  engineering  technique  fields  associated  with  the  equation  (1.4)  may  be 
found  in  [2-3,5].  The  following  theorem  is  the  well-known  and  can  be  found  in 
most  bibliographies  listed  above. 

Theorem  A.  Suppose  that 

(1)  xg(x)  >  0  for  all  x  ^  0,  and  G(x)  =  [q  g(£)  —>  +oo  as  \x\  — >  +oo. 

(2)  there  is  a  constant  L  >  0  such  that 

\g'(x)\  <  L,  f(x)  >  hL ,  for  alkc  E  R . 

Then  all  solutions  of  (1.4)  and  their  derivatives  are  bounded. 

Recently,  Zhang  [4]  extended  and  generalized  Theorem  A,  and  also  inves¬ 
tigated  the  oscillation  of  solutions  for  the  equation  (1.4). 

This  paper  is  to  devoted  to  the  study  of  the  stability  and  boundedness 
of  solutions  of  the  equation  (1.1)  and  (1.2).  The  primary  goal  here  is  to  ex¬ 
tend  Theorem  A  to  the  equation  (1.1)  and  (1.2).  Similary  to  [l],a  suitable 
transformation  is  our  technicl  tool. By  using  Liapunov  functional  method  and 
Razumikhin-type  theorems,  we  give  the  sufficient  conditions  to  ensure  the  sta¬ 
bility,  boundedness  of  solutions,  and  the  existence  of  periodic  solutions  for  the 
equation  (1.1)  or  (1.2).  Our  results  extend  and  generalize  Theorem  A. 

Let  denote  this  intervals  (— oo,  0],  [0,  -boo)  and  (— oo,-foo),  re¬ 

spectively.  C([—hj 0],  R 2)  denotes  the  space  of  continuous  functions  (<£,V0> 
[— /i,  0]  —>  R2  with  the  supremum  norm  ||  ■  ||,  When  a  function  is  written 
without  its  argument,  then  that  argument  is  t. 

For  the  sake  of  convenience,  we  set  a(x)  =  e  ^o  By  introducing  a 

transformation  y  =  a(x)  x,  the  equation  (1.2)  can  be  transformed  into  the 
following  system; 

3=  -J-TV:  y-  -  a(x)g(x(t  -  h ))  4*  a(x)e(t).  (1.5) 

a\x)  .  s 

It  is  easy  to  known  [4]  that  for  a,  fi  and  g  continuous,  given  a  continuous 
initial  function  (0,VO  ^  C{{—h,ti\,R2)  and  a  number  cj,  then  there  exists  a 
solution  of  (1.5)  on  an  interval  [0,  a)  satisfying  the  initial  condition;  if  the 
solution  remains  bounded  then  a  —  +oo.  We  denote  such  a  solution  by  x(t)  — 
x{t,<j>,i),o),y{f)  =2/(t,  0,^,0-). 


488 


2  Main  Results 


First,  we  consider  the  stability  and  boundedness  of  solutions  for  the  equation 
(1.1).  The  following  theorem  is  the  first  main  result  of  this  paper. 

Theorem  2.1  Suppose  that  g  is  differentiable  on  R,.  then  the  following  state¬ 
ments  are  true; 

(i)  If  the  following  conditions  hold; 

(1)  xg(x)  >  0  for  all  x  ^  0. 

(2)  there  are  constants  L  >  0,  M  >  0  such  that 

a(x)  <  M ,  |</(:c)i  <  La(x ),  fi(x)  >  hLM ,  for  all  xei?. 

then  the  zero  solution  of  the  equation  (1.1)  is  uniformly  stable. 

(ii)  If,  in  addition  to  (i), 

lim  G(x)  =  lim  ^  a2(£)g{0<%  =  +°°, 

|a:l — ►H-oo  |x|— »-+oo  q 


then  all  solutions  of  (1.1)  and  their  derivatives  are  uniformly  bounded. 

(iii)  If,  the  condition  (2)  in  (i)  is  strengthened  to;  there  are  constants 
L  >  0,  M  >  0  and  N  >  1  such  that 


a(x)  <  M ,  \gf(x)\  <  La{x ),  fi(x)  >  hNML ,  for  all  x  G  R. 

then  the  zero  solution  of  the  equation  (1.1)  is  uniformly  asymptotically  stable. 
Proof  (i).  Obviously,  we  consider  only  the  system  (1.5)  equivalent  to  the 
equation  (1.1)  with  e(t)  =  0.  For  our  purpose,  by 


d(x(t  4-  a)) 


yit  ±  f) 

a(x(t  +  s) 


dt, 


it  is  more  convenient  to  rewrite  the  system  (1.5)  in  the  following  form 


\x  a(x)V)  , 
y=  -h(x)y  -  a(x)g(x)  +  a(x)  f°h  +  s)  ds. 


(2.1) 


Let  x(t)  =  x(t,  (j),  'tjj,  (r),y(t)  =  y(t,  <j>,  i/),  a)  be  solution  of  (2.1)  defined  on 
[0,  a).  We  may  assume  that  a  =  +oo,  since  the  estimates  which  follow  give  an 
a  priori  bound  on  (x(t),y(t)).  Let  D  >  0  be  such  that  \\(^,ip)\\  +  |<x|  <  D. 
Define  Liapunov  functional 


v  =  V(t)  =  \y2  + 


rx  T  M  f* 

'  « 2(Cs(Odf  +  -5“  '  y2(u)duds. 

0  — h  t+s 


(2.2) 
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we  have 


V\(2.i)  <  ~[fi(x)  -  hLM]y2  <0. 


Clearly, This  implies  that  the  zero  solution  of  the  system  (2.1)  is  uniformly 
stable. 

(ii)  By  (2.2)  and  (2.3),  there  exists  a  positive  constant  D0  ~  Dq{D)  such 

that 

V(t)  <  V(0)  <  D0  for  all  t  G  R+.  (2.4) 


It  is  easy  to  see  that  y(t)  is  bounded,  there  exists  a  positive  number  B\  >  0 
such  that  |y(i)|  <B\  for  all  t  6  R+. 

Since 


lim  G(x ) 

|x|— v-f-OO 


=  lim  ^  a2(0g(0  d£  =  +oo, 

|x[-4+oo  o 


then  there  exists  a  positive  number  B<i  >  0  such  that  GiB?)  >  Do.  Thus 
x(t)  <  B2  for  all  t  G  by  (2.4).  Hence,  all  solutions  of  the  system  (2.1)  are 
uniformly  bounded. 

(iii)  Prom  the  proof  of  (i),  we  have 


V  1(2.1)  <  -lfi(x)  -  hLM]y 2  <  -{N  -  \)hLMy2. 

According  to  [3]  or  [5]  (see  [5,  Theorem  5.1,  Chapter  2, Part  I]),  we  conclude 
that  the  zero  solution  of  (2.1)  is  uniformly  asymptotically  stable. 

This  completes  the  proof  of  Theorem  2.1. 

Remark  2.1  If  f\{x)  =  /(z),  h(%)  =  0,  The  part  (ii)  of  Theorem  1  is  Theorem 
A.  Clearly,  Theorem  2.1  substantially  extend  and  generalize  Theorem  A. 

Next,  we  consider  the  boundedness  of  solutions  and  the  existence  of  pe¬ 
riodic  solutions  for  the  equation  (1.2).  The  following  theorem  is  the  second 
main  result  of  this  paper. 

Theorem  2.2  Suppose  that  g  is  differentiable  on  R ,  then  the  following  state¬ 
ments  are  true; 

(i)  If  the  following  conditions  hold; 

(1)  xgix )  >  0  for  all  x  ^  0,  a(x)g(x)sgnx  — >  +00  as  |:r|  — >  +00,  and 

lim  G(x)  =  lim  ^  a2(£)s(£)  =  +oo. 

jx |  ►-j-co  |x|— *-f-oo  0 

(2)  there  are  constants  L  >  0,  M  >  0  and  N  >  1  such  that 

a(x)  <  M,  |5'(x)|  <  La(x),  fi(x)  >  hNLM, for  all  x  €  R. 
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then  all  solutions  of  the  equation  (1.2)  and  their  derivatives  are  uniformly 
ultimately  bounded . 

(ii)If}  in  addition  to  (i),  e(t)  is  a  T-periodic  function}i,e;e(t  +  T)  =  e(i), 
then  the  equation  (1.2)  has  a  T-periodic  solution. 

proof  (i)  By  the  same  the  proof  as  Theorem  2.1,  we  consider  the  system  (1.5) 
equivalent  to  the  equation  (1.2),  which  is  to  be  rewritten  the  following  form 


I  y=  -f(x)y  -  a{x)s(»)  +  a(x)e(t)  +  a(x)  f°k  +  s)ds 


(2.5) 


r  Let  x(t)  ~  x(t,<l>,7p ,  cr),  2/(t)  =  y(t,  0,  -0,  a)  be  still  a  solution  of  (2.5).  We 
define  Liapunov  funvtion 

V{x,y)  =  \y2  +  f  a2(£)g(t)d£ 
z  o 

and  choose  p(s)  =  q2s ,  where  q  >  1  satisfying  q  <  N.  Now  assume  that  H  is  a 
enough  large  number.  If  the  following  conditions 


\y(t  +  9)\>Hi  V(x,y{t  +  0))  <  p(V(x,y(t)),  for  9  e  [-M]. 

hold,  we  may  choose  a  suitable  number  q  >  1  such  that  \y(t  4*  0)|  <  q\y(t)\. 
Thus,  we  have 

V  1(2.5)  <  -fi{x)y2  +  M\e{t)\\y\  4-  hLMqy 2 
<-[{N-q)hLM-^pi]y2. 

\y\ 

Since  e(t)  is  a  bouuded,  then  exists  a  constant  p  >  0,  such  that  the  following 
inequality 

[(N  -  q)hLM  -  p  for  \y\  >  ff 

\y\ 

holds.  This  yields 

V  1(2.5)  <  -M2/2,  for  |y|  >  H. 

By  Razumikhin-type  theorem  [3]  or  [5]  (see  [5,  Theorem  6.4,  Chapter  2,  Part 
I]),  we  can  claim  that  x(t)  is  uniformly  ultimately  bounded,  there  exists  a 
constant  /?  such  that  \y(t)\  <  (3  for  all  t  e  R+. 
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Let  V\  =  V  +  y,  we  have 


^1  1(2.5)  =  ~fi(x)y2  +  a(x)e(t)y  +  a(x)y  ^  +  s) ds 

-h  -f-  Sjj 

+  [-/i(a:)y  -  a(x)g(x)  +  a(x)e(t)  +  a(x)  ^  ~n V(*  +  s) ds] 

-ft  aw  +  s)) 

This  implies  that  there  exists  a  constant  ATi  >  0  such  that 

Vi(2.5)<  -a(x)g(x)  +  JSTi,  for  all  |y|  <  /?. 

Since  a(a;)^(x)sgna;  — ►  -foo  as  |x|  — >  -foo,  we  can  choose  a  constant  Bx  such 

that  V\  |(2.5)  <  —p  for  all  x  >  B\ .  Therefore,  we  claim  that  there  exists  a 
constant  a±  >  0  such  that  x(t)  <  a±  for  all  |y|  <  0. 

Similarly,  let  V2  =  V  -  y>  we  can  show  that  there  exists  a  constant  a2  >  0 
such  that  x(t)  >  0:2  for  \y\  <  j3.  It  follows  immediately  that  x(t)  is  uniformly 
ultimately  bounded. 

(ii)From  the  proof  of  (i),  we  have  known  that  the  solutions  of  the  system 
(2.5)  are  uniformly  ultimately  bounded.  Thus,  by  Brouwer  fixed  point  theorem, 
we  conclude  that  the  system  (2.5)  has  a  T-periodic  solution  whenever  e(t)  is 
T-preiodic  function. 

This  completes  the  proof  of  Theorem  2.1. 

Remark  2.2  Clearly,  if  fx{x)  =  f(x),f2(x)  =  0,  The  part  (i)  of  Theorem  2.2 
is  a  generalization  of  Theorem  A  for  the  retarded  Lienard  equation  (1.4)  with 
forced  form  e(t).  In  particular,  if  e(t)  =  0,  we  can  obtain  that  all  solutions  of 
(1.4)  are  uniformly  utimately  bounded. 
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DIMENSION  OF  THE  GLOBAL  ATTRACTOR  FOR 
SEMILINEAR  WAVE  EQUATIONS  WITH  DAMPING 

S.  F.  ZHOU 

Department  of  Mathematics,  Sichuan  University, 

Chengdu  610064 ,  P.  R .  China 

The  upper  bound  of  the  Hausdorff  dimension  of  the  global  attractor  is  given  for 
semilinear  wave  equations  with  damping  under  homogeneous  Dirichlet  boundary 
condition. 

1  Preliminaries 

In  this  section,  we  present  a  method  to  estimate  the  upper  bound  of  the  Haus¬ 
dorff  dimension  of  the  global  attractor  for  a  semigroup  associated  with  a  evo¬ 
lution  equation,  (see  ref.  [1]  or  [2]  for  details) 

Let  if  be  a  complete  metric  space  and  {S(t),t  >  0}  be  a  continuous 
semigroup  on  if . 

Definition  1.  A  set  X  of  if  is  called  a  global  attractor  for  the  semigroup 
{S(t),t  >  0}  if  (i)  X  is  an  invariant  set,  i.e.,  S(t)X  =  X,  Vt  >  0.  (ii)  X  is  a 
compact  set.  (iii)  X  attracts  any  bounded  set  of  if,  i.e.,  for  any  bounded  set 
B  C  if ,  d(S (: t)B ,  X)  =  supxes(t)s  infyex  d(x,  y)  0  as  t  -►  oo. 

Definition  2.  Let  if  be  a  metric  space  and  7  be  a  subset  of  if.  The 
quantity 

dH{Y)  =  inf {d|  sup  inf  {Y' rf:Y  c  U ieIBu 

s>0{Bihei  ,gJ 

\Bi\  =  2 n  <  2 e,  Vi}  =  0,  d  6  R+} 

is  called  the  Hausdorff  dimension  of  Y,  where  |f?i|  =  sup{|x  —  y\  :  x,y  €  f?i}, 
{Bi}iti  is  a  family  of  balls  of  if  of  radii  <  e  covering  Y. 

Let  if  be  a  Hilbert  space  with  inner  product  (•,  ■ )H  and  W  be  a  Hilbert 
subspace  of  if,  the  injection  of  W  in  if  being  continuous.  Let  F  be  a  function 
from  W  into  if.  We  consider  the  initial-boundary  value  problem 

[ft{t)  =  F{u{t),t>  0, 

(1.1) 

Zi(0)  =  Uq, 

and  we  assume  that 

(Hi)  the  problem  (1)  is  well  posed  for  every  u0  €  if  with  u(t)  €  W,  Vt  >  0 
and  the  mapping  S(t)  :  u0  €  H  -+  u(t)  6  if ,  Vt  >  0  forms  a  continuous 
semigroup  on  if. 


493 


(H2)  F  is  Frechet  differentiable  from  W  into  H  with  differential  F*  and 
the  (linear)  initial- value  problem 

(%(t)  =  F'(S(t)uo)U(t),t>0, 

U(  0)  =  f, 

is  well  posed  for  every  €  H. 

(H3)  S(t)  is  differentiable  in  H  with  the  differential  L(uo,t)  defined  by 
L{uo,t)t;  =  J7(£),V£  e  H  and  U(t)  the  solution  of  (2). 

Suppose  above  assumptions  (Hi)-(H3)  hold  and  there  exists  a  global  at¬ 
tractor  X  for  the  semigroup  {S(t),t  >  0}  associated  with  the  initial- value 
problem  (1).  Let  $  denote  a  set  of  m  vectors  {$1,  $2,  ■ ,  $m}  which  are 

orthonormal  in  H.  If 

^  rt 

qm  =  lim  sup  sup  -  V(-F'(S(t)¥>)$j(t), $3(r))ff  dr  <  0, 

t^+o o$cHipeX  t  o  .=l 

then  the  Hausdorff  dimension  of  the  global  attractor  X  is  less  than  or  equal 
to  m  :  dn(X)  <  m. 

2  Dimension  of  the  global  attractor  for  semilinear  wave  equations 
with  damping 

In  this  section,  we  will  give  the  upper  bounds  of  the  Hausdorff  dimension  of 
the  global  attractor  for  semilinear  wave  equation  with  Dirichlet  boundary  con¬ 
dition  when  there  exist  linear  and  nonlinear  dampings  and  the  nonlinearity 
satisfies  the  noncritical  and  critical  growth  conditions.  The  problems  con¬ 
sidered  here  all  satisfy  the  assumptions  (Hi)-(H3)  and  their  solutions  deter¬ 
mine  a  continuous  semigroup  >  0}  on  E  —  Hq(Q.)  x  here 

S(t)  :  { uo ,  u\}  — ►  {u(t),Ui(t)}  from  E  into  itself  for  all  t  >  0.  The  existence  of 
the  global  attractor  for  the  semigroup  {S(t),t  >  0}  has  been  studied  by  many 
authors^1-4!. 

2.1  Linear  damping 

We  consider  the  semilinear  wave  equation 

utt  +  ocat  -  Au  +  f(u)  =  (2.3) 

with  Dirichlet  boundary  condition 

u(x,t)\x(=dn  =0,t  >  0,  (2.4) 


(1.2) 
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and  the  initial- value  conditions 

du 

u(x,0)  =  uo{x),—(x,0)  =  ui(x),xe£l,  (2.5) 

where  u  =  u(x,t)  is  a  real-valued  function  on  fi  x  [0,+oo),  fi  is  an  open 
bounded  set  of  Rn  with  a  smooth  boundary  dfl,  g  e  L2(Cl),  f(u)  6  Cl(R\  R), 
a  >  0. 


Noncritical  exponent 

Let  G(s)  =  (q  f(r)dr.  We  make  the  following  assumptions  on  the  functions 
G(s )  and  f(s): 

0) 

lim  inf  >0.  (2.6) 

(ii)  There  exist  two  positive  constants  c\  >  0,  c2  >  0  such  that 

Ito  infs/M~C'g(‘)> 

|  5 1  — *00 

and 

f  0  <  P  <  oo,  when 
|/'(s)|  <  C2 (l  -f  \s\p)  with  /  0  <  p  <  2,  when 

^  p  =  0,  when 


0,  ■  ^  (2.7) 


n  =  l,2, 

n  =  3,  Vs  €  (2.8) 

n  >  4, 


(iii)  There  exists  Si  >  0  and  for  every  M  >  0  there  exists  c'  =  c'(M)  such 

that 

ll/;(wl)  -  //(^2)||L(^(0),L2(n)j  <  c'\\ul  -  U2\\S\  (2.9) 

for  all  Ul,u2  E  i701(n)3||u1||  <  M,||u2||  <  M,  where  ||-||  and  IMlL(^(n),L2(fi)) 
denote  the  norms  of  L2(fl)  and  L(Hq  (Q),  L2(ft))  (the  space  of  linear  continuous 
operators  from  into  L2(Cl),  respectively. 

Temarn^.  obtained  an  upper  bound  of  the  Hausdorff  dimension  of  the 
global  attractor  for  system  (3)- (5)  as 


lin  /  7 


dn  <  min  <  m 

l 


m 


i  m 

eN,- VAJ1  < 

777.  J 


m  .  _ 

j=i 


^  32^a5  >  a  -  \ 

12872  5  a  <  V2Al  J 


where 


(2.10) 
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7  =  SUP  \\f'(w)\\L{m(n),L^n))  <06, 

weifJ(n)nH2(n),||Aw||<;i 

R=  sup  ||Af||<oo, 

(e,r?}€X 

{\j}jeN  :  0  <  Ai  <  A2  <  •••  <  Am  <  are  the  eigenvalues  of  operator 
—A  with  the  homogeneous  Dirichlet  boundary  condition  on  Q.  It  is  easy  to  see 
that  this  upper  bound  in  (10)  is  directly  proportional  to  the  coefficient  a  of 
damping  for  a  >  y/2X\  and  tends  to  infinity  as  a  4-  oo,  which  is  obviously 
not  precise  in  the  physical  sense. 

Under  the  same  conditions  (6)-(9),  by  carefully  estimating  and  splitting  the 
positivity  of  the  linear  operator  in  the  corresponding  evolution  equation  of  the 
first  order  in  time,  Zhou^  obtain  a  more  strict  upper  bound  of  the  Hausdorff 
dimension  for  the  global  attractor  X  as  follows:  for  any  a  >  ao  >  0, 


dn(X)  <  min  /  m 

l 


m 

IVa-1 


< 


2  Ax  a2 


3  =  1 


k2\Za2  +  4Ai(a  +  y/a2  *f  4Ai) 


\ 

) 


(2.11) 


where  k  =  k(ao)  is  a  positive  constant  which  is  independent  of  a.  This  estimate 
shows  that  the  Hausdorff  dimension  decreases  as  the  damping  a  grows  and  is 
uniformly  bounded  for  large  a,  which  conforms  to  physical  intuition. 


Critical  exponent 

Let  be  an  open  bounded  set  of  R 3  with  a  smooth  boundary  <9f£,  we  con¬ 
sider  the  initial-boundary  value  problem  (3)-(5)  where  f(u)  =  fi(u)  4-  f2{u)  G 
Cl(R\R).  Let  Gi(s)  —  /Qs/t(r)dr,  i  =  1,  2.  We  assume  f(u)  satisfies  (9)  and 
make  the  following  assumptions  on  functions  Gi(s ),  fi(s ),  i  —  1,  2: 

0y) 

h(s)s  >  0,  lim  inf  >0,  Vs  €  R.  (2.12) 

j  s  |  — ►-f-oo  Sz 

(v)  There  exist  constants  ci*  >  0,  C2i  >  0,  i  =  1,  2  such  that 

lim  inf  ?M?l~  ?liG*(s)  >  0,  i  =  1, 2,  Vs  €  R,  (2.13) 

|5|-^+00 


and 


|/((s)|  <  c2i(l  +  |s|2),  1/2(5)!  <  c22(l  +  |s|p)  with  0  <p  <2,  Vs  €  R.  (2.14) 


«„  >B0,  USl”S  lh"  t"h"i<l”  [61'  Zh0U"‘l  obtal“d  *»  any  a  > 


/  1 
L  <  777.  - 


dn  (X)  <  min  <  m  I  —  VA-4,0  <  2W  I 

[,  I  mj=i  kV^  +  4Ai(a  +  V^+iAT)  (2-15) 

whereft  =  k(ao)  is  a  positive  constant,  0  <  n0  <  min{^,  I},  pe  [0,2)  is  as 

2.2  Nonlinear  damping  and  Critical  Exponent 

We  consider  the  semilinear  wave  equation  with  nonlinear  damping: 

Utt  +  h(ut)-Au  +  f(u)=g,  xeSl,  t>  0,  (2.16) 

D'tiChlel  b°md^  “”ditfo“  «>  and  «»  initial  value 

We  assume  that  the  function  h(v)  satisfies: 

(vi)  There  exist  two  positive  constants  0  <  a  <  j3  such  that 

h(0)  =  0,  0  <  a  <  h'(s)  <  p  <  +00,  Vsei?.  (2.17) 

(^i)  For  every  M’  >  0,  there  exists  c4  =  c4(M')  such  that 

H^i)  ~  ft,(W2)Hi(i2(n),L2(f2))  <  c4|t>j  -  v2\h  (2.18) 

for  any  vuv2  €  L2(Sl) I,  |«i|  <  M',  |u2|  <  M',  where  52  >  0,  |  •  |  and  II  • 
IJKfPD.iaCO))  denote  the  norms  of  L*(f2)  and  L(L2(Q),L2m  (the  snace of 
linear  continuous  operators  from  Z2(ft)  into  L2(ft)),  respectively 

Let  O  be  an  open  bounded  set  of  R3  with  a  smooth  boundary  <90  we 

(16).  (3),  (5)  where  f(u)  =  h(u)  + 

m  n-oJZJ ’a)0 £,ons  (9>' (I2H14)'  “d  hM  »*““  <12>- 


du(X)  <  min 


LI  i 


VA74-  < 


k(p  +  4Ax  +  /V/?2  +  4A^  j 


.  (2-19) 


where  0  <  n0  <  min{-J,  ?},  p  is  as  in  (14)  and  A;  is  a  positive  constant 
Remark  For  the  upper  bound  of  the  global  attractor  for  sine-Gordon  equation 
an  s  rong  y  amped  nonlinear  wave  equations,  we  can  see  papers  [8-10], 
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